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PREFACE 

It is now nearly fifty years since the publication of Schroder’s monumental 
Algebra der Logik, Since then, the main developments in mathematical logic 
have been along lines remote from Boolean algebra, while the main develop¬ 
ments in Boolean algebra have been in the direction of applications having little 
to do with logic. In rapid succession, modern algebra, projective geometry, set 
theory, functional analysis, and probability have been shown to depend fun¬ 
damentally on generalizations of the “algebra of logic,” as understood by 
Schroder. Besides, there has been so great an increase in general algebraic 
technique that application of this technique to Boolean algebra lias yielded a 
wealth of new results. 

These facts make it desirable to have available a book on the “algebra of 
logic,” written from the standpoint of algebra rather than of logic. Such a 
book I have attempted to write. A feature of tfiis task which has been especially 
attractive to me has been fitting into a single patt(u*n ideas developed inde¬ 
pendently by mathematicians with diverse interests. 

This pattern consists in a skeleton of theory developed with examples in tlie 
opening sections of tlu^ first st^ven chapters,'*' which is complete in itself except 
for the assumption of a passing acquaintance with modern algebra. These 
opening sections introduce in each suc(;cssive chapter a more special kind of 
lattice, whose detailed properties are discussed at lengtli in the remainder of 
the chapter. 

Into this pattern, the various applications of lattice theory fit in a rather 
unpredictable manner. 

The cumulative work of Dedeldnd, the school of Emmy Noether, and Ore, 
on the structure of algebras, falls mainly into Chapters H-III.t The applica¬ 
tions to top()logi(;al algebra and set theory com(^ partly before and partly after 
this material.t Tlu^ applications t<|^ functional analysis, due in large part to 
Kantorovitch, occupy Chapter VII. ^ 

]jikewis(», the logical tradition of Boole, Peirce and Schroder, as expanded 
today by Stone and Tarski, occupies Chapters VI and Vin.§ The material 
relevant to projective geometry comes in Chapter IV, although the material on 
topological algebra preceding it is needed for von Neumann’s theory of '^con¬ 
tinuous geometries.” Similarly, the theory of probability developed in Chapter 
IX is based on parts of Chapters VII and VIII. 

* More precisely, §§1-10, the first three or four sections of Chapters II-VII, and §§26-7. 

t More precisely, §§19-33, Chapter III omitting §§61-3, and Chapters IV-V passim 
(esp. §§73-7). 

t Cf. Chapter I, Chapter II omitting §§30-3 and §§39-40, §§61-6 of Chapter III, 
§§101-2 of Chapter V, and Chapter VL 

§ More precisely, Chapter VI through §117. The material in the Foreword might also 
interest the specialist in mathematical logic. 
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I have tried to acknowledge in tlie text the fundamental contemporary work 
of Ore, von Neumann, Stone, and Kantoi^ovitch—each of whom has added a 
whole chapter to this volume,—and of numerous other contributors. I wish to 
take this opportunity of recognizing more informal obligations. 

It is a pleasure to recall the friendly stimulus which I received from my father 
and Philip Hall in the earlier stages of this work, and from John von Neumann, 
Marshall Stone, and Stanislas Ulam in its later stages. And I owe much to 
the Society of Fellows of Harvard University for its encouragement during three 
years of complete freedom, when much of the present material was gathered. 
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FORJiWOJiD ON TOPOLOGY AND ABSTRACT ALGEBRA 


In order to understand pure lattice theory, the only preliminary knowledge 
n^qiiired is a grasp of such basic concepts as those of class, element, relation, 
correspondences, function, and sequence. These concepts are all logical, rather 
than mathematical. 

But in order to appreciate the applications of lattice theory to other branches 
of mathematics, one should also be reasonably conversant with the fundamental 
notions of topology and abstract algebra. A familiarity with these notions also 
makes lattice theory much more vivid, and enables one to make correlations 
between tlic ideas of lattice theory and ideas with which every mathematician 
is ac,quaiuted, 

A(^cordiiigly, those definitions of set theory and algebra which are most fre- 
(jiieiitly used in the sequel arc collected in the following paragraphs for 
convenience. 

It, will be assunuHl iliat the j’oadoj* is familiar with the notions of the sum (or 
miion), th(^ product (or intimscMition), and the (complement of subsets of a class.* 
In t(?nns of tlu'se, one caji easily define a ‘Ting"' of sets as a family of subsets of 
a (*lass which contains with any two su))s(its, tlucir sum and product. A “field” 
of sects is (h’fincHl as a ring of sects wliich contains with (every sect its complement. 

A ring of s(ct,s is (calhcd a 'V-ring,” if and only if it contains thee sum and product 
of any secenucrnu' (i.(c., countable set) of its memlxcrs; a (r-riug which is a field is 
(calkid a “(r-fiedd” of sects. 

dduc j-oaden* should also be familiar with Fr6chet\st nejtion of a “metric space.” 
By this is mecant a class of eleements (points), together with a definition of the 
“distanecec” 5(;r, ;//) bectwececn all pairs of jDoints, the latter being assumed to 
satisfy four (.conditions: (.1) 8(xj .r) = 0, (2) if x 9 ^ then 5(a;, y) > 0, (3) 
5(.r, ?/) = 5(?y, :r), (4) the triangle inequality 5(x, y) + 5(?/, z) ^ 8{Xj z). 

A secepucncec of points x,, of a metric space is said to “converge” to the limit 
;r, if and only if 5(j„ , .r) —> 0 as n 00 . Convecrge.cnece evidently has the follow¬ 
ing thrice propecrtiecs: evecry (constant S(C(]U(cncci {.'r, a:, .'r, • • ■ } converges to x, a sc- 
(imnuce (C()nv<‘rg(‘s i,o at most oiuc limit, and every sul)se(iuen(;o of a sequence 
(converging to x (coiivccrgtcs to x. This fact suggiists the abstraction of an L-space 
as any si)a(co in wliich a notion of “convergence” is defined having these prop- 
erti(\s,J 

* Tho Ucrnian (xiuivalouts arc Summo, I^urohachuitt, Komploment; cf. Plausdorff [1], 
pp. 14,17. (Numbers in square brackets refer to tho bibliography at the end of the book.) 
For the notions of a “ring” and “field” of sets, cf. ibid., Chap. V. These definitions will 
also be found in Ale.xandrolT-I-Iopf [1]. 

t First stated in Fr6chet*s Thesis, J^ur quelques points du calcul fonciionnel^ Rendioonti 
di Palermo, 22 (1900), 1-74. 

t The notion is due to FrOchet; cf, Eausdorfi; [1], p. 230. 
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FOREWORD 


By the '‘closure^^ of a subset Z of a metric space, is meant the set X of limits 
of convergent sequences of points of X, It is easy to prove that 

Cl: Z g X. C2: Z = Z. 

C3*: Z + F = Z + F, C4: If p is a pointy then p = p. 

This suggests the abstraction of a “!lfVspace^' as any space in which a notion of 
the “closure'' of sets is defined which has these four properties.t A space in 
which closure has the first three properties is called a “IVspace," provided 
p = g implies p == g. 

A subset of a To-space is called “closed," if and only if it is identical with its 
closure; it is called “open," if and only if its complement is closed. It follows 
from C1-C3* that the closed subsets of any ITo-space form a ring of sets, and 
that the open subsets form another ring. 

By a “neighborhood" of a point of a To-space, is meant an open set contain¬ 
ing the point. In a metric space Xn—^x (in words, the sequence {a;„} converges 
to the limit point x) if and only if every neighborhood of x contains all but a 
finite number of the Xn . More generally, in any Trspace, if one defines con¬ 
vergence to have this meaning, one gets an L-space—and in this sense the notion 
of an L-space is a generalization of the notion of a Ti-space. 

So much for topology; we now come to the algebraic concepts which tie up 
most closely with lattice theory. 

It will be assumed that the reader is familiar with some, at least, of the fol¬ 
lowing concepts: group, ring, field, linear space, linear algebra, linear associative 
algebra. Lie algebra; tliey will not be defined here.t 

On the other hand, in order to state theorems with the proper degree of 
generality, we shall want a vocabulary which is much less standardized; the 
terms which wc shall define belong to what may be called general or “universal" 
algebra. § 

By an “abstract algebra," will be meant any system, whose elements can be 
combined by operations—this definition includes as special cases groups, rings, 
etc. By a “subalgebra" of an abstract algebra, wo mean a subset whi(!h includes 
every algebraic combination of its own elements—this definition includes 1.1 lo 
usual definitions of subgroup, subring, subfield, subspace, subalgebra, (it.c., as 
special cases. 

By an “isomorphism" between two algebras admitting the same operations 
(e.g., two groups or two rings), we mean a ono-one clement-to-element cor¬ 
respondence which preserves all combinations. By a “homomorphism," is 

t Of. AlexandrolT-Hopf [1], pp, 44, 59. The notion of a !Zh-space goes back to Riesss 
(1909); cf. Kuratowski, Topologie^ Warsaw, 1933, p. 16. 

t Definitions may be found in Albert [1] and van der Waerden [1]. Albert calls a linear 
algebra an “algebra” for short, following Dickson; another synonym often found is “hyper¬ 
complex algebra.” 

§ In the sense of A. N. Whitehead, Universal Algebra^ Cambridge, 1899. The termin¬ 
ology is suggested by van der Waerden [1], and is studied in some detail by G. Birkhoff [6]. 



FOREWORD 


3 


meant a many-one correspondence with the same property.'*’' An isomorphism 
of an algebra with itself is called an “automorphism”; a homomorphism of an 
algebra with itself (or a subalgebra of itself) is called an “endomorphism.” 

By a “congruence relation” on an abstract algebra with univalent operations, 
is meant a division of its elements into subsets called “residue classes,” which 
preserves the univalence of the operations—e.g., with binary operations, makes 
the subset containing x o y depend only on the subset containing x and the 
subset containing y. By the “quotient-algebra” A mod d defined by such a 
congruence relation is meant the algebra wlioso elements are the residue classes 
“modulo into which 6 divides A, and in which (for example) if X and Y are 
two residue classes, X o Y is defined as tlie residue class containing all 
X o y[x €X,y e F]. 

Each homomorphism A —» S between abstract algebras defines a congruence 
relation on A, whose residue classes are the sets of antecedents of the different 
elements of B. Moreover B is isomorphic with the quotient algebra defined by 
this congruence relation from A. Thus there is a many-one correspondence 
between the congruence relations on A and its homomorphic images.f 

The abstract algebras listed above (groups, rings, etc.) have unique one- 
element subalgebras, contained in all other non-void subalgebras: tliis sub¬ 
algebra is tlio identity in the case of groups, and 0 in the other cases. More¬ 
over every congruence relation on those algebras is detciriniiujd by the residue 
class containing this one-element subalgcbra—in fact, it is known that in the 
cases of groups, rings, linear spaces, and linear alg(^bras, the possible such residue 
classes are the normal subgroups, the ideals, the subspaces, and the invariant 
subalgebras, respectively. 

Again, by the “direct union” X X F of two algc^bras X and F having the same 
operations, will be meant the system itself having tluvsc operations, whose ele¬ 
ments are the couples [x^ y] [x e Xj y e F], in which algebraic combination is 
performed component-by-componeiit (e.g., [x, y\ o [x\ ?/'] = [x o y © y']). 
The direct union of n algebras is defined similarly. 

The somewhat complicat(;d general notion of a “free” algebra also applies to 
lattices. To define this notion, we suppose given a set © of postulates, which 
assert that (certain Ui-aryt operations fi exist, and satisfy certain identities 
(like associative or distributive laws). 

If A is any algebra satisfying the postulates of ©, it is natural to define a 

E.g., such that H x and y under the homomorphism, and © is any binary 
operation, then a? © ?/ —> a;' © 2/'. The general definitions of isomorphism, homomorphism, 
and automorphism can be found in van der Waorden [1], vol. 1, pp. 29, 32. 

t Those facts are well-known, but it is less generally known that jb-spaces can be regarded 
as a special kind of abstract algebra. This enables one to subsume Kolmogoroff's theory 
of the continuous images of topological spaces (Alexandroff-Hopf [1], pp. 60-3) under 
the general remarks just made, and the notion of the Cartesian product of Z-spaces (Kura- 
towski, Topologie^ p. 135) under the definition of “direct union.“ 

t By an “n-aryoperation, is meant one which combines any sequence of n elements 
to ioTTocL a single one- Only unary and binary operations will be used in the sequel. 



4 


FOREWORD 


“function^^ p(xi , • - • , Xn) of elements a;i a;n of as an element which 

can be obtained from them after suitable use of the/i. Thus in a RToup, x~'yxx 
would be a ^^function” of x and y. The set of all “functions*^ of tlu^ Xi is clearly 
a subalgebra of A, and is the smallest subalgcbra containing the Xi ; it is called 
the subalgebra '^generated” by the Xi . 

It is a theorem of ‘'universal algebra,” that there exists for each cardinal 
number r, an algebra Fr with the three properties: (1) Fr satisfies tlu^ givc^n pos¬ 
tulates, (2) Fr is generated by r elements Xi , (3) every ecpuility p(a;i, • • • , x, ) = 
q{xi , . • - , oJr) between functions of the Xi in Fr is a necessary conse(iU(Mi(^(^ of 
the identities of ©. This algebra is unique to within isomor])lusm, and is 
called “the free algebra with r generators” defined by the set of p()stulal.(^s ©. 
It has moreover the remarkable property that every algebra with r general,ors 
which satisfies the postulates of @ is a homomorphic image of Fr . 


CHAPTER I 


PARTIALLY ORDERED SYSTEMS 


1. Fundamental definition. It is cihai’actoristic of mathematics that it em¬ 
ploys very fc^w unch^fiiied terms. This is especially true of lattice theory, which 
iuvolv(^s—besides j) 5 (uicviil lofj;ical concei')ts—only the single undefined term 
“iiK^liides.^’ This te?'m is assumed to bo characterized by three properties: 
r(^fl(^xiv(UHiss PI, antisymmetry P2, and transitivity P3, and is probably best 
introduced througli 

]‘)TOFiNiTiaN LI: By n ‘^partially ordered systeniy^^'^ is meant a system X in which 
a relation x g y {read includes ?/”) is defined^ which satisfies 


PI: For all Xj x ^ x. 

P 2 : If X y mid y ^ .r, then x ~ y, 

P3: If X g 7/ and y ^ then x z. 

WU) sliall use tlie terms “includes” and “contains” synonymously; wc shall 
also sometiiiK's writer x ^ y to mcuin y ^ .r, and x > y (or y < x) to mean that 
X ^ y M-lthough .r 7 ^ //. This notation is thoroughly familiar, and standard. 

2. Examples. Mathemai.ics abounds wit-li examples of partial orderings. 
Kor insl,an{‘(% i.h<i subst^ts of any class / artj partially ordered by the relation of 
s{‘t-inclusi()n. Mon^ g(MUM‘ally, so an^ th<‘ subsets “distinguished” by any special 
l)r()|)(n'ty; thus tiu^ subgroups of any group, the ideals of any ring, the subspacos 
of any liin^ar spa(‘.<’!, and in fac^t tlu^ subalgobras of any abstract algebra are 
partially ordc'red by th(^ rclatioJi of set-in(dusion. 

Th(i principh^ just used can ho geinn'alized as follows. Jjct A be any partially 
urd(5re(l system, and A any sul)8et of A, Then the relation x ^ y is defined 
l)(dAve(ui pairs of (‘lements of -Y, and satisfies P1-P3 thoi’e. Thus a relation of 
inclusion is d(din(d on X by “relativizatiou” from A, and 

TfiioouKM LI: Any subset of a partially ordx)red system is itself a partially 
ordered system^ rvMive to the same indmion relation, 

3. Configurations. A cdosely rtdatcul family of partially ordered systems is 
pr<)vid(jd by tlu^ notion of ti configuration. This is a more or less vague notion; 
it has boon dtifincid in different ways by various authors,f and the most that 


* Prom the (lornmn *H.cilwtnso goorduetc Mongo,Hausdorff [1], first od., Chap. VI, §2. 
Tho assumptions go back to 0, S. Peirce [1], and wore studied by Schroder [1], also. They 
occur in a fragmentary way in Leibniz' works (circa 1690). Of, 0. I. Lewis, A Survey of 
Symbolic Logic, llerkeloy, U. S, A., 1918, pp. 373-87. Thus Pi is Leibniz' Property 7 
(p. 380), P2 his Proixu-fcy 17 (p. 382), and P3 his Property 16 {p. 382). 

t Of, E. H. Moore, Tactical fnemorandat I-lIl, Am. Jour., 18 (1896), p. 264; A. B. Kempe, 
Proo. Lond. Math. Soc., 21 (1890), 147-82; F. Levi, Oeometrische KoTtfigurationerif Berlin, 
1927; also S. Corn, On incidence geometry, Bull. Am. Math, Soo., 46 (1940), 168-07. 
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can be said with eonfidonoG is that the notion of a configuration is iiudiided in 
the notion of a partially ordered system, and includes the notions of a graph, of 
a combinatorial complex (in the sense of analysis situs), and of a projcictive 
geometry. 

In a vague way, by a ‘^configuration’’ is meant a set of geomotric.al elements 
(like the vertices, edges, and faces of a polyhedron), related by incidence. But 
incidence can be defined in terms of set-inclusion: two elements of the (ion- 
figuration are ‘‘incident,” if and only if one contains the other set-theoretic,ally.* 

We shall recur to the notion of a combinatorial complex in §18, and to the 
notion of a projective geometry in Chapter IV; for the present, w(i shall b(^ 
content to observe that every significant laiowii example of a configuration, is 
easily characterized as a partially ordered system. 

4. Further examples. The elements of configurations arc so ()ft(Mi ^‘dis¬ 
tinguished” sets (for example, simplexes), that it is interesting to discovtu' par¬ 
tially ordered systems whose elements would not normally b(^ regarded as 

The real numbers, ordered with respect to magnitude, form a partially ordered 
set. Also, the relation of priority partially orders the time continuum of classi¬ 
cal physics. In fact, the two are “isomorphic”—that is, there is a ono-oiui 
correspondence between their elements which preserves the relation of iiK^Iusion. 
Curiously enough, the relativistic notion of “priority” also partially ordcirs 
events in space-time. 

Similarly, one can partially order the real, single-valued functions dc'fiiuKl on 
any domain, by defining / S fif to mean that fix) ^ g{x) id(Md.ically. 1'‘his 
observation leads to the theory of partially ordered fiuKstiou si)a(u;s d(ivelop<^d in 
Chapter VII. 

Again, consider the natural integers, and let m 5 W' mean that m dimki^ n. 

If we associate with each m tlie division of the integenvs into the residut^ (^lassc^s 
modulo m, we sec this as a special case of the generfil principle that if A" is any 
family of partitions of a domain (e.g., the Riemaun partitions of a line segnunit), 
and if we let n ^ II' mean that II' is a rcfimmcnt (i.e., subpartition) of IT, tlien X 
becomes partially ordered. 

And finally, the different topologies imposed on a spacer (e.g., the “vv(jak” and 
“strong” topologies of Hilbert space) are partially ordered by a comparison of 
how tightly (vaguely speaking) they knit the space together, f 

6. Elementary lemmas. In §1, the notations y,x ^ y, x > y, and x < y 
were introduced; we shall now define x > y and x < y to mean that x > y and 
X < y are false, respectively. It is easy to prove 

Lemma 1: If ^ ajn ^ , thenxx ~ • * • — ajn . ’ 

* This definition of inoidenoe in terms of inclusion occurs in E. H. Mooro, op. cit. It 
justifies our assertion that ''the notion of a configuration is included in the notion of a 
partially ordered system.'' 

t This idea was developed in the author's On the combination of iopologieSf Fund. Math., 
20 (1936), 166-66. 
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Proof: By P3 and induotion, Xi ^ a:/ and Xj S Xi for all i, j; hence by P 2 , 

Xi = Xj j q.e.d. It is a corollary of this “anti-circnlarity” condition that if 
a;i ^ ^ Xn and Xk > Xk^i for some fc, then xi > Xn *, 

Lemma 2: For all x, a; > a?; alsOj x > y and y > z imply x > z. Conversely^ 
these two conditions imply Pl-PS. 

Proof: The two conditions are corollaries of the definition of a; > a? and of 
Lemma 1, respectively. Assuming them, define x ^ y to mean that either 
X > y or X = y. Then PI is obvious. To prove P 2 , note that if x y and 
y ^ Xj then unless x = ;//, x > y and y > x, whence a; > a; by the second condi¬ 
tion, contradicting the first. Finally, P3 follows in c.asc x 9^ y and y 9 ^ z since 
x> y and y > z imply x > Zj and otherwise trivially. 

We shall use the conclusions of this section in later proofs, without reference. ^ 

6 . Omission of P 2 yields further examples. Many systems possess ordering 
relations p which satisfy PI and P3, but not P 2 . We shall call such system 
**quasi-ordered.” 

For example, let R be any ring of integrity with unity, and let x py mean that 
X divides y. Or let <1^ be the class of L-spaces, and let X p Y mean that X is 
homomorphic with a subset of Y. Similarly, let A be the class of topological 
linear spaces, and let X p Y mean that X is topologically isomorphic with a 
subset of F. 

Again, let P consist of the rc^al fuiiclioiis having the unit square for domain, 
and let f p g mean ihat/(:r, y) ^ g(Xj y) (except on a sot of measure zero —or of 
first (Bairo) cai-egory. Likewise^, let w (tonsist of the*, Borel subsets of the interval 
[0, 1], and let S pT mean that 8 (Contains all of T exejept for a nowhere dense set. 

Thp:oxiem 1.2:t The algorithm of identijyimj and y when {and only when) 

X py and y p a:, yields a partially ordered system from any quasi'-ordered system Q. 

Proof: Let x y mean that xpy and y p x. Then (van der Waordon [1], 
vol. 1, p. 11), X ^ y means that x and y belong to the same subdivision under 
some partition of Q. Morciover if .7; p 2 /, x x'^, and y ^ ?/*, then x'^ px py p y*, 
whence a:* p y^ -that is, the vedation is defiiuid consistently over entire sub¬ 
divisions. The proof of PI and P3 is now trivial, while P 2 follows immediately 
from our c.onstructiou of the subdivisions. 

The above algorithm sp(icializc\s in the examples mentioned to the identifica¬ 
tion of '^associate numlxnvs^' iu t;he theory of algebraic numbers, to Frdchot's 
definition of topological dimension, to Banach's definition of linear dimension, 
and to the usual notion of ^^equivalent functions."J 

7* Duality. By the '^converse" of a relation p, is meant the relation 7 such 
that xyy it and only it y px (in words, such that x is in the relation 7 to y if 

t This result is clue to Scjhrodor [1], p. 184. Cf, also H, MacNoille [1] and [2], §2. 

t Cf. M. Fr6cliet, Lea dimensions d’un ensemble ahstraitf Math. Ann., 68 (1910), 145-68; 
S. Banach, Tk^orie des Operations LinSaires, Warsaw, 1932, Chap. XII; S. Saks, TMorie 
de VIntegrate, Warsaw, 1983, p. 86. 



8 


PARTIALLY ORDERED SYSTEMS 


and only if y is in the relation p to a;). It is obvious from inspection of conditions 
P1-P3 that 

Theorem 1.3 (Duality principle): The comma of any partial ordering is 
itself a partial ordering. 

Definition 1.2: By the ^^duaV^ X' of a partially ordered system is meant that 
partially ordered system defined by the converse relation on the same elements. 

Since (X')' — X, this terminology is legitimate; wc shall also oftcni speak 
loosely of systems isomorphic with Z' as dual to X —although it would })(u*!uii)h be 
better to speak of them as ^^anti-isomorphic^’ to Z. It is obvious that partially 
ordered systems are dual (or anti-isomorphic) in pairs, whenever th(\y an^ not 
self-dual Similarly, the definitions and theorems involving partially ordered 
systems are dual in pairs, when they are not self-dual,* 

Many important partially ordered systems are self-dual (i.e., anti-isomorpliic. 
with themselves). Thus the system of all subsets of any aggregate is self-dual: 
the correspondence carrying each subset into its complement is one-one and 
inverts inclusion. Again, the system of all linear subspaces through the origin 
of n-dimensional Cartesian space is self-dual: the correspondence carrying (^ach 
subspace into its orthogonal complement is one-one and inverts inclusion. 
This is also true of the closed linear subspaces of Hilbert space. 

In these cases the self-duality is of period two: tlie transform (;c')' of th(i 
transform x' of any clement x is x. This is a (*.oramon trait of self-duality; 
cf, §20. We shall call self-dualities (or anti-automorphisms) of period two 
“involutions.'^ 

The “duality principle" of Theorem 1.3 extends to algebra, to projective^ 
geometry, and to logic, as we shall see later. 

8. Minimal and maximal elements. By a “least" element of a subs(‘Ii A' of 
a partially ordered system Pj we mean an element a eX sucli that a g x for all 
X eZ; by a “mimmal" element, wc mean one sucli that a > x for no x eZ. 

Js^y P2 a least element is minimal, but the converse need not be inm, 

^ Dual to the notions of least and minimal elements, we may define “grcjatest" 
and “maximal" elements; a greatxist element is maximal, but the convers(i tiood 
not be true. In fact, by P2, Z cati have at most one least and one greatest 
clement, whereas it esan have many minimal and maximal elomemts. 

Theorem 1.4: Any finite subset X of a partially ordered system has minimal 
and maximal members. 

Proof: Let the elements of Z be aii, • • • , . Set mi « Xi ; select m* as 

Xk if Xk < , and otherwise as mk^i . Then mn will be minimal. Dually, 

X will have a maximal member, 

We shall use the symbols 0 and I to denote the (unique) least and greatest 
elements of a partially ordered system P, whenever they exist. Thus in the 

* This was Sohroder^s formulation of the duality principle ([1], vol. 1, p. 316, Thm. 36). 
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system of all the subsets of any class, I denotes the whole class and 0 the empty 
subclass. 

Wc shall say an elomciit x is “between^' a and b if and only if a ^ rc ^ 6 ox* 
a S X g 6. And a subset X of a partially ordered system P will be called 
*^convex^^ if and only if it contains with any a and 6, every element '^between.^' 

9. Simply ordered sets or chains. The relation of inclusion in many partially 
ordered systems satisfies 

P4: Given x atvl y, cither x ^ y or y ^ x. 

In other words, of any two elements, one is los*s and the other greater. 

DiiiPiNiTiON 1.3: A partially ordered system satisfying P4 is said to be simply 
orderedand called a chain” 

The positive integers, ordered with respect to magnitude, form a chain; so do 
the real numbers—hence so does time. So many chains can be embedded 
isomorphically in the (null) time continuum that we may sometimes speak of 
^'first^' and ^‘last,” instead of “least” and “greatest,” elements. 

Clearly any subset of a chain is a cliain; so is the dual of any chain. Moreover 

Theorem 1.5: With chainsj the notions minimal and least {maximal and greatest) 
are ideniicah Hence, any finite subset of a chain has a first (= least) and a last 
clemenL 

Proof: If X < a for no x e X, then l>y P4 x ^ a for all x 6 X. 

Now writing down in ord(U’ the first element of a finite chain, then the first 
of the nmiaining (4(mi(nits, etc., we scui that eacJi element is contained in all later 
elements and (by P2) no others. VVe conclude 

Theorem J.6: Every chain of n alements is isomorphic with the chain of integers 

1, ... , n. 

10. Hasse diagrams, fn a hi(n*ar(^hy, it is important to know when one 
man is another’s imimuliate superior. Tlui notion of an immediate superior 
<;an be fonnulatt^d in an abst^•a(^t partially (yrdered system, as follows. 

Definition l.-l:'** By “a covers bf it is 7neant that a > while m x satisfies 
a > X > b {that is, 7W x exists bctioeen a and b). 

In terms of this definition, it is easy to define th(', graph of any finite partially 
ordered systcmi as the graph whose verti(jes arcj the different elements x, y, Zy 
• • • of X, in which x and y are joined by a scjgment if and only if x covers y ox y 
covers x. If tlui graph is so drawn that whenever x covers y^ the vertex x is 
higher than the vertex y^ it is called a “Hasse diagram’^f of X. 

* This definition goes back to Dedekind [2], p. 262, who calls a a ‘'next multiple^* of b 
Cf. also G. Birkholf [1], p. 446. Fr. Klein and O. Ore say “a is prime over 6.^^ 

t This is a misnomer: the scheme goes back to H. Vogt, Rhsoluiion Alghbrique dea Squa- 
Homy Paris, 1896, p, 91, and probably earlier. 
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Two examples of Hasse diagrams are drawn in Fig. 1; the first represents the 
system of all subsets of a class of three elements. 

In terms of Definition 1.4, it is also easy to define a ^^point*' or “atom” as an 
element which covers 0, This corresponds to Euclid^s definition of a point as 
“that which has no parts,” and of an atom as something “indivisible.”! 

Hasse diagrams give an easy test for isomorphism of partially ordered systems 
having few elements: since x > y in a finite partially ordered system if and only 

X 

Pig. 1 

if there is a chain of elements, each covering the next, connecting x with iiy, two 
partially ordered systems are isomorphic if and only if their diagrams can b(3 
deformed into each other withotit letting any segments become horizontal. 

Thus they are useful for depicting invariant properties of algebraic systenns, 
and have been applied with this in mind to finite groups. One can also obtain 
the dual of any partially ordered system just by turning its graph upside down-- 
in other words, by inverting its graph in a horizontal plane. 

11. Infinite case. Other applications of the notions of covering and of 
Hasse diagrams will be given later, but first we shall discuss how the above ideas 
can be extended to the case of infinite partially ordered systems. Although the 
definition of the “graph” of a partially ordered system P applies even when P 
is infinite, that of the “Hasse diagram” of P becomes obscure. 

Here the first observation is that a partially ordered system P which is not a 
chain may nevertheless contain a “relative” chain X. A relative chain X will 
be called “connected” if and only if it is impossible to interpolate further terms 
in it: if and only if it contains every s eP satisfying (i) given x e X, cither x ^ s 
or 5 ^ a;, and (ii) for some x^x"^ eX,x> 8> a;*. 

It is easy to fill in any relative chain of P and so to embed it in a connected 
relative chain, by interpolating now elements in the chain one at a time, as long 
as possible. (Of course, this construction involves the axiom of choice.) \ 

A finite chain aii > a ?2 > • • • > ain is connected in P if and only if Xi covers 
for all that is, if and only if the corresponding sequence of vertices forms a 
chain in the Hasse diagram of P. But in the infinite case, the graph of a “con'* 
nected” chain may be graphically disconnected. In fact, no definition of infinite 
Hasse diagrams is known, having all the properties one would like, 

t This special case of Definition 1.4, and its dual, go back at least to Schroder [1], vol. 2, 
p. 318. 
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It seems clear, however, that one should regard connected chains as threads. 
Thus consider the familiar past-future diagram of relativistic space-time.* 
The connected chains in relativistic space-time are the “world-lines’it is well-fj 
known that a line is a possible world-line if and only if the angle it makes with the ^ 
time-axis is bounded by 7r/4. This suggests that in the analytic case one should 
have some sort of a cone of directions defined at each point, such that a line is a 
connected chain if and only if it passes through each point in a direction lying 
within the cone. 

12. Dimension. Hasse diagrams suggest a definition of “dimension,” in 
terms of the inclusion relation alone. 

By the dimension d[x] of an element a; of a partially ordered system P, we mean 
the maximum “length” d of a cjhain xq < xi < • > • < Xd ^ x having x for its 
greatest element. Similarly, by d[P] we mean the maximum length of a chain 
in P. 

It is clear that d[P] is the maximum of the d[x] ; it is also clear that in deter¬ 
mining dimensions one need consider only connected relative chains. The 
notion of dimension is especially important if P has a 0 and satisfies the 

Joudan-Dediokind chain condition; All connected chains between fixed end- 
points have the same length. 

Und(U’ tlu\s(3 (•ircumstance.s, represent each x e P by a vertex on a horizontal 
plane d[x] units above O. If x covers then there is a connected chain x > y > 
yi> * • • >,0 of length d[y] + 1 from x to 0, and conversely. Hence x covers y 
if and only ii x > y and d[x] == d[y] -f* 1—and segments in the Hasse diagram of 
P connect elements on adjacent levels only. ^ 

13. Ascending and descending chain conditions. We shall define P to satisfy 
the “ascending chain condition” (dciscending chain condition) if and only if all 
its subsets have maximal (minimal) elements. 

It is clear by Tlicorem 1.4 that any finite partially ordered system satisfies 
both conditions, and even that if d[P] is finite this is true. On the other hand, 
in many important applications, only one of the conditions holds.f 

If P satisfies the d(3sccuding chain condition, we can argue by induction as 
follows. If a prop(U‘ty is not true of (ivery ehimeiit of P, then there must be some 
minimal element m whicsli fails to have it. Allx ^ m will then have this prop- 
cirty, from which it follows that to prove that every m € P has the property, we 
need only provii it undcu* the added assumption that every x ^ m has the 
property. 

The familiar notion of a wellrovdered set fits naturally into this context. A 

* Of, G. D, Birkhofl;, RelaUviiy and Modern Physics, Harvard University Press, 1927, 
p. 26. J. M. Keynes, A Treatise on ProhahiUiies, London, 1929, p. 39, attempts to handle 
an analogous problem, but his discussion is quite vague because he does not have the 
definition of a partially ordered system. 

t This fact was proved by Hilbert, for tho ideals of many algebraic rings. Of. van der 
Waerden [1], vol. 2, pp. 23-7, and §80, from which much of §13 is borrowed. 
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well-ordered set is (Haiisdorff [1], p. 55; the concept is due to Cantor) a simply 
ordered set which satisfies the descending chain condition (i.e., every subset of 
which has a first element—wliich implies P4). 

14, Transfinite ordinals. In the present section, we shall extend the con¬ 
structions of §§8-9 to the ^'transfinite’’ case. First consider the proof of 
Theorem 1.4. 

Theorem 1,7: A partially ordered system P satisfies the ascending chain condi¬ 
tion if and only if it has no infinite ascending sequences—and dually for the descend¬ 
ing case. 

Proof: Let Z be a subset of P without maximal element. Then we can 
choose Xi j > tci f Xz > Xi , • • • and so on indefinitely, all in X — hence P has 
an infinite ascending sequence. Conversely, the chain a;i < 0:2 < 0:3 < • • • has 
no maximal element. 

It follows that P satisfies the descending chain condition if and only if all its 
chains are well-ordered, also, that if P satisfies the descending (asc.cnding) chain 
condition, then so do all subsets of P. 

Theorem 1.8 :t Let W S W'* mean, with well-ordered sets, that W is isomorphic 
with a subset of TF*; then PI and P3 hold. Moreover applying Theorem L2, 
'W ^ TF* means that W and TF* are isomorphic, while identification of isomorphic 
sets yields a well-ordered system. Finally, each W is isomorphic with the set of 
TF* S TF in this system. 

Proof: PI and P3 are obvious. Now consider 'the class of all well-ordered sets 
TF", and count transfinitely (we are going to extend the proof of Theoj’cuu l.fi). 
Each TF“ has a first element xi, the residual set TF" — Xi has a first X 2 , and so on. 
Proceeding in this way, and dropping out each TF" as soon as all its elements are 
used up, we see that the TF" are themselves well-ordered with respect to the ordcsr 
of dropping out (of any set of TF", there is a first which drops out). Moreovc^r 
TF" dropping out simultaneously are evidently isomorphic, while if TF" drops out 
before TF^ then TF" is isomorphic with a subset of TF^. But conv(U‘S(jly, if TF" 
is isomorphic with a subset of TF^, then no first element of TF^, and htuicc^ 710 
element of TF^, can be counted out earlier than the corresponding element of 
(F“ —whence TF" drops out at least as soon as TF^. Therefore TF" g TF^ if 
and only if TF" drops out as soon as or earlier than TF^. The conclusions of 
Theorem 1.8 are now obvious. 

Theorem 1.9: ^4 chain is finite if and only if it satisfies both chain conditions. 

Proof: A finite chain evidently satisfies both chain conditions. Conversely, 
an infinite chain which satisfies the descending chain condition contains by the 
argument of Theorem 1.8 the infinite ascending sequence a:i < iC 2 < < • • • ; 

hence no infinite chain satisfies both chain conditions. 

t For Theorem 1.8 cf. Hausdorff [1], §13, who attributes the results to Hessonberg. The 
ideas go back to Cantor and Dedekind, 
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16. Atomicity. It follows from Theorem 1.6 that a partially ordered system 
P satisfies the descending chain condition if and only if all its (connected) chains 
are well-ordered. But it may bo that not all the chains of P arc well-oi’dercd, 
and yet that any a < & in P can be joined by at least one well-ordered con¬ 
nected chain. 

For example, this is true of th(^ system of all subsets of any continuum—using 
the axiom of choicer, w(^ can add to any set single points one at a time until we 
exhaust any pn^scribed overset. It is also true of the system of all closed subsets 
of any topologic^al spacii, and of the algebraically closed subfields of any field 
(since wo can adjoin points n^sp. transcendental elements one at a time). 

Wlu^n this is true, P will be (allied T -atomic ;t and if the dual of P is T *’ 
atomic, then P will be call(?d i -atomic. The system of all subsets of any con¬ 
tinuum is both t -atomi(^ and | -atomic (being self-dual). 

Of course, systems exist which arc not atomic at all; viz., the real numbers 
(ordered by niaguitiide), Borel sets modulo sets of measure zero (cf. §122; if sets of 
nu'asure zero are ignored, all coniuictcd relative chains arc isomorphic with line 
segments bcuauise of the existence of measure), and the system of subsets of the 
natural int(‘g(U‘s modulo finite^ subsets (whose connected relative chains are 
isomorphics with th(^ (^haiii of points with rational coordinates). 

16. A convenient arithmetic notation. One can develop a very concise 
arithiiK'l-ic^ notation involving partially ord(u*ed systems, as follows. 

Th(' “sum” .V + Y of t wo [lartially orden-ed systems A" and Y is tli(‘. system Z 
whose eleuKuits an^ th(^ (‘kmients x e A" plus th<^ (elements y e V. Order is pre- 
s(U’V(h 1 within A and whiles x ^ y and x ^ y uro assumed newer to hold. 
Oraphic^ally sjx^aking, tlu'. Hass(i diagram of A' + Y is obtained from those of X 
and y' by laying them bedside (^aeli other. 

The “product’' A")' of A^ and Y is the systciin W whos(^ (^hunonts im) the cou¬ 
ples [.r, y] with x e A", y e [x, y] ^ [x\ y'\ m(^aniIlg that x ^ .t' and y ^ y\ 
And finally, the “])ower” 1"^ of to (^xpoiumt X is the system V whcjse olememta 
anj th(^ funetioiis y = f(x) with domain X and range Y for which x x' implies 

f(x) ^ /(:r0.i.e., tlui monotonic functions A” ■—>' F. In f ^ g mcians that 

f(x) ^ g{x) for all x € A*. 

It has l)e(Mi prov(xl that if tlic usual uotatioii 1, 2, 3, • • • , • is adopted 

for uiiordered aggn^gates ((cardinal tiiimbers), then m + n, mn, and n”* all keep 
their nn^aniug, and the usual laws of arithni(jti(J, sucli as X{Y + Z) = AF + XZ^ 
A’'^^ = A^'A"^ XXX = A^ and so on, continue to hold.J Also, if A and 
A*, F and F* are dual, then A + F and A* + F*, AF and A*F^ F^ and F*^" 
arc dual. 

As a simple instance of tlie utility of our arithmetic, w(3 may note that if B 

t ThiH usage, of tho word “atomic,” goes baok in the caso of Boolean algebras to A. Tarski 
[2]; our definition is mor (3 elaborate than his. By §116, the two coincide with complete 
Boolean algebras. 

} The above definitions were introduced in An extended arithmetiCf Duke Jow., 3 (1937), 
811-6. For that of product cf. the author [1], p. 466—cf, also §22 below. 
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denotes the chain of two elements, then B” will denote the system (Boolean 
algebra) of all subsets of an aggregate of n elements. Also, 

Theokem 1.10: d[A'y] = d[Z] + d[y], and consequendy dl[Zi ••• AJ = 
d[Xi] + ... + d[A„]. 

Proof: In Zy, [x, y] covers [x', y'\ if and only if a; = a:' and y covers y', or 
X covers x' and y = y'. 

17. Partially ordered sets and Po-spaces. Let X be any partially ordered 
system; by the “M-closure” of a subset S of X, we shall mean the set E of all 
t such that t ^ s for one or more s e 8. (We might define the J-closure of 8 
dually.) 

By PI, S ^ 8, and by P3, § = E. Again, clearly 8 + t = E + T. And 
finally, by P2, p = g implies p = q. Hence our definition of ilf-closure con¬ 
verts X into a To-space in the sense of the Foreword. 

Moreover in this space, g e p if and only if g g p. But conversely, the 
definition of g S p as meaning g « p, partially orders the points of any Po-spacc. 
(Proof: pep; again, p « g and g e p imply p = g and so p = g; finally, peg 
and g e f imply p e r = f.) 

Now if we consider only finite sets 8 = Pi > then E = 2"„i pi is the 
set of g S Pi for one or more pi e 8, and so the correspondences are reciprocal. 
We conclude . 

Theorem 1.11: By identifying g ^ p with the relation g ep, wc eelatdiiih a 
one-one correspondence between finite pariiaUy ordered systems X and finite 
Trspaces X. 

Theorem 1.12: In the preceding theorem, B^ is isomorphic with the ring of 
open subsets of X, and hence dually isomorphic to the ring of closed subsets of X. 

Proof: Associate with each subset S of X its “characteristic function" 
fs‘ faip) = 0 or 1 according as p e /S or p 4 S. Then S ^ T if and only if/s ^ fr , 
and 8 is closed if and only if g g p implies/s(g) ^ fa(p) —and hence open if 
and only if fs is non-decreasing. This establishes the isomorphism asserted. 

18. Combinatorial topology. We shall assume the reader to be familiar with 
the following basic notions of combinatorial topology: simplex, simplicial com¬ 
plex, polyhedron, polyhedral complex—and with their description in terras of 
cells and matrices of incidence relations.* 

It is clear that if we let a: < p be a relation between cells meaning "x is on 
the boundary of y," a complex is just a special kind of partially ordered system. 
Thus in combinatorial topology, each manifold M is associated with a number 
of partially ordered systems P(M), any one of which characterizes Jkf to within 
topological equivalence. 

* Cf. S. Lefsohetz, Topology, American Mathematical Society Colloquium Publications, 
vol. 12, New York, 1930 AlexandroE-Hopf [1], The reader is referred to §3 on con- ■ 
figurations. 
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B(‘sid(^s incidouce n^latioxis, one can define subdivisions, boundaries, ey(5los, 
and homology groups directly in terms of P{M). This has b(3en pointed out by 
TucJv(n',t wlio lias moreover shown that some of the most rudimentary topologi¬ 
cal notions apply to any partially ordered system (or ''cell space^^) whatever. 



Wo may point out in addition tliat the Jordan-Dedekind chain condition 
liolds in any P(M), while the dc^finitiou of dimension given in §11 coincides 
with the usual definition. Furthermore, "products'^ in the sense of §15 (cor¬ 
respond to Cart(3sian products in the usual scnse:!|: P{M X M^) — P(Af)P(M*). 
(To assist th(c reader, the cell-spaces associated with the line and the square, 
are graphed in Fig. 2.) Moreover P{M + M*) = P{M) -f- and M is 

connected if and only if the graph of P{M) is connected. Finally, if M' denotes 
the “dual” of a subdivision of a manifold without boundary, then P{M*) is 
the “dual” of P{M) in the s(5nse§ of §7. 

t A. \V. Tu(^k('r, An abtttnuU approach lo mani/oldSf AnniiJs of MjiMi., Ill (li)3I3), li)l 213, 
and osp. (Uill .^pacca, ibid., 37 {I!I3()), J)2-I()(). 'riirk<‘r’s theory sl.juidw in iin intorcKtin^; 
rolation to our Thooriuii l.ll. 

t (If. 10. It. vail Kanipiui, Die koinhinaforMic Topologic^ Hagiio, l!)2il, p. 17; also Alcx- 
androlT-IIopf 11|, p. W. 

§ For *'(iual oomploxc^H," of. Aloxaiidro(T-H<ipr [11, p. ‘127, or Vidihm, AnalpaiH Situs, 
American Mathematical Siadoty Gollixpuum PublicatioiiH, vol. 5a, New Yoi’k, JI)3I, p. 88. 



CHAPTER II 
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19. Definition. Tho genenil theory of partially ordered systems is l)as(‘d on 
a single undefined relation. That of lattices, on the other hand, depends on 
two dual operations which arc definable in terms of this relation, and ari', analo¬ 
gous in many ways to multiplication and addition. 

By an upper bound to a subset Z of a partially ordered system P, is mc^ant 
an element of P containing every xeX. A least upper bound is an upp(n* 
bound contained in every other upper bound (cf. §8). The notions of a low(U’ 
bound and a greatest lower bound are defined dually—and it is cjlcjar ))y P2 
that a set can have at most one l.u.b. (least upper bound) or gr.l.b. (gr(uit(ist 
lower bound). 

Definition 2.1:* A lattice is a partially ordered system any two of whose ele¬ 
ments X and y have a grd.b, or ^\neeC' x y^ and a l,u,h, or x ^ y. 

It is evident that the dual of any lattice is again a lattice, with imu'.ts and 
joins interchanged. Also, it is easy to show by induction that any finite siil)S(‘t 
of elements of a lattice has a gr.l.b, and a l.u.b. 

Again, any minimal element a of a lattice is 0, and any maximal (^hnntmt b 
is 7. For unless a ^ Xj a ^ x < x —and dually with />. It is a corollary 
(§14) that any lattice in which the descending chain condition liolds has a 
0, and dually. Hencje any finite lattice has a 0 and a 7. 

We shall use the words “supremum** and *^sup*^ synonymously with l.u.b.; 
similarly, we shall use “iiifimum,'’ '‘inf,” and “common part” synonymously 
with gr.l.b. Also, “superior” and “inferior” are convenient synonyms for 
upper bound and lower bound, respectively. 

20. Simple examples. A largo fraction of the most important partially 
ordered systems are lattices. Moreover in these systemvS the operations and 
w usually correspond to familiar and significant coiistructions.t 

Example 1: Let Z consist of all the subsets of any aggregate 7, and let in¬ 
clusion mean set-inclusion. Then “joins” are set-sums and “m(',ots” are. s<d.- 
products. 

* Other terms arc: Dualgruppe (Dedckind), Vorbaud (Fr. Klein), structure (Ore). 
The definition of sums and products in terms of inclusion is due to 0. S, Peirce [11, p. 33. 
Cf. also E. Schroder [1], p. 197, Th. Skolem [1], 0. Ore [1], H. Whitney has suggested the 
names ''cap” and "cup” for the symbols /-^and w. 

^ t The abundance of lattices in mathematics was apparently not realized before Dedo- 
kind [1], pp. 113-4; cf. for example Whitehead [1]. Following Dcdekind,. Emmy Noether 
stressed their importance in algebra. Their importance in other domains seems to have 
been discovered independently by Fr. Klein [1], K. Menger [1], and the author. 

16 



COMPLETE LATTICES 


17 


Example 2: Let J be the system of positive integers, and let m S mean 
“m divides n.” Then m n = g.c.f. (m, n) and m ^ n = l.c.m. (m, n). 

Example 3: Let S be any set of real numbers, and lei x y have its usual 
meaning. Then a; ^ 2 / is the lesser of x and ?/, while x ^ y is the greater of 
X and y. (This remains true if S is any chain—in fact, chains are those partially 
ordered systems, all of whose subsets are lattices!) 

21, Complete lattices. The fact that in any lattice', every finite subset has 
a gr.l.b. and a l.u.b., suggests asking whether there are many partially ordered 
systems all of whose subsets have a gr.l.b. and a l.u.b. To show that even 
such “complete^^ lattices are of common occurrence, we shall want the 

Definition 2.2:* By a ^‘closure operation^* on the subsets X of an aggregate 
7, we shall mean an operation X X such that 

Cl: 1 ^ X, 

C2: 1 = X, 

C3: Y implies X ^ Y. 

And by a closed” setj we shall mean one X identical with its closure” X. 

Theokem 2,1: The subsets closed” with respect to any closure operation form 
a complete lattice. 

Proof: The set-product P of any family of closed subsets is closed, since 
by C3 P ^ X^ = X^ for all X^ e cp, whence P ^ F. Hence P is a gr.l.b. to 
the X<^. Again, the closure 3 of the set-sum S of the X^ contains every 
X^ by Cl, and is by C3 contained in every closed set containing every X^. 
Hence S is a l.u.b. to the X^ . 

Now note that (1) by Cl I is closed, (2) by the last paragraph, any product 
of closed sets is closed, and (3) X is the least, and therefore the intersection of, 
the closed sets containing X. E. H. Moore (op. cit) called any property of 
sets which satisfied (l)-(2) “extensionally attainable”—and showed that con¬ 
versely the sets possessing any such property were the sets ‘^closed” with re¬ 
spect to (3), understood as a definition of closure. 

There is a generalization of Moore's argument which yields a strong presump¬ 
tion that if gr.l.b. or l.u.b. exists, then both exist. More precisely, 

Theorem 2.2: If P is a partially ordered system with 7, and every subset of 
r has a gr.l.b.—or with 0, and all its subsets have l.u.b.—then P is a complete 
lattice.^ 

* Cf. E’. H. Moore, Introduction to a Form of General Analysis, New Haven, 1910, pp. 
63-80. I am indebted to Dr. LeRoy Wilcox for this reference. Cf. also the definition of 
jTo-spaces; evidently 03* implies C3. The distinction between lattices and complete 
lattices was made by the author [1], p. 442. Cf. M. Ward, The ideal operators in a laU 
lice, to appear in Annals of Math. 

t It is easy to forget that the existence of 7 must be assumed; e.g., P. Alexandroff, 
8ur les espaces discretSt Comptes Eendus, 200 (1935), p. 1649. 
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Proof: Let X be any subset of elements Xa of P, and lot U be the set of the 
upper bounds to the , Since U contains /, it is Jion-void; let a denote the 
gr.Lb. of t/. Since the Xa are all lower bounds to f a contains (wery Xa ; and 
since a is a lower bound to f/, it is contained in every element contaiuiiija; ev(n\v 
Xa . Hence the Xa have the l.u.b. a. The second result (about 0 and l.ii.b.) 
follows by duality. 

22. Examples of complete lattices from algebra. Using the definitions of the 
Foreword, and Theorem 2.1, we see 

Theorem 2.3: T'he suhalgdjras of any ahdract algebra A form, a complvie 
lattice. 

Proof: Trivially, ri is a subalgebra of itself; also, the intcirscctiou of any 
family of subalgebras is a subalgebra. It is a corollary that the subgroups of 
any group, the subrings of any ring, the subfields of any field, the subspac(\s of 
any linear space, etc., form a complete lattice. 

Again, an “operator^' on a set I means a transformation of I into itself. 
Operators on I are indistinguishable from unary operations on /, in tlu^ gc^mu’al 
sense of abstract algebra. Hence we speak of a subset X of I as ‘^clostid'* with 
respect to a family ci) of operators on /, if and only if X is transformed within 
itself by every operator of <&. And we get from Theorem 2.3 

Corollary: The subsets closed with respect to any family of operators form a 
complete lattice. 

Finally, combining* these two principles, we see that the normal siiI)groups 
of any group (i.e., the class of subgroups invariant under all ^*inner automor¬ 
phisms”)? the characteristic subgroups of any group; the right-idoaLs, tlu^ left- 
ideals, and the two-sided ideals of any ring; the normal extensions of any field; 
and the invariant subalgebras of any hypercomplex algebra^-all form com¬ 
plete lattices. 

These observations pave the way to the study of the structure of al)stra(?t 
algebras. 

23. Other examples. Evidently topological closure in any I^rspac^o is a 
“closure property” in the sense of §21; hence 

Theorem 2.4: The closed (and dually^ the open) sols of any topological 
{To’)space form a complete lattice. 

Again, referring to §4, where the partially ordered system of the partitions 
of an abstract class A is considered, it is clear that (1) the product of any number 
of partitions II« of A, formed by taking the intersections of the parts into which 
the different n« divide A, is a gr.Lb. to the !!«, and (2) the degenerate partition 
into just one part acts as J. Hence by Theorem 2.2, 

* We are here using repeatedly the fact that any logical product of closure properties 
is itself a closure property: the sets *^closed’' with respect to all the members of any family 
of “closures'^ include I and any product of ''closed” sets. 
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Thkokem 2.5: The partitions of any aggregate form a complete lattice. 

In case A is an abstract algebra, the above remarks also apply to those 
partitions which are '^congruence relations, and show that the congruence 
relations on any abstract algebra form a complete lattice. The latter is well- 
known to bo isomorphic in the cases of groups, rings, and hypercomplex algebras 
to the lattices of normal subgroups, ideals and invariant subalgebras discussed 
in the Foreword on algebra, respectively.*** 

There arc many other examples of complete lattices. Among them may be 
mentioned: convex bodies in space (the property of convexity is extensionally 
attainable), the subharmonic functions having a given set of continuous values 
on the boundary of the unit circle (the harmonic function with these boundary 
values is ti J, and any l.u.b. of subharmonic functions is siibharmonic), etc., 
etc. Cf. for example Chapter Vll.f 

Finally, any dual, product or power of complete lattices is itself complete; 
we shall omit the proof. 

24. Lattices as abstract algebras. There is a profound analogy between the 
(‘.xpressions x ^ x ^ (y ^ z), • • • met with in lattice theory and expressions 
like X -b ?/, x(y + ;s), • • • familiar from elementary algcbra.f For instance, 
one readily verifies the following as consequences of Definition 2.1, 


Id: a; ^ a: = a; ami x x = x. 

L2: X ^y ^ y ^ x and x ^ y = y ^ x, 

L3: X ^ {y z) = {x ^ y) ^ z a7ul x ^ (y z) (x y) z. 

L4: X /-N (x w y) = x ami x (x ^ y) ^ x. 

call(Hl respectively the idempotent, (somniutative, associative and absorptive 
laws (the names are mostly Boole^s). 

Theorem 2.6: Ideniiiies L1-L4 completely characterize lattices, 

Froof: In any lattice, x ^ y if and only li x ^ y y (or dually, a; w 2/ == x). 
But in any system satisfying L1-L4, x ^ y — y if and only if x ^ y ^ 
X V-/ (x ^ y) == rt; moreover if one defines x y io mean x y ^ y^ then one 
gets a lattice in which x ^ y and x y are the greatest lower and least upper 

AoLually, tlio laU.ic<» of (iongruciHics rohitiona is a sublattice of tho hitticjc of partitions 
((}. Bii'khoiT 10), Thin, 24). Hut wc sliall not use this fact in the soquol, 

t It HCcniH to tlio author that study of,tho lattico of all partitions of ?i given objects 
(whi(di is highly analogous to tho symmetric group of all permxitations of tho objects) 
would prove highly fruitful in combinatory analysis'-which greatly noeda systematiza¬ 
tion. Tho nature of this lattico has a direct bearing on Kirkman^s Schoolgirls Problem 
and related <iueHtions (hence indirectly on finite piano projective geometries). Cf. P. 
Dubreil and M.-L. DubreiKIacotin, Thhorie alg6brique des relations d*Equivalence, Jour, 
de Math., 18 (1939), 63-96. 

t This was first pointed out by George Boole, The Mathematical Analysis of Logic, 
Cambridge, 1847. Boole, however, did not know the postulational method. LI and L2 
on addition occur in Leibniz, who also in a sense anticipated Theorem 2,7 (cf, 0.1. Lewis, 
A Survey of Symbolic Logic, Berkeley, 1918, p. 376, TJhm. 6, and p. 383, Prop. 21). 
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bounds of x and y, respectively.* For example, x - x implies PI. Again, 
if a; ^ 2 /and y x, then y = x ^ y = y x = xhy L2 and hypothesis, proving 
P2. While a X ^ y and y S s, then by L3, x ^ z = x {y ^ z) = 
{x ^ y) ^ z = y ^ z = z, whence a: g s. Finally, since l)y I,l-L3 
X ^ {x ^ y) = (so ^ x) ^ y = X y, X y xa a. lower bound to ;i:; by b2, it 
is therefore a lower bound to y also. But it is a grcnlcHt hjwer bound since 
X S zand y ^ z imply (x y) ^ z = x ^ (y z) — x ^ z = zhy 1,3. Dually, 
a; 2 / is the least upper bound of x and y, comi>loting the i)roof. 

Kemark: It follows from the proof that any binary operation x o y which is 
idempotent, commutative and associative defines, througii tlx; (U)nvention Ihat 
X y means x o y = y, a, partially ordered system in which x o y = gr.l.b. 

(x, y)A 

26. Generalized commutative and associative laws. It is w(!ll-known from 
algebra, that any binary operation x o y which is commutative! and associallve, 
defines an operation aii o ... o Xn — xto • • • o a-„) whicli (!ombines any 
finite sequence Xi, • • •, a;,, of addends, by a composition invariant uiuh!r [)ennu- 
tations of the addends—and conversely. If besides a; o .r = .r, then r('|)(!at(!il 
occurrences of an addend are equivalent to a single occurnnutc!: .r, o ... o ;r„ 
depends only on the scl of the Xk . Morcov(!r if »S'i, • • • , ,SV arc: any .s('t.s of 
elements, and f(Si) denotes tire result of combining thi! (!l(!mt!nt,s in Si , then 
f{Si) o ... o f(S,) = f{S), where <8 is the set-union of th(! Si. Moreover the 
laws we have just stated have a meaning (!V(!n witli infinitt! .sets whei-eas 
iterations of a binary operation can nev(!r combine! more than linit(! addends. 
This leads us to state the following (traiisfiuitc) gc.mtmlizad laws, 

L*1: Any set S of clemmls has a meat f{S) ami a join g{S), (kpcmling only on. S. 

L*2: If A? is any family of sets S^., ami 8 denotes the scl-union of Ihe >% , then 
f(S) is the meet of thef{Sf) and g{8) is Hie join of Ihe giS^,). 

These, combined with L4, characterize complete latticios.j: 

The following useful generalization of the ^^-IJ-notation of analysis is due 
to Peirce [2]. If the members of a subset 8 of a lattice! an! d(!notcd .r,, tluin 
one often denotes sup /S by VsXi and inf ,8 by Asa;,-. 

26. Definitions suggested by general algebra. 3'hc! analogy bi!tw<!('n tlu' 
characterization of lattices by L1-L4 and the usual dcifinitions of groups, rings, 
etc., suggests the application of the general terminology of absteuit algiibra to 
lattices. 

* As Dedeldnd [1], p. 100 has pointed out, LI can bo proved from 1-4: in « a: ^ I* .../ 
®, and dually a: =» ® w ». The separation of Ll-I/1 from l.hi! other identities 
of Boolean algebra was first accomplished by K. Schriider [IJ. 

t This was remarked by Huntington [1], p. 2!)4. One may also note hero that 0 .-.s x - 0, 
0 V./ ® *= *, X ^7 = X, X v-y J = I for all X. The first three of these identities aro analogous 
to the familiar laws Ox == 0, 0 -|- x = x, and xl »» x of arithmetie. 

t_For these laws, of. G. Birfchoff [1], p, 442. Tlioy aro less interesting tliaii the gen¬ 
eralized distributive law L6 which will be discussed in Chapter V, but aro of a piece witlf it. 
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Thus they lead us to define a ^Wblattice^^ of a lattice L as a subset which 
coiitaius witli any two elcnuiiits their join and their ineefc. Tlio reader should 
be warned of ilw. anomaly whereby a subst^f of L may be a laliticc with respect 
to the iiudiision relat-ioji in L, altliough not a sublattico of L. Thus the sub¬ 
groups of any group form a lattice with respect to set-inclusion, yet (except in 
the case of cyclic groups) they are not a sublattice of the lattice of all subsets, f 

An isomorphism between lattices is by §4 simply a one-one correspondence 
which preserves inclusion (and hence joins and meets); an automorphism is an 
isomorphism of a lattice with itself. But the situation becomes ambiguous 
when wo try to define ho7noniorphisms between L and a second lattice L*. 

There may exist many-one correspondences L —> A* which preserve inclusion 
but neither joins nor meets, ones which preserve meets but not joins, and ones 
which preserve both.J We shall term these order-liomomorphisms, join- 
liomomorpliisrns, mcet-homomorphisms, and lattice-liomomorphisms respec¬ 
tively. Clearly the antecedents of any element under a lattice-homomorphism 
form a convex sublattice. 

Tills situation is evidently going to be similar when we try to discuss con¬ 
gruence relations on a lattice'-again, there is a quadruple ambiguity. More¬ 
over the analogy with groups and rings breaks down in another respect. Al- 
thougli a (^ongi’iieiice relation on any group (oi* Jing) is si)ccified by the normal 
subgroup (r(‘sp. ideal) of elenumts congruent to its identity (resp. zero), eon- 
gruenee ndations on cliains and many other latti(M'.H§ in^ed not be specified by 
the "ideal” of eleiiKiiits eongriiont to their* (). 

27, Polynomials and identical relations. Tlw analogy mentioned at the be¬ 
ginning of §20 leads to define a "lattice polynomial,” as any polynomial 
fuiKJtion of variabl(\s , • • • , a:„ , which is (utluu* a 7no7iomial Xi , or a join or 
7 ncet of polynomials already defined. Lattic^e polynomials hav(^ a number of 
non-trivial properties, wlihdi we shall now consider. || 

I'linoRKM 2.7: Let f(xi, ,:r,*) he any laUitx poly7iomialj mul suppose 
SiU ^ oil i- Thmfixi , - • , a;«) ^ /(x/i, • • • , Vn): lallice poly7mmals are 
monotonu*. fu7iclio7is. 

t Similarly, )>y a ff-Hul)lafctice of a o--lat.tico, wo moan a siihsot wliioli contains all joins 
ami moots of ooiintahlo ag^rogatos of its niombers and by a (?omploto suhJatti(!o of a 
(tomploto lattio(?, one whioh oontains all joins and iiiootH of its moinimrs. 

Wo aoto without proof that tJic suhalgobras of an abstract algcjbra A wliioh are (‘arriod 
within thoniHolvos by any sot of ondomorpliisms of A form a suhlattioo of the lattice of all 
subalgobras of A, (Thus tho normal and oharactoristic subgroups of any group form 
HublaUioos of the lattice of all Us subgroups.) 

X These distiuotions wore first maile explicitly by O. Oro [1], p. 410. Thus the corre- 
spoiideuco between tho suliaotfl of an abstract algebra and tlie subalgebras they generate 
is aiotn-cndoniorphisin which does not preserve meets. 

§ Boolean algebras and complemontod modular lattices, however, behave like groups in 
this respect—cf. Theorem 4.7. 

II The one-sided distributive law is due to Schroder [1], p. 280; the one-sided modular 
law to Dedekind [1], p. 120. 
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Proof: By induction, it suffices to show that x ^ x' implies x ^ y ^ x' ^ y 
and X y ^ x' ^ y. But if a: ^ a:', then x ^ y = (x ^ x') ^ y = 
X ^ {x' ^ y) ^ x' ^ y and similarly x' y = (x’ ^ x) ^ y = 

x' (x y) ^ X ^ y. 

Corollary 1: TPe have the one-sided distnbviive laws x ^ (y ^ e) > 
{x ^y) ^ {x ^ z) and x^^ (y ^ z) ^ (x-^y) (x ^ z). 

Proof: By Theorem 2.7, x ^ (3f z) is m upper boimd to both x y and 
X y-y z; hence it contains their join. The second law follows by duality. 

Assuming a: ^ 2 in Corollary 1, we get the self-dual one-sided modular law, 

Corollary 2: If x ^ z, then x y-^ (y ^ z) ^ (x y) ^ z. 

Corollary 3: Always (x ^ y) (u yy^ v) ^ {x u) y-^ {y v). 

Proof: By Theorem 2.7, x y~^ y ^ {x ^ u) y-s (y v)] similarly, 

M ^ {x ^ u) y-s {y ^ v). The conclusion is now obvious. 

28. Free lattices. The general notion of a “free algebra’’ (cf. the Foreword) 
also applies to lattices.* 

A lattice L is said to be "generated” by elements ai, • • • , On, if and only if 
every element is a polynomial function of the «,■; clearly every subset of L 
generates a sublattice of L. 

By the “free lattice with generators aii, • ■ • a:„ is meant the set of formal 
lattice polynomials/(a;i, • • ■ , a:„), g(a:i, • • ■ , x„), etc., where (1) two polynomials 
are considered to be the same element if and only if they determine idcuitical 
fimctions in every lattice, and (2) polynomials are combined formally. For 
example, (x y) ^ x and (* .-n y) are considered to be the same clement, and 
the join of (x ^ y) and y is defined as (a: ^ 2 /) w y. 

In virtue of Theorem 2.6, the system F„ so defined is a lattice generated by the 
Xi ; moreover it is universal in the sense that if L is any lattice generated by n 
elements oi, • • • ,a„, then there is a lattice-homomorphism F„ —» L under 
which xi—*ai, • • • , a„. 

The free lattice generated by two symbols x and y has four elements: x, y, 
X y = Oj and x ^ y = I. On the other hand, the free lattice generated by 
three symbols can be shown by an example (by a lattice of partitions) to be 
infinite.! 

A very important problem of lattice theory is that of finding an “Eutschoid- 
ungsverfahren” for lattice polynomials: a rule telling in a finite number of steps 
whether or not two given polynomials are equal. This problem has recently 
been solved by P. M. Whitman (The free lattice with n generators, to appear in 
the Annals of Math.). 

29. The combination of lattices. In the terminology of §16, the “sum” of 

* For more details coneerning this notion, cf. the author [6], p. 440—where general 
applications are also given. 

t Cf. the author [6], p. 462. 
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two lattices is never a lattice: for if x and y come from different summands, they 
have no upper bound. 

Theorem 2,8: The ^^pivduct” of two lattices is the direct union of the lattices, 
regarded as abstract algebras. Hence it is always a lattice. 

Proof: In the notation of §16, [x x*,y 2/1 is not only an upper bound to 
[Xy y] and [x\ ?/'], but it is contained in every other upper bound—hence it is a 
least upper bound. The proof is completed by duality. 

It is a corollary that the product of two lattices is a <r-lattice (respectively 
complete) if and only if both factors are (r-lattiees (respectively complete). 

Furthermore, if X is any lattice and Y is any partially ordered system (of n 
elements), then is a lattice ^it is in fact a sublattice of X”, 

30. Unicity theorem on product decompositions. Clearly an element a; of a 
product P of partially ordered systems Xi is a 7 for P, if and only if each Xi- 
component of a: is a I for Xi—and dually for 0. Hence P has a 0 and I if and 
only if every Xt does. In the present sections we sliall consider only this case. 

We shall then define at as the element of P whose Xi-component is I and whose 
other components are 0. Then the a: ^ Ui will form a subset Xf of P isomorphic 
with Xi. Moreover for any x eP, the uYt-component of x ai is the same as 
that of X, and its others arc 0 — wlience x ^ UieXt and x = sup,* {x ^ a,). 

Again, if x is fixed, the t g x are the elements each of whose components is 
contained in the corresponding component of x. tience 

Lemma: The set T of t ^ x is the product of factors isomorphic with the sets 
Tt of ti ^ X ^ ai. 

Now suppose P can be factored into Xi and also into F,-. Define elements ai 
as above, and analogously elements h,- such that the x ^ bj form a set Y} iso¬ 
morphic with F,*. Finally, denote by Z] tho set of t ^ a^ ^ &,. Then by the 
lemma, each Xt is the product of the Z} witli superscript and each Y] that of 
tlu^ Z) with subscript j. We infer tho 

Theorem 2.9: Associated with any two faciorizatiom of a partially ordered 
system P with 0 and 7, into factors Xi and Fy respectivelyy is a factorization into 
Z ), mch that the product of the Z\ with fixed i is X*, and the product of the Z) with 
fixed j is Yj . 

Corollary 1 : The factorization of P into indecomposable factors is unique, 
in the strict sense that any factorization of P is obtainable by grouping these factors 
into subfamilies.1[ 

31. The center of a lattice. The ideas of the preceding section suggest the 
notion of the ^^center^' of a partially ordered system with 0 and 7. By this we 

t These results were first proved by the author for distributive lattices in [1], p. 467, 
and then for general lattices in [3], p. 016, Throughout, one-element factors are ignored: 
otherwise there would be no indecomposable systems. 
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meanf the sot of elements a eP which have one Zi-componeut I and the others 0 
under some representation of P as a product of X,-. 

By the commutativity and associativity of products, we sec that for this it is 
necessary and sufficient that o = [1,0] under some representation P = XiY oi P 
as the product of two factors. And from this condition we can read off 

Lemma 1: The center of any partially ordered system is presmed under dual 
automorphisms. Each clement of the center has a unique complement, also in Uui 
center. 

Proof: Dualization carries [I, 0] into [0, I], which is in the center. Again, 
[/, 0] .-N [x, y\ = [a:, 0] and [I, 0] [a:, y\ = [7, y];hence [x, y] is a complement of 

[7,0] if and only if a: = 0 and y = 1. 

Now note that the proof of the unicity of product decompositions brings out 
the fact that, if Oi and hj are in the center, then so is Ui 6 /. By tluality (cf. 
Lemma 1) then so is tti 6/, and we can conclude 

Theorem 2.10: The center of any lattice is a auhlatlice preserved umlcr dual 
automorphisms. 

As an example of the usefulness of the notion of the “center” of a latti(Hi, w(i 
may note that the center of the lattice of all subgroups of a fini(.e group (1 con¬ 
tains those and only those subgroups occurring as factors in repr(!sent,ations of (} 
as the direct product of (normal) subgroups, of relatively prime orden-. Heixtc 
if G is Abelian or “hypercentral,” they are the Sylow-subgroups and their 
products. 

32. Polarity; complementation. Let p be any dyadic relation dcdiiunl b(>l.w(>cn 
the members of any two abstract aggregates 7 and 7*. We shall write x p x* 
if X is in the relation p to x* [a: e 7, a:* « 7*], and x p x* if x is not in (he n^lation 
p to X*. We do not assume 7 and I* to be different. 

If X is any subset of 7, denote by X* the set of a:* such tliat x p a:* for all 
a: € Z; reciprocally, if Y is any subset of 7*, denote by Ff tlm s<!t of a; e 7 sucli (,hat 
xpy for all y e Y. Clearly 

Lemma 1: 7/ Z ^ Zi in 7, then X* g Z'f in 7*; similarly, if 7 I'l in I*, 
then Ft ^ !• 

Lemma 2: For any subset X of I, ((Z*)t)* == Z*; and for any subset F of I*, 
((Ft)*)t = Ft. 

Proof of Lemma 2: By hypothesis, xpx* for all a:«Z, a:*6Z*; hence 
Z S (Z*)t; similai'ly, F g (Ff)* for any subset F of 7*. But sotting F = Z* 
in the last inequality, we get X* g ((Z*)t)*, wliile by Lemma 1 Z g (Z*)t 
implies Z* ^ ((Z*)t)*. Combining, X* = ((Z*)t)*; similarly, Ff « ((Ft)*)t. 

t The definition is generalized from the notion of “center” of a complemented modular 
lattice as defined by J. von Neumann [2], Part I, pp. 38-40, and Part III, p. 1. 
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Thj'Jorem 2.11: The operations X —> (X*)t and Y —> (Ff)* are closure opera'- 
lions] moreover the coriT.spondences X Z* and F Ff are (reciprocal) dual 
isomorphisms between the lattices of closed^^ subsets of I and 7*. 

Proof : Clearly (Z*)t ^ X ; using Lemma 1 twice, Z ^ Zi implies (Z*)t ^ 
((Zi)*)t; using Lemma 2, (((Z*)t)*)t = (Z*)t —hence X (Z*^)t is a closure 
operation. Similarly, the correspondence F (Ff)* defines a closure opera¬ 
tion. Now by Lemma 2, the X"^ and Ff are closed, and the correspondences 
Z* ^ (Z*)t and Ff (Ff)* arc reciprocal—hence they are one-one. And by 
Lemma 1, tlu^y invert inclusion, which completes the proof. 

Example 1: L(^t 7 ho any finite Abelian group, let 7* be the group of its 
chara(!t<u*s, and let x px [.r « 7, x e 7*] mean x(^) = 0. Then the closed subsets 
of 7 and 7* arc their subgroups—and the correspondence of Theorem 2.11 
d(^fiiies a dual isomorphism between the subgroup-lattice of 7 and that of 7*. 
(Actually, 7 and 7* arc isomorphic!) 

lOxample 2; Let 7 = 7* be any ring, and let x py mean that xy = 0. Then 
every Z* is a right-ideal, every Zf a left-ideal. In the semi-simple case, the 
converse is also tru(', and the corn^spondeiicc of Theorem 2.11 establishes a 
dual isomor])hism bcRiWeen the lattice of left-ideals and that of right-ideals, 
which carries two-sided id{‘als into two-sided ideals. 

Again, we might hi T be a field, and 7* a finite group of automorphisms a of 
/. If we d(^fine x pa to mean a(x) = :r, we get the typical situation of Galois 
theory.:!; Or w(i miglit let 7 l)e any Banach space, and 7* the conjiigatc space 
of linear functionals X(.r) on I. If wo define x p\ to moan X(a:) = 0, we discover 
that the “(tlosed'' sul)H(d.s of I and 7* arc their dosed subspaccs—whence the 
lattic-(\s of these arc dually isomorphic. 

CorolTjAIIY 1:7/7 = 7* aiid the relation p is symmetric (i.c., if x p y implies 
y px)j then Zf = X.^^ so that toe have just one closure operation Z —> Z = 
(Xf)* = (Z*)t. Moreover the correspondence X —> Z* is an ^Hmolution^^ of the 
lattice of * Closed* ^ subsets. 

In this (‘.ase, we shall call = Zf the ‘‘polar'' of Z, and write it Z'. We 
will then have 

Kl: (Xy « Z. 

K2: (Z ^ F)' - Z' w F' and (Z w F)' - Z' ^ F'. 

Example 3: Lot 7 bo any group, and let xpy mean that xy == yx (x com¬ 
mutes with y). Then the Z are all subgroups (but not conversely), and the 
“involutions^ carries any Z into its “centralizer." 

Example 4: Let 7 be any class, and let x py moan x 7 ^ y. Then every set is 
“closed," and the involution carries every set into its set-complement. 

Example 6: Let 7 be Cartesian ?i-space, and let xpy mean x ± y (x k or- 

tThis case was discussed in part by M. Krasner, Jour, de Math., 17 (1938), 266-86, 
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thogonal to y). Then the “closed” subsets are the linear subspaces, and the 
involution carries every subspace into its orthogonal complement.t 

Example 6: Let I be a vector lattice (Chapter VII), and \&ixpy mean that 
I a; I ^ 12/ j= 0. Then the “closed” subsets are the complemented normal sub¬ 
spaces. 

CoBOLLAKY 2: If the relaiion is anti-reflexive (if xpy implies x 9 ^ y), then 
X and X' are complementary, in the sense that 

L7: X X' = 0 and X ^ X' ^ 1. 

Proof: Since X r^X' contains only a: such that x p x, X ^ X' = 0. But I 
is closed, and so the involution must interchange 0 with I. By K2, also 
X ^ X' with (X ^ xy = X' w (xy = X' ^ X = Z ^ X', whence 
X w X' = /. We note that the hypotheses of Corollary 2 arc fulfilled in 
Examples 4, 5, and 6. 

33. Normal subsets. Consider the construction of §32, when p is the in¬ 
clusion relation of a partially ordered system P. Then by definition, X* is the 
set of lower bounds, and Xf the set of upper bounds to X. Wo shall call 
X = (Xt)* the “normal hull” of X, and shall call X a “normal subset” if and 
only if it is its own normal hull. 

It is evident that if x is any element of P, then xf is the set oi t ^ x, and 
by P3 (aif)* is the set of a:* of i ^ x. That is, x consists of the subolomcnts 
(Jlf-closure) of x. 

Theobem 2.12: Any partially ordered system has a one-one representation by 
sets which preserves inclusion and meets. 

Proof: Represent each element by its normal hull. By PI and P2, distinct 
elements have distinct normal hulls; hence the representation is one-one. If 
X ^ y, then a:* S y* by P3 and conversely; hence the representation preserves 
inclusion. Finally, « is a lower bound of a set X of elements x „, if and only if 
u* S X*; while u contains every lower bound if and only if X* g u*. Thus 
(as J. von Neumann has remarked) m = inf X if and only if u* = X*; dually, 
M = sup X if and only if uf — Xf. But X* is by definition the set-product of 
the Xc ; hence the representation carries infima into set-products, completing 
the proof. 

We shall see later that in general no one-ono representation exists which 
canies infima into set-products and suprema into set-unions; this would imply 
the distributive law, which need not be true. 

CoEoiiLARY 1: The inclusion relaiion is characterized completely by postulates 
P1-P3. 

Ineidentally, if in any complete lattice L we regard combination into joins 
as one algebraic operation, and each operator ®—»®<^o[a«I/]asa unary 
operation, we convert the sets of Theorem 2.12 into its “subalgebras.” Hence 

t Evidently any symmetric bilinear form defines a polarity. 
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by atrctching our definitions, we can infer that any complete lattice is the 
lattice of all subalgebras of a suitable ''abstract algebra'^ (cf. the author [1], 
Thm. 5.1). 

34. Completion by cuts. We shall now give MacNeille’s generalization ([1] 
and [2], §11) of Dedekind's celebrated construction of irrational numbers by 
"cuts" (Sietigkeit iind irrationale Zahlen^ Brunswick, 1892, p. 11). 

Theorem 2.13: A ny 'partially ordered system P can be embedded in a complete 
laUicCi with preservation of inclusion^ greatest lower hound,Sj and least upper hounds. 

Proof: Consider the*, normal subs(^ts of P; by Theorem 2.1, they form a com¬ 
plete lattice. By Tluiorem 2.12, tlui (iorrespondence between elements of P 
and their normal hulls embeds P in this lattice in a way preserving inclusion 
and gr.l.b. It remains to show that l.u.b. are preserved. 

To see this, form the dual P' of P. Then P' can be (dually) embedded in 
the complete lattice of (A'*)! in P, with preservation of gr.l.b.—and hence so 
that l.u.b. in P corn^spoiid to gr.l.b. of (A"*)!. But the correspondence X 
is one-one between normal subsets of P and the (X*)t, whence gr.l.b. of (X*)t 
correspond to l.u.b. of normal subsc^ts, completing the proof. 

Caution; Although MacNeille's construction yields [—oo, +°o] from the 
rational numbcirs, (.Iku'c are otlicjr ways of embedding partially ordered systems, 
and especially lattices, in (?omi)lete lattices, besides his.J We shall discuss them 
in Chapt(U’ III, §51. 

36. Intrinsic topology of chains. lu^xt thr(Mj sections will be devoted to 
defining intrinsic topologies in latiicies iul.rinsic in the sc^nse of being definable 
in terms of the inclusion relation alone. 

First the case of simple ordening is discussed; this case is relatively easy and 
(\ss(^ntially known.|| Then (§30) a geiuu’al notion of convergence is defined, 
(tosely tied up with generalized notions of lim inf and lim sup. Finally (§37) 
this convcrgcjiice is altered by a constru(;tion duo to Urysohn to yield a topology 
tied up with metric notions. 

In a chain, define an "opcm interval" oitluu’ by fixing a "lower end-point” a, 
and forming the s<jt of t > (if or by fixing an "upper end-poiut” />, and forming 
the set of t < h, or by fixing both, and forming the set of a < i < h. Clearly 
the iritcrs<^(5ti(>n of any finite numl)er of opcui intervals is itself a (possibly void) 

open intcu’vab.having for its low(U’ and upper end-points the greatest rosp. least 

corresponding end-points of the intersecting intervals. 

Then define a ^hieighborhood” of any x as any open interval containing x. 

t In particular, when appli(«l to algcshraio integers, partially ordered with respect to 
divisibility, MacNeille*s construction does not yield the lattice of ideals necessarily. For 
example, polynomials in n variables over any field form a Gaussian ring; hence when par¬ 
tially ordered with respect to divisibility, they already form a complete lattice—*yet not 
all ideals are principal ideals. 

II The author has been unable to find a precise reference; cf. F. Hausdorfi, OrundsifUge 
einer Theorie der geordneUn MengeUf Math. Ann,, 66 (1908), 436-66, 


28 


IjATl’KIliS 


Theorem 2.14: Any chain in a norjnal Uanndorff space rclaLivc to its intnnsic 
topology—and the latter is invariant under dvalization. 

This means that postulates (l)-(8) of Hausdoitf [1], pp. 228-f) are satisfied 
by the neighborhood system (the proofs, which are simple, are left to the 
reader)—and that dualization carries neighborhoods into neighborhoods, which 
is quite obvious. Incidentally, a normal Hausdorff space is a IVspace. 

In this space, open sets are the sums of open intervals, and closed s('tH are the 
complements of open sets—that is, the residual sote left after open intervals 
have been removed. Moreover dense sots arc those having elements on every 
interval. 

But in any Hausdoi-ff space, Xn x means that every neighborhood of x 
contains all but a finite number of terms of the sequence {*„}. 

Theorem 2.15: For x„ —> x, it is necessary and sufficimt that seqwmxs | w„) 
and {«„} exist, satisfying ^ w„+i ^ a;„ 4 .i g v„+i g v„ and sup {a„| = 
inf {!;„} = X. 

That is, it is necessaiy and sufficient that the Xn be contained in a sciciuencc! 
of nested closed intervals uiteraccting in x. 

Proof: Suppose a:„ —» x, and define w,, as the bast element of tlui .s(>l. x, .i;„, 
( ■ • • ■ Either a; = «„ , or a:* < a; for some k S n, and (by (he liypothe.sis 
of convergence), only a finite number of Xi fail to exceed Xt . TIui Iciiisl. of 
these will be it,,, which thus exists in any ease. But now l)y definition, 
Un ^ Mn+i ^ Xn+1 - Also, X is Rii ui)pcr.bound to the , while y < x implies 
that almost every exceeds y-—whence x is the least upper bound of the u„. 
Similarly, a dual sequence {y„} exists. 

Conversely, if two such sequences exist, and a < x < b, then soim^ m,„ must 
exceed a, some be inferior to h, whence all but the first (m + n) tcums of 
{a:*,} must be in the given neighborhood of x. 

36. On (o)-convergence in general. It is natural to iwk what Iiappens to 
the considerations of §35 in the case of partially ordered systems. 

One surprising thing happens: the definition of an "open intcu’val” has no 
obvious extension. Indeed, consider the plane, letting (x, y) g (a:', y') mean 
that a; g a:' and y g y'. Then (-1, 0) < (0, 0) < (1, 0), and yet th('. set 

(—1, 0) < (a:, y) < (1, 0) should not bo considita’ed a neighborhood of (0, 0). 

at least, unless we wish to get a (trivial) totally discrete- topology from the 
definition. 

On the other hand, the conditions of Theorem 2.15 extend very nicely. Wo 
shall therefore make 

Definition 2.3: By Xn —> x, we mean that sequences (««} and {»„) esist, such 
that (1) for all n, Un ^ Xn ^ Vn , (2) (m„ j is monotone increasing, and {i»n} mono¬ 
tone decreasing, and (3) sup {«»} = inf = x. Under these drcumMances, 
we shall say the a:„ ‘‘{o)-6onverge'’ to x, and mmmarize conditions (2)-(3) hy 
writing «„ f a: and i a:. 
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Thkorkm 2.1(5: liclalivo to {oyconvcrgcncej any partially ordettM ^jstem is an 
Jj-spacc in the sc/msn of Frechcij and, any product Xi • • • Xn of 8vM4yi^i(iins is 
topologically the Cartedan product of its factors,^ ^ - 

Proof: The proofs of Fr(5cJiot/s posUilatoa are immediate; it is even obvious 
that conv(}rgenc(', is not altered by any pcu'inutation of the terms of a sequence. 
The truth of the scc^oiid assertion is evident since betweenness, monotonicity, 
and suprema and iiifima arc all reckoned component-by-component in a product 
of partially ordered systems (cf. §29). 

Now let \is restrict our attention to lattices in which every bounded countable 
sot has a supjHmiuni and an infinium.t Sucir systems we shall call '^conditional 
<r-latti(H^s”—and if all (^ountabhi subsets have suprema and infima, we shall just 
call th(un cr-lattices, A latticu^ in which every bounded set has a siipremum and 
an infimum will be called "conditionally complete.'’^ 

In a conditional tr-lattice, we shall define 

Urn sup {a;„} = inf {sup a;*}, 

n Jc^n 

lim inf {a;„} = sup {inf a;*}. 

n Ag n 

('learly th(\s{' exist for any (bounded) s<‘(iuenc(», and wo always have lim sup fe 
lim inf. 

Theoukm 2.17; The sequence {xnl (o)-converges to x if and only if lim sup 
[Xn] = lim inf {a:,,) = x. 

Proof: If Xn —> X, then Un ^ inf/L-s« Xk g x^ g Vn, whence lim inf 

{xnl ^ ‘Supn Un = X uud dtuilly, whhih shows that certainly lim inf {a^n} ^ 
lim sui) {a;„). Conversely, if lim inf ecpials lim sup, we can set tin = infAr^w a;*, 
Vn = supA.r^;« Xk , and show iihat Xn x in thii sense of (o)-convergence. 

It is a (corollary thai, (rA)-couvergen(?e si)(Hnaliz(^s to Hausdorff\y definition of 
the convergence of a sequence of sc^ts ([1], p. 19); wo shall see in .Chapter VII 
that, under a wide varicify of circumstaiuies it si)e(dalizes to 10. PL Moore^s 
"r<‘lativ(^ uniform (;onv(U’g(mce” of fumdiious. 

37. Star-convergence. It scuuns to Ix^ a l)asic. i)rin(nple of general topology 

* For Iz-HpiiooB, cf. Irho Foreword; for (iartosian produefcH, cf. HausdorlT [IJ, p. 102— 
convorgcnccs of a aetiuoiuui means simply (jonvorgoace of the various coinpononts indi¬ 
vidually, A definition of (o)-couvorgence applicable to (r-latt.ices was iatroduood by the 
atithor [GJ (cf. Thin. 29), and iiidopcmdcoitly by Kan tore vitedi [IJ. Cf. Hausdorff [1], P-19* 

t Hy a 'T)oiuule<l’* Hubset of any partially ordered system, we mean one having an 
upper and a lower botmd. In order that every (bounded) oountabhj sot htivo a siipremum 
and an infimum, it is sufiiciout that this bo true for monotone sequoncOs. Note the close 
analogy between the definition of a <r-lattiec and Hausdorff's definitions of a cr-ring and 
<r-fieid of sets ([IJ, §18). 

t We note that in order to complete a *'conditionally complete" lattice by cuts, one 
need only adjoin an 0 and an J. 
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that most spaces can be “topologizod” by supcirficial considerations—but that 
such a topology has no value except in virtue of its general properties. 

If we apply this principle to (o)-convergence, we are troubled by several 
things. We may have x and Vn-^y without having Xn 2/„ -» a; ^ ^ 
or Xn ^ Vn —* X ^ y: that is, the lattice operations need not be continuous in 
the (o)-topology.t However, for this it is sufficient that y„ | y imply 
X ^yn t X ^y and dually: continuity in c^ach variable implies simultaneous 
continuity in the two variables. (Proof: If «„ f x, ut 1 y, I x, vt i y 
u„ S x„ and if ul g y^ ^ );« , then •«„ ^ tt* |, sup u„ ^ ul k 

sup„ Um ^ «« -Um<^y (by the hypothesis of conl-inuity in each variable) for all 
we infer sup Un ^Un ^ sup Wm^2/ * x^y using this hypothesis again. But 
the reverse inequality is obvious; hence t x ^ y —and dually j;* i 

X r~.y, whence Xn ^ yax ^ y by definition. 'I’he proof i,s comijh'ted by 
duality.) Note that by the generalized as.soeiativ(i law in any e!i,s(( x,, i x and 
y„ i y imply a:„ ^y„ i x ^y — and dually. 

Another trouble is that derived sets may fail to 1x5 (5lo.sed. Also, w (5 mav have 

Xj > Xi for all i, and Xi > x, without having any diagonal .sequence _> x 

And finally, the assumption that ev(5iy subso(iuenc,c5 of {x„) e< 5 ntains a sub¬ 
subsequence (o)-converging to x ne(5d not imply x„ x. hhuih of thes (5 three 
situations is pathoIogic.al, in the sense of I.x5ing imi)o.ssibh5 for nu^tric convergence 
in a metric space. 

The last situation can be eliminated, h^or in any L-si)ace, l)y making the 
definition: ‘‘x„ star-conv(!rges to x, if and only if every sub,sequence of (a;„) 
contains a subsubsequeuee converging to x," <jn<5 gc'tsj a new L-spa(!e without the 
last deficiency, in which “dcirived sets” (elosuivs) are tins Ham<5 as in the original 
topology. Star-convergouce is remarkable in (hat it giv(5.s (.lus m( 5 tri(! topology 
in metric lattices. 

In closing, we not(5 that if tlxs latt.iee op(5i-ations are continuous in the 
(o)-topology, then tlwy are (;on(,imious in tins .star (.opology. For any subse¬ 
quences {x„(i)} and {?/„( 4 )) of .setjueiKH's s(,ar-{5onverging to x resp. y, will con¬ 
tain subsubsequences (o)-eonv(5rging (.o x resp. y and tins eorresp(')nding sub- 
subsequences (a:n(i(,)) .-N ?/«(*.(,•») will («)-eom'org(5 to x ^ y by hypothesis, 
whence by definition {x„ ^-s y/,,) star-eonv<srges t;o x ^ y. The proof is com¬ 
pleted by duality. 

38. Directed sets and generalized limits. In (.his Hf5etion, w <5 shall study a 
generalized notion of ”eouvorgenee to a limit,” ba.sed on a spc(!ial order-prop¬ 
erty, and having many appli(tation.s to topology and aualy.si.s. 

t This was shown by tlw author |1}J, p. .(SH. Wo shall a “topological lattice” 

as one without tliis doficicncy; tint ilofinUion is analogiiUN to Hchrtsior’s definition of a 
lOpological group (Ahli. Hainh,, 4 (1020), l/i ;)2). 'riu> lattice of all subgroups of the direct 
sum of countable cyclic groups of prime m-disr is not topoltigical. Although *n T ® implies 
^ o T ® a, still x„ I X fails to imply x„« i a; ^ u. 

w a' (A) de M. Frhluit, Knseignoment Math., 25 (1926), 

77-^. Star-oonvorgonco in lattices was introducoil independently by Kantorovitch ([1], 
p. 143), and von Neumann and the author (Annals of Math., 38 (1037), p. 66). 
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Definition 2.4: A ‘^directed ^ partially ordered system any iv)o of 

whose elemcMs have a7i upper bound (or common successor^'), A directed set 
{.^a} of pomts of a topological space '2!i yco7iverges'^^ to a limit x, if and only if to 
every neighborhood U(x) of x corresponds a member of {xa}j all of whose successors 
lie in U(x). 

Thus any lattico is a dircct(^cl set, and in particjular ordinary and transfinite 
soqiKuicos (being chains) are directed sots. A partial ordering which yields a 
directed set is also said “to liave thes property of Moore-Smith.^^ 

Tiikoukm 2,18: A directed set coiwerges to at most 07ie limits in any Hausdorff 
space,t 

This important unicily property follows since if Xct —> x and Xa t'heu any 

neighborlioods V(:x) of x and V(y) of y would determine elements Xa and Xp, 
mvh tliat U(xi) contained all siKJcessors of and V(y) all those of . Hence 
n{x) and V(y) would both contain (ivory common succtissor of Xa and xp, and 
so b(i overlapping"' whemui by our last liypotlu'sis x ==’ ?/. 

Siiuie the scit-product of two open sets is open (C3*), the neighborhoods U(x) 
of any point x of any topological spacH) E ani a directed set under the convention 
that the suc^c^jssors of any (^(x) are tlui miighborhoods of x contained in U(x). 
It follows that the dosuni of any subset, S of E is the s(it S of the limits of the 
Cionvergent dircicted s<its of points of S. This permits one to correlate in a con¬ 
sistent fashion geiua-al t-oi)ologi(ial ideas (lowing out of the intuitive notion of 
convergence with those flowing out of th(' dual notions of closure and neighborhood 
(closcid and opcai s(4.s). I'his is not otli(u-wis(? possible in gcmeral function- 
spa(^es. 

Again, tlu^ Iliemann partitions of any line int(U’val into subintorvals A{ are a 
(lir(^<4,(H.l H('t§ uiuhu’ tlu^ (u)nv(M)tion that tlu^ suc(!t\ssors of any partition 11 are 
its r(‘fin(nu<‘nts. if /(/;) is any fuiudjon with domain [0, 1] and range 

lying in a topologic^al liimar spacu* A", the liiemaan intcigral oi f(p) as usually 
deliiud is tlu^ (uniciiie) “limit’’ in tlu^ scaise of Definition 2.3, of the finite sums 
L M^i)fiPi) e 

t This notion is due l.o 10, IT. Moores, IhfmUion of limit in general integral arialysis, 
Proe. Nat.. A<^a<l. iScn., I (11)15), p. t>2S. The ideas of the present stHdiion are stated in full 
detail in tlu^ Annals of Math,, 38 (11)37), 31) '5(1. 4'hc3rti it is shown also that one can 
*‘<!oinplet.o’^ (in tluj seiiscj of van ])ant/jg) topological algebras without assuming count¬ 
ability axioiuH, The geiujralizcid construction uschI for this iiniludes PrUfer's (ioustruction 
for c.oinphd.ing algtihraic sysUnns. And finally, any (jonipl(3ted topological linear space 
has th(i property tliat its closed totally bounded H<d.H are compact—although the (jonvorse 
is false. This justifies von NouiuaniPs dtsfiuition of sucli a topological linear space as 
“comphite,^' and (U)rr(.ilatcs it with van Dantzig's. 

t Or //-8pa<ni in the sens(5 of AlexandroiT-Hopf [Ij—i.o., any 7%-space in which any two 
distinct points havci disjoint neighborhoods. Hausdorff spaces are 7h-spaccs (Theorem). 

§ Actually, they are a distributive lattice, isomorphic with the distributive lattice of 
the sets of points of subdivision. Likewise, the Lebesgue partitions described in the next 
paragraph form a lattice (which is not usually distributive), and the finite subsets con¬ 
sidered two paragraphs below form a generalized Boolean algebra in the sense of Stone, 
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Similaiiy, if ilio donuiiu of/(p) is any spaoo wiili a of inc^asiirahU* s(‘t.s, 

then its partitions into countable nn^asiirabh^ huI)S(U»s Si of m(*asin-(\s m(N,) form 
a directed sot, and so oik', can define the Leb(^s^‘Uo intc^gral of/(p) as tiic^ (unicpie) 
^^limit^’ of the unconditional sums ^ m{8i)f{2)i) [pi g Si ], 

And indeed, the definition of an 'hinconditional sum” is itself most con¬ 
veniently stated in terms of directed sets. For the finite subsets S of any 
aggregate I are a directed set when ordered by the relation of s(^t-inclusion. 
Hence if I consists of elements Xy of a topological linear spac*.e A, one c-an lot 
the statement is the unconditional sum of the Xy^ mean that tlu^ finiUi partial 
sums converge to x in the sense of Definition 2.3. 

We can easily define generalized convergence with ivvspecit to oi'd(U‘ in any 
partially ordered system: by Xa x, we mean that a inonotom^ dtMMxuising sot 
[ua] and a monotone increasing set {va} exist, sucjb, that Ua S ^ ?;« for all a 
while inf {ua] == sup {Wal “ x. This definition makes ev(^ry normal subset 
closed; it also makes every lattice topologically dense in tlui (U)mpl(^i.(‘ lattn^o 
of its cuts. In a complete lattice, we can also define 

lim sup Xa == inf (sup Xa), 
lira inf Xa = sup (inf 

j3 

with the assurance tliat lim sup {a;«) = lim iiif {oJaj, the equality holding if and 
only if the Xa converge.* 

39. Methods of enumeration. Let L be any finite partially orih^-ed sysl-t^ni 
with 0. Various authorsf have defined a '^Mobius function” p on L, as follows: 
p[0] = 1, and ii[x] ix[y]. The reason for calling p a ^^Mobius function” 

is that, if L is the lattice of positive integers ordered by tlu^ rcdai.ioii divides 
2 /,” then nix] becomes the Mobiiis function of number theory. 


* Unsolved problems: It is not known whieh sets are closed (i.e., contain all Mndr limit 
points) or open (i.e., have closed complements). Neitluir is it known when (.h(‘ l.f>poloKy 
of a lattice is obtainable by topological rolativizatiou from the eonipleU^ lattie(i of iLs ctils. 

•[•The Mbbius function of number theory was defined in the early nineteentli century. 
The computation of the mmiber of ways of coloring a map in \ colors was first undertaken 
by G, L). IfirkhoIT (Proc. Edin. Math. See., ser. 2, 2 ’(Ifi^O), also Annali di Pisa, ser. 2, 
3 (11)34)), and later by H. Whitney {A. loguuiL cxpamiim in vialhtmalicitf Hull. Am. Mai.li. 
Soc., 38 (1932), 572'-!)). The application of tlie above ideas of omimoration to subgroups 
of p-groups is due to P. Hall (Proc. Loud. Math. Soe., 36 (1933), 294)7)). 

L. Weisner (Trans. Am. Math. Soc., 38 (1935), 474-84) first, and P. Hall ((iuar. Jour,, 
7 (1036), 134-51) independently gave the method an abstract lattice-theorcdric formulation. 
Hall (op. eit.) also enumerato<l the number of ways of generating certain groups by \ 
elements, and showed that (1) if X(a:; n) denotes the number of chains of length 7 i whhdi 
can be interpolated between 0 and then (the proof is by induction) -gla?] » 
X(aj; 1) — \(x; 2) + • * • , (2) if L is a lattice, then A*[a;J =» 0 unless x is the join of elements 
covering 0, and (3) the Mbbius function of the dual of L is that of L, (If. also M. Ward, 
The algebra oj lattice functions^ Duke Jour,, 6 (1939), 367-71. 

There is also a connection between the Mbbius function of a combinatorial complex and 
its Euler-Poincar6 characteristic, 



APPJ.ICATION TO POUR COI.OR I^KOBLEM 


33 


If in addition L satisfies the Jordau-Dedekiiid chain condition, and d[x] 
denotes tlic dimensions of x, then we can associate with every x 6 -L a ''charac¬ 
teristic polynomiaV* defined through the relation 

(39.1) pM = - E pjx]. 

y<x 

This is connected with th(^ Mobius function by the fact that if iiy[x] [y ^ x] 
denotes the Mobius function for x relative to the subsystem of elements con¬ 
taining ;//, then par[X] equals (Thus the coefficient of X in 

p«[X] is mWO 

40. Application to four color problem. Now consider the celebrated problem 
of coloring any map on the plane in four colors. If, by a "submap*^ of a map 
wt^ mean a map formed from 0 by obliterating boundaries, then the submaps of 
any il form a latbi(j(^ witli 0 which satisfies the Jordaa-Dodekind chain condition 
(tlui dimension of any submap is one less than the number of its regions). 
Mor(,H>v(U’ pii[\] is tlu^ mimbcn* of ways of coloring U in X colors so that no two 
adjacent j’c^gions ari^ in the sam(^ color: the proof rests in (39.1) and the fact 
tluitp t-hen* are X" ways of coloring n regions in X colors, each of which colors 
('idler il or a submap of il so tliat no two adjacent regions are in thc^ same color. 

Similarly, the ])riiuapl<^ that any clioic^e of X elements of a fiiiit.e group G gen- 
(‘rnic's ('itlu^r G or ii siiligroup *Sf of G k^ads to a fuiu^ticni (‘.x])r(\ssiiig the number 
of ways of gc'iu'ratiiig (i by a givcui numlx'r of ('lemenl.s -th(^ function being a 
Iiolyiiomial cl(‘i(‘rmiii(Ml by i.he lattic^e of th(^ subgroiqis of (f. And finally, a 
lilv(* (*nunu'ra.lion primapki (<^f. P. Hall, Pnx^. Loud. Math. Soe., 39 (1933), 
29 95 ) yields th(X)r(‘nis on the immlx'r of subgroups of different orders 7 / in 
^'p-groups” of prim(‘-iK)VV(M’ orders p'\ (Tlu^ fact that the subgroup-latUc.o of 
any p-group satisfi(\s the Jordan-Dedekind cJiain ('.ondition is used there.) 
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41. Definition. Just as the elemcntH of many (but noi; all!) groups siitisfy 
the identity xy = yx, so the elements of many (but not all!) importaiil. lai-ticos 
satisfy the following important ^'modular idcuitity” (or mixed assoeiativi^ law),* 

L 5 : If X ^ 0 , then x ^ {y ^z) = (x s^y) ^z. 

Definition 3.1: A lattice will be called ^^modular'^ if and only if Uti devumts 
satisfy the modular identity, 

Theobem 3.1: a lattice is non-modular if and only if it contains the lallice of 
Fig, S as a sublatiice. 

Proof: The lattice graphed fails to satisfy L5. Conv(n\s(^ly, iinh'ss Lf) holds 
in a lattice, by the one-sided modular law we hav('. 

u — X ^ (y ^z) < (x ^ y) z = y. 

But in this case the five elements u, v, ?/, u y, and v <-n y form a siiblattiee 
isomorphic with the one of Fig. 3, For 

w ^ 2 / g w 2/ g {x ^ y) y ^ X y ^ X {y ^z) y ^ ii y, 

whence v y - u y. Dually, u y = v ^ y —and now it is c,l(^ar by L 4 
that we have a siiblattice. 

CoROLLABY 1 : hi a ^modular lattice, v > u is incompatible with y u = y y^v 
and y ^ u = y ^ v; moreuwor this condition conversely implies modularity. 

Corollary 2: A lattice which is non-^modular contains a sublattice not satis¬ 
fying the Jordan-Dcdekind chain condition. 

Corollary 3: In a modular lattice, (J') if x and y cover a, and x y, then 
X y,^ y covers x aiul y, and dually (f") if a covers x and y, and x 9 ^ y, then x and y 
cover X r-sy, 

(Proof: Unless x y covered (say) x, the sublattice gen(jrat(id by x, y, and 
any element between x and x y,^y would bo isomorphic with the lattices graphed 
in Fig. 3.) 

42. Examples of modular lattices. The importance of modular lattices is 
deeply rooted in 

* The modular identity was discovered by Dodeldnd [1], p, 115. Dedokind also proved 
Theorem 3.1 and Corollaries 2-3 (cf. [2], IX, X, XIV). Corollary 1 is duo to G. Bergmann 
[1]. Other terms for modular lattice are "Dedekindscher Verband'' (Pr. Klein), and 
‘^Dedekind structure” (0. Ore). 
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Theouem 3.2: The normal subgroups of any group form a modular lattice 

Proof: Ill any lattice (§30), we have the one-sided modular law. Now sup¬ 
pose X, F, and Z arc normal subgroups of a group, and that X S Z. Then 
X w F ec’irtainly contains all products xy [x e X, ?y e F]; while conversely, since 
(xy){x^y') = (xx'){x^'^^yxy) and {xy)~^ = the xy form 

a group containing X and 1" —wlieuce X" F is the set of the xy. Consc- 



(jiKuitly if u € (A" N-/ )') Zj th(‘u u = xy = z[z e Z], and y = e Z (since 
X e A"' g /?), which implies u = xy eX ^ Z). We conclude X (F ^ Z) ^ 
(X F) ^ Z, which with P2 and the onc-sidi^d modular law implies L5. 

It is a corollary that ihe siihgi'oups of any commutative group form a modular 
latlic(‘, since tluy an^ all normal. 

Again, since^ Lf) is s('lf-dual, thc^ dual of any modular lattice is a modular 
lalptic(\ Obviously also any sulilatticc) of a modular lattice, and any lattice- 
homomoiphic iinag(‘ of a modular Uitti(K‘, is modular. Moreover any product 
Li • • ■ Ln of modular latti(^cs is modular; if, in Li ’ • Ln , , • • • , ^n] ^ 

l^i, • • • , 2 ,J, th(*n by definition Xk ^ Zk for all /c, and so Xk {Vk ^ Zk) = 
(.i> w 7 /a) ^ Zk for any s(‘t of yk e Lk , from which wo conclude x (y ^ z) == 
(a; 7/) /-N z in fj\ • • • Ln , (completing tlu^ proof. It is a corollary, since if X 
is any partially ord(n’(‘d system, fy^ is a sul)latti(u» of sonui product L • L, that 
any powrr 1/ of a modular lattice L is modular. 

43. Groups with operators. One can gn^atly gemeralize Theorem 3.2, by 
using KrulPs notion of a ^^group with operators.”!* By an ^^)perator” on a 
group (} is m(\aiit sirtiply an (endomorphism co; x xca of G; by a ‘‘group with 
opcerators” is meant a group G and a fixed set of (mdomorphisms of (“operators 
on”) 0. By an “12-subgroup” of a group with op(5rators is meant a subgroup 
which contains with any x esvery xu) [o) e 12 ]. 

The C()n(^(^i)t of a “group with operators” helps a great deal to unify modern 
algebra. If 12 (consists of the inner automorphisms of G, the 12-subgroups are its 

* The proof given here is due to Dcdekind [2], p. 270, 1900. Cf, also Diritdilet^s Zahleri’- 
Iheorkf §109, pp. 498-0. 

t W. Krull, Gber verallganiciiierlc eiidliche Abelsche Gruppetif Math. Zeits,, 23 (1926), 
101-80, and Theorie und Anwendung der vGrallgemeinerlen endlicken Ahelschen Oruppen, 
Heidelberg Sitz. (1920). Cf. also van der Waerdeii [1], vol. 1, p. 132. 
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normal subgroups; if 0 consists of all automorphisms of G, they arc its (iluirac- 
teiistic subgroups; if Q consists of all cndoinorpliisms, Iho S2-Hul)groui)s an' the 
“strongly characteristic” subgroups of Cliatclot. 

Again, if G is the additive group of any ring R, and Si consists of l.lu! rigiit- 
multiplicatious x —» xb, then the Si-subgroups arc the right-ideals of R; if Si 
consists of the left-multiplications x —» ax, they arc its left-ideals; if Si consists of 
all multiplications x —> axb, they are its two-sided ideals. 

Finally, if G is the additive group of any linear space or liiuiar algebra A, ami Si 
consists of the scalar multiplications a: —» xX, then the Si-subgrou])s ai’e the linear 
subspaces of A. If Si contains also the left- and nght-imdtiplications j —> ax 
and X —>■ xb, the fl-subgroups become the invariant subalgebras of A. If Si 
contains only the left-multiplications, the fi-subgroups bcconu! the l('fl.-invariant 
subalgebras; similarly with right-multiplications aird right-invaiiant subalgct- 
bras. While if Si is a representation of any group or ring, tlu! Si-sul)spa(H‘s arc tla^ 
subspaces “half-reducing” the representation in representation tlawry. 

Lemma: The ^subgroups of any group with operators are a sublattke of I he lalHcc 
of all subgroups. 

The proof involves only the concepts “abstract algebra” and “endomorphism,” 
construed in the most general sense. Indeed, let A be any abstract, algebra, 
let 12 be any family of endomorphisms of A, and let X and V b(i any siibalgcbras 
of A earned into themselves by every endomorphism of U (we may call 
them “li-subalgebras”). Then each u t Q carries elements in botli A' and 1' 
into elements in both X and Y ; hence the meet (set-product) X ^ Y is an Si-sub¬ 
algebra. Likewise, it carries any algebraic combination of elenn'uts of A’ and Y 
into a similar algebraic combination; hence it carries the srst A F of all such 
combinations into itself, and X 7 is an S2-subalgebra. 

44. Other modular lattices. It is a corollary of Theorem 3.2 and the irrccc'd- 
ing lemma that the normal subgroups of any group, the charact(uisti<! sul,(groups 
of any group, the subspaccs of any linear space, tins right-ideals, hrfUdcials, ami 
ideals of any ring, the right-invariarit, left-invariant and invariaiili subalgcbriis 
of any linear algebra,* and the subspaccs which “half-rodueo” any rcpnrsontal.ion 
of a group or ring—all these form modular lattices. 

We shall see later (§78) that any abstract projective geometry is a modulai- 
lattice. Further, all the examples of distributive lattices and Boohtau algoliras 
listed in Chapters V and VI are a fortiori modular. 

Also, the normal subfields of any algebraically closed fields form a modular 
lattice, in virtue of the dual automorphism between the lattices of msrmal sub- 

* These ressilts were probably first stated by the author ([1], Tlims. 26.1, 27 2, und §28). 
A claim can bo made that they were known by Dedekind; it seems quite suro that tiioy 
were known to Emmy Noether (of. Dedekind [2], p. 271). It is perhaps of historical interest 
that they were almost surely unknown to Wodderburn when ho wrote his classic paper on 
semi-simple linear associative algebras (On hypercmnylex numbers, Proe. Loud. Math. 
Soo., 6 (1908), 77-118). 
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fields and the lattice of normal subgroups of the group of automorphisms of the 
field (cf. E. Steinitz, Algebraische Theorie der KorpeVj p. 143). 

46. Definitions involving quotients^. In the theory of modular lattices L, a 
central r61e is played by the notion of '‘quotient/' as defined in the following.* 

Definition 3.2: A ^^quotient” of L is a symbol x/y^ where x and y are in L and 
X y, A quotient xjy is called ^^prime** if and only if x covers {is prime over) y. 
Two quotients of the form v/u ^ v and u ^ v/u are called “transposes/' while two 
quotients x/y and x^ jy* are called ^^projective” (in symbols, x/y ^ x^/y^) if and only 
if there exists a sequence xjy, Xijyi, x^/yi , • • * , x^jy^ in which any two successive 
quotients are transposes.'\ 

Clearly transposition is reflexive and symmetric, while projectivity is reflexive, 
symmetric and transitive. Hence (van der Waerden [1], vol. 1, p. 14) the quo¬ 
tients of any modular lattice are divided into a number of disjoint classes, such 
that any two quotients in the same class, and no two quotients in different classes, 
are projective. Also, the definitions are self-dual. 

46. Dedekind's transposition principle. We shall now prove a transposition 
principle due to Dedeldnd ([2], XI, p. 259; cf. also Ore [1], p. 418), namely 

Theorem 3.3: Let L be any modular lattice, and lei u and v be any two elements 
of L. Then the correspondences x u ^ x and y v ^ y are reciprocal isomor¬ 
phisms between the set X of dements x between u and v, and the set Y of elements 
y between u and Us^v. Moreover they carry quotients in X resp, Y into transposed 
quotients.t 

Proof : U u V ^ X ^ V, then u = u (u v) ^ u ^ x ^ u v, and if 
X ^ x', then u x g u x'] hence the first correspondence is mono tonic (and 
single-valued) from X to a subset of Y. Dually, the second correspondence is 
inonotonic from F to a subset of X. But x eX implies v ^ {u y^ x) = (v ^u) 

a: = a; by L5 and the definition of X; dually, Uy^ {v ^y) = y for sll y eY, 
Thus the two correspondences are reciprocal, hence both one-one, and so iso¬ 
morphisms. To see that they yield transpositions, note that they carry x/x' 
into u w x/u y^ x\ where Uy^x — Xy^{uy^x‘) and, since x ^ a?', a;' = (a; ^ u) 

y^x' = X r-y{Uy^ X*), 

Corollary 1: Any quotient projective to a pnme quotient is itself prime. 

Corollary 2: If u and v both cover w, then u y^v covers both u and v. Dually, 
if w covers both u and v, then both u and v cover u^v. 

* The notion is due to Dedekind [2], p. 246, where it is however given a numerical con¬ 
notation. Cf. also the author [1], p. 462, and more especially O. Ore [1], [2]. 

t The term 'Tranapoaable'' is due to Ore; the term ^^projective'' is due to von Neumann. 
The idea of transposition goes back to Dedeldnd; that of projectivity is due to Ore (who 
speaks of ''similar'^ quotients). Ore used the notion in studying non-commutative poly¬ 
nomials—whose theory is thus correlated with projective geometry. Ore also defined 
x/y x^/y' to mean x'^x* and y ^ y*, thus constructing 1^ (cf. §16). 

t We note that the sets X and F are convex sublattices of L. 
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Incidentally, Theorem 3.1 shows that the condition of Theorem 3.3 is sufficient 
as well as necessary for modularity. 

Theobem 3.4: The Mike generated by the suhlallices X of elemenls between 
u and u, and Z of elements between u and, v, is the prodwd XZ. 

Proof: Denote x^zhy [a:, «]; then by L2-L3, 

[x, e] w [x', Z'] — (x ^ a) ^ (x' Z') = (X X') v-f (s w z') = [x ^ x', z z'j. 

But now by Theorem 3.3 respectively L5, we have 

[x, z] = X Z = [(v x) ^ u] Z = (v y^ x) r-y (u z). 

Hence [x, z] ,,-y [x', z'] = [(t> x) ^ (v w a;')] ^ [(^ ;3) ^ (u z^)] by 

And by Theorem 3.3, {v x) r-. {v ^ x') v ^ (x x') and (u z) ^ (u z') 

= u (z^ z'), whence 

[x z'] = Iv^ (x ^ x')] ^[us^ (z^ z')] = [a;, z] ^ [a:', 2 '], 

completing the proof. We note that u and v arc in the center of XZ, 

Corollary 1: 7/ (oji ^ Xk ) ^ oja-hi == a/or ft = 1, • * • , n, than the latiicc 
generated by the sublatiices Xk of elements between a and Xk is X 1 X 2 • • • Xn —nnd 
conversely, 

(The converse is obvious.) But the dcfiuiiion of X 1 X 2 • • • Xn is symnu^tric 
in the subscripts—it is not changed by any permutation of tlunn. IIeii(5(', one 
can legitimately state*** 

Definition 3.3: Under the hypotheses of the preceding corollary^ the Xk are said 
to be Hndependent'^ over a. 

The notion of independence over 0 contains as speciial <'.a.s(\s i.lu^ notions of 
“disjointness” in set tlieory, and of linear indepondeiuuj of sul)spa(u*s of a linear 
space. The notion of “iiidcpondcnce imdcT a” can clearly Ik.', dtdiiHul dually. 

47. Lattice homomorphisms. Lot 0 bo any (congruence nJation on a lai.tic{^ 
of finite dimensions. Wc shall say that 6 annuls a quotient x/y if and only if 
X s y{e). 

Lemma: The relation d is determined by the set of prnne quotients ivhich it annuls. 

Proof: It is sufficient to show that u « v (6) if and only if 0 annuls every prime 
quotient between u and u ^v. But ii u ^ v (0)^ then u r^v ^ u ^ 
u u ^ u ^ V (d)j and so 0 annuls every quoikiut botweem u v and u 
while conversely, we can connoct any u and v via u v-/ v, by a sequencer whose 
successive terms differ by a prime quotient between u and u^v; lumce if 0 
annuls every such prime quotient, successive terms, and so all terms, are con¬ 
gruent mod 6 , 

* J. von Neumann [2], vol. 1, p. 11; Theorem 3.4 is nearly the same as von Noumann^s 
Theorem 1.2. Cf. also Fr. Klein, Deutsche Math., 2 (1037), 216-41. 
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Blit now in a modular lattice, x ^ y ^ x {6) implies y^y<^{xs^y)^y^x 
(0); and dually, x ^ y (0) implies x ^ x ^ {x r->y) ^ x y (0). Hence if 0 
annuls a quotient, it annuls all transposed quotients—and therefore all projective 
quotients. Consequently, 

Thborkm 3.5: A congruence relation on a inodular lattice of finite dimensions is 
determined hy which sets of projective prime quotients it annuls. 

48. Jordan-Dedekind chain condition. We shall now prove a result due 
ultimately to Jordan, and in its abstract form to Dedekind,* 

Theohem 3.G: Suppose L is of finite dimensions^ and kt p be any prime quotient 
in L. Then the number d[p, 7] of occurrences of quotients projective to p in any 
connected chain y from 0 lo x is a f unction d[p, x] independent of 7. 



Proof; Define d[p, y/s] as I or 0 aecordins as y/z is or is not projective to p. 
Since L is of finite dimmisions, if Th(U)rcm 3.5 is false n![p, Xj y\] 9^ d[p, x, 72] 
for sonuj minimal x. W<^ sliall show this is imyiossihle. Indeed, if x covers the 
same element in 71 and in 72, the,a since < ar, 

d{V, = < 1 [V^ ^''1 + d[p, x/x'\ = d[p, 01,72]. 

Wliile if X (^ov<n\s in 71 ami x** 9^ x/ in 72, then since', x is minimal, dip, x^] 
and d[pfX^'] are Hinp;ltvvaliu‘.d. 8 in(^(^ Ix^sidas the pairs of quotiemts x/x' = 
(x' x'O/x' and x' 7 (x' ^ x"), and x/x"' and x 7 (x' ^ x") are transposes, wc have 
(demoting x' ^ x" by y) 

d[v, X, 71] = d[p, x'l + d[p, x/x'J - d[p, y] + d[p, x*/y] + d[p, x/x'] 
dbi 2/] + d{p, x'7;/y] + d[p, x/x"] 

«= d[p, x"] + d[p, x/x"] = d[p, X, 72], 
completing the proof (cf. also Fig. 4), 

Since the length d[x, 7 ] of any connected chain from 0 to x is d[p, x, 7], we 
get as a corollary 

* 0. Jordan, TraiU des Substitutions, Paris, 1870, p. 603. Dedekind [2], p. 264. 
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Theorem 3.7: The Jorda?irDedekind chain co7idUion holds in any tnodular 
lattice of finite dimensions, 

49, Covering conditions for modularity. The best tests for modularity in a 
finite lattice are the covering conditions of Corollary 3 to Theorem 3.L 

We shall show later that they are sufficient* as well as necessary. But first, 

Theorem 3.8: Each of conditions (f') and (|'0 implies the Jordan-Dedekind 
chain condition^ in a lattice of finite dimensions. 

Proof: We can substitute (J") for Dedekind^s transposition principle in the 
proof of Theorem 3.6; this is clear if we use Fig. 4. If (S') is assumed, onc^ can 
argue dually. 

Theorem 3.7 is one corollary of this. It is another corollary (§12) that tlic 
dimension function d[x] makes x covers y imply d[x\ = d[y] + 1. 

Lemma: The inequality d[a:] + d[y] ^ d[x ?/] + d[x ^ y\ is implied by ({'); 
the reverse inequality is implied by (^")- 

Proof: Introduce the locution ‘‘a; at most covers 2 /*’ to mean: “a: covesrs y or 
X ^ Then modify (f') to: *'if x and y at most cover a, then x y at most 
covers x and 2/”; this cliangc makes no difference since the cases x = y/, x = a, 
and y ^ a are trivial. With this modified covering in mind, form coniKujted 
chains 

X ^y ^ xq < ••• < x,n ^ X, a; ^ y = ?/o < - • • < //« = yy. 

'riieri assuming by induction that Xi^i ^ yj and yyy^i at most (U)ver 
Xi I ^ we can conclude from the modified ($') that Xi ^ y^ — (xi^i V-/ 1 /i) 

{Xi ^ y/,_i) at most covers Xi^i yj and Xi ^ yj-i . We infer that y/J 
2/y-i] S 1, and hence d[x y/] — d![a;] S n = ^[y/] — d[x r^y]^ whicL prov(;s 
the first assertion. The second follows by duality. 

60. Modular functionals. Measure, probability, and dimension arc familiar 
instances of functionals (real-valued functions) defined on lattices. In order to 
analyze the properties of such functionals, one wants 

Definition 3.4:t A functional m[x] defined on a lattice is called ^^modular^* 
if and only if 

Ml: m[x] + m[y] = m[x ^ y/] + 'falx y] identically. 

It is called positive if and only if 

M2: X y implies m[x] ^ m[y], 

^ Their sufficiency was first proved by the author [1], Thm. 10.2. Cf. ibid., §§8-9, for 
the other results of this section. 

t The first two parts of the definition go back to Dedeldnd [2] implicitly; cf. also the 
author [I], Cor. 9.2, The general definition of ^^bounded variation”^ was first given by 
the author (Bull. Am. Math. Soc., 44 (1938), p, 186), 
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It is called hounded variationy^ if and only if the su?ns I wz[a;i-] — m[Xi^i] | 

[xo < Xi < • • • < a;„] are hounded. 

l^robability and iiKuiauro arc alwayH powitivo and modular; dimension is posi¬ 
tives and often modular; any functional on a chain is modular. Definition 3.4 
contains as special cases the usual definitions (Saks [1], pp. 18, 148) of bounded 
variation, both for ordinary real functions and for function*s of sets. Also, any 
positive functional on a lattice with 0 and I is of bounded variation (since 
X)”®! I I is always bounded by m[I] — m[0\). 

Thiooukm 3,9: The frwdtdar funciumals on a modular lattice of finite dimensions 
are the linear conibinaiions = X]>^'rd[p, -r] + C of the ^^prime dimension 
fu7iciio7is” d[py a:]; m[x] is positive if and only if every Cp S 0. 

Proof: Each a;] is modular by Theorem 3.3, rewritten d[pyUy^v] — 
d{py u] = d[py — d[p, u ^v\. And any linear combination of modular func¬ 
tionals is modular; lumce every YhvCttdlVi + C is modular. Conversely, sup¬ 
poses 7n[x] is modular, and lot 77i[x/y] d(^not(^ m[x] — m[y]. Then Ml is the asser¬ 
tion that 7 n[x/y] is (‘qiial on transposes—and lumce on projective quotients. 
Let Cp demote 7n\:x/y\ on tlu^ ]n’im(^ quoti(int p and pj*ojectiv(^ quotients; then 
clearly 

w4:r] = m[0] + ‘Ui[x/0] = + X c,//[p, x\ 

V 

and wo coiu^lude that thei‘(; are no other modular run(h,ionals. Finally, if m[x] 
is positive, by definition the Cp g 0; the eonveu’se is obvious since tlied[p, re] are 
positive. 

61. Metric lattices. By a 'hpiasi-metric lattice,” we moan a lattice L with 
a positive modular functional m[rr]. We shall call 7n[x^y\ — 7n[x^y] == 
7 n[x w y/x ^ y\ the *^(iuasi-di.stanc(‘”* beliWC(ui x and yy, aiul shall denote it 
dizy y). 

If in i)articular 

X > y implies m[rc] > m[y/], 

then W(i shall refer to L as a *hn(4.ri(^ lattice,” to m[x] as ^^yllarply positive,” 
and to qiuisi-distance as ^distance.” 

Through these definitions, we can apply the mcvtric id<^as of Frfichet and his 
followers to lattice tlieory. Thus 

* The author does not know who first used a ‘hneasuro distance,'' but V. Glivenko [1] 
was the first to define quasi-distanco abstractly. J, von N<5umann [2], Chap. XVII was 
the first to disouss the uniform continuity of joins and meets in his “rank distance," 
although the author 16], Thm. 30 had done it for Boolean algebras. 

Many of the results of §§61-4 have been obtained independently by M. F. Smiley and 
L. R. Wilcox, Metric laliices, Annals of Math., 40 (1030), 309-27. Cf. also V. Glivenko [2] 
and F. Maeda, Lattice/unctions and lattice structurey Jour. Sci. Hiroshima Univ., 9 (1939), 
86-104. 
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Lemma; The iransformations z—> x and x—^ a ^ x are conlracHons; in fact 

; S^a Xf a 2/) I 5(ct x^ a y) ^ S{x, y). 

Proof: The left-hand side of M* is by definition 

m[a ^x^y] — m[(a ^ x) ^ {a ^ ?/)] + m[(a ^x) (a ^ 2/)] ■” ^x ^y] 

which is, by the one-sided distributive law, at most 

m[a X ^y] — m[a (x ^ y)] + m[a ^ (x w y)] — m[a r^x ^y]. 

Transposing the middle terms, and using Ml, this becomes m[a] + m[x ^y] — 
m[a] — m[x r^y] — ^(a;, y). 

Thbohem 3.10: Quasi-^distance is metric (of. F) except that co7idition (2) is 
replaced by (2') if x y^ b(Xj y) ^ 0. Joins and meets are unifomly continuous 
in the quasi-distance; hence if we identify x and, y whenever d(Xy y) = 0, we get a 
lattice-homomorphism of L onto a metric lattice. 

Proof: Fr6chet’s condition (1) follows from LI, (2') from M2, (3) from L2. 
Again, clearly 

5(Xj y) + 5(2/, 2 ) = m[x y/y] + m[y/x ^y] + m[y w z/y] + 7n[y/y ^ z] 

= m[y w z/y] + m{x ^ y/y] + m[y/y ^z] + m[y/x ^ ij] 

^ m[x ^y^ z/x w 2 /] + v./ y/y] + w[?//2/r^ A + ^^[?y ^ 2 ;/a; ^y r-^z] 

by M*. But this sum is evidently m[x ^y ^ z/x ^ z]j and so is at least 
5(a;, 2 ), proving (4). 

But now M* shows that a displacement of the right-hand variable in a a: 
and UrsX displaces the join rcsp. meet through at most as great a quasi-distance. 
By L2, the same is true of the left-hand variable, proving uniform continuity. 
Again, by (1), (2'), (3), and (4), tli(^ relation 5(a;, y) = 0 is niflexivo, symmetric 
and transitive; by uniform continuity, it preserves joins and meets-^hence it 
defines a lattice-homomorphism. Finally, in tlie image lattic(i, x > y implies 
that S(Xy y) = m{x] — m[y] > 0; hence the image lattice is a metric lattice. 

We note that, generally speaking, x yil and only il x y > x r^y; hence 
X 7 ^ y implies 8(Xj 2 /) > 0 if and only if u> v implic^s m[u] > m[v\. That is, the 
quasi-distance of Theorem 3.10 is metric, and the homomorphism an isomor¬ 
phism, if and only if L is a metric lattice. 

62. Modularity of metric lattices. The phrase ^hnodular functional” gains 
in appropriateness through 

Theorem 3.11: Any 7neiric lattice is modular. 

Proof: In any lattice, x S z implies x ^ (y x) S (x ^ y) (one-sided 
modular law), hence it suffices to exclude the case x^ (y <^z) < (x >^y) ^zhy 

t Cf. Dedekind [2], p. 208, and the author [1], Thna. 10,1. 
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proving m{x ^ {y ;g)] — m[{x =s 0. But by condition Ml, this 

difference is 

m[x] + m[y ^z] — m[x r-^y ^z] — m[x w 2 /] — M.A + m[x ^y z]. 

And since x ^ z, this reduces after rearrangement to 

{m[y + m[y ^ z] - m[z]) - {m[x y] + m[x ^y] - rn[x]), 
which is by Ml simply m[y] — 7n[y] = 0, q.e.d. 

CoKOLLARY 1 : A lattice of finite dimensioiis is modular if and only if its dimen¬ 
sion function is modular. 

For we have already shown that the dimension function of any modular lattice 
is modular. Also, using Corollary 3 of Theorem 3,1 and the Lemma of §49, 
we get 

Corollary 2: A lattice of finite dimensions is ^nodular if and only if it satisfies 
the covering conditions 

Now combining Tlu'orems 3.0 and 3.10, wo sec that to any subset of prime 
quotients of a modular latti(je of finite dimensions corresponds a congruence 
relation annulling those and only tlioso prime quotients. Hence by Theo¬ 
rem 3.5, 

Theorem 3.12: The co7igru(mce relations on any 7nodular lattice of finite dimen¬ 
sions corresjmul one-one to the subsets of prime quotients {projective qaotmUs being 
identified), the correspondence being with the quotients annulled. Hence they form a 
Boolean algebra, 

63, Continuous metric lattices. As was ot)S(n-v(^d in the Foreword, any metric 
space is iniplicutly to])ologiz(*d by il-s distaiuu^ finudion. This suggests asking: 
can one (*,orrelat(’j tlu^ m{4.ric topology of a lattice with its order topology, or 
metric completeness in tlie s(*nse of Cauchy-Fr6(‘.liet*^' witli ‘*(^ompl(4.enesH” 
in the sense of §21. 

The answ(^r is thal. om^ can, provided a:„ t ^ implies 'm[,'rnl T ^^iid dually— 
that is, provkh'd tlu! functional m[:r] is continuous in tlui order tO|)ology. Wc 
shall call metric lattic<‘s in which thescj dual conditions hold ‘^unitiuuous metric 
lattices.^' 

Lemma 1: In order that a metric lattice he continuous it is 7ieccssary and sufficient 
that {o)-converge7ice imply rnetric convergence. 

Proof: If (o)-convergcnco implies metric convergence, then Xn T ^ implies 

* A metric space is called ‘‘complete’’ if and only if every “fundamental sequoncQ” {ar«| 
(sequence such that 8{Xm , ar») 0 as 7n, n -> «>) “converges” to a point x of the space. 
Prfichet showed that Cantor’s algorithm for obtaining the real number system from the 
rationale could be applied to any metric space; MacNeille’s Theorem shows that likewise 
Dedekind’s process can bo applied to any i)artially ordered system. 
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S(x, Xn) s=! m[x] •“ »0 and dually. Conversely, in a eonllnuous ini't rl(i 

lattice, if M« T a;, d„ J, x, and m» i S Vn, then 

S(x, x„) = m[x ^ xjx ^ »„] ^ m[vn/x\ + w\x/un\y 
and this converges to zero by hypothesis. 

Cobollary: It is also necessary and sufficient that star-cotwergcncc imply nwlric 
convergence. 


Proof: It is sufiScient by Lemma 1, since (o)-convorgeuc(( impli(!H star-con¬ 
vergence. Conversely, if {x„} stai'-converges to x, then every subsetiueucc of 
{a:„} contains a subsubsequence (o)-converging to x, and thus (univi'rging to .r 
metrically; hence (by a well-known lemma on metric convergence) j’„ —> r 
metrically, q.e.d. 

Observe that the real number system is a continuous metric! latti(!(! and that, a 
measure function is “completely additive” in the sense of Borel if and only if it, 
is “continuous” in our sense. We shall recur to the definition of conf iimity 
when we discuss von Neumann’s “continuous geometries” (Cliaictcr IV) and 
Kolmogoroff’s postulates for probability (Chapter VIII). 

We could easily distinguish between upper and lower s(nni-(!ontimiity, hut. 
it is not obvious how useful this would be. 

64. Metric topology vs. order topology. The metric topology of a continuous 
metric lattice is shown to be closely related to the order topology l)y 

Theorem 3.13: Let L be any continuous metric lattice with 0 amt /. Thru thr 
following are equivaleni: metric completeness, (order) completeness, and a-eompHe- 
ness. If L is metricaUy complete, then star-convergence and metric convergrnre arc 
equivedent.* 


Proof: Suppose L is metrically complete, and let S bo any sulwot of L. (^ni- 
sider the joins sup X of the fimite subsets Z of 5; sup {m[Z|) g m[I\ will (‘xi-st,, 
and so we can find X„ such that m[sup Z„] S sup {m[Z]} - 2~". Thc.n, lett.ing 
U denote the set-union of Xm and Z„, we have 

S(sup Xm , sup Xr) = m[sup U/sup Xm] -f m[sup f7/sup Z„] g 2 -1- 2 ”, 

and so (by metric completeness) the sup X„ converge mcitrically to some* .<(. 
Now let a: € )S be given; by the Lenoma of §51, 


m[x w s/s] = lim m[x ^ sup X„/sup XJ g 2"" 

n*>^oo 

for all n. Hence a: w s = s, and s is an upper bound to S. While? if u is any 
upper bound to S, then u ^ sup Xn = sup Z» for all n, and so w « = s by 


Neumann and the author (cf. Annals 
w ■ Star-convergenoo and metric convergence 

was also shown by Kantorovitch [1]. It is a corollary of Theorem 3.13 that L is a topo- 

eqmVale^t monotonic sequences star-convergenoo and (o)-oonvergenee are 
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cout.inuit-y (§51). W(i condudn that s == sup S, whenco (by duality) metric 
completeness implies (ordcn*) completeness. 

Now drop the assumption of metric completeiioas, and suppose 5(a;„4, :r») 0 

asm, oo. Then a subsequence [yk} == {^n(A)} of (a;„| exists, with 6(y/(,, 2/a+a) 
g 2~^\ If L is cr-compl(^t(S then liin sup {yk} exists, and its distance from ym 
is (by continuity) the limit as n oo of 

00 

S{Vm , sup {2/„+*i) ^ 5(2 /.h ) Vn) + Z) Wl[z/n • v-/ yn+k/Vn w • • • Vn+k-l]. 

k^l 

ICa(^h term under th(» summation sip;u is at most 5(yn-{^k , Vn+k^-i) by the Lemma of 
§51, and so the sum is at most 2*'“" —which tends to zero as n —> oo. We con¬ 
clude 5(?/m , Ihn sup \yk\) is at must 2"”'", whence converges to 

liin sup {yA-t metri(*,ally. ''Hius (j-completeness implies metric completeness. 
But by definition (order) completeness implies ^--completeness; hence all three 
are equivalent. 

In virtue of the Corollary of §53, it only remains to prove that metric con¬ 
vergence im])lies star-convergenc(i. But this can be deduced from the last para¬ 
graph, which shows that any metric’ limit is the lim sup of a subsequence— 

dually, it is the lim inf.lunice a metric limit is the (o)-limit of a subsequence, 

and tliiis of a subsubscMiuencu^ of evcny subsequeiK^e. We conclude; a metric 
limit is a star-limit, epo-d. 

But. now, in any nu^tric abstract alg(^bra wliose ojxn-ations are uniformly 
(continuous t'unc.tions of tli('ir arguinenis, tlxi Cantor-M(n’ay''‘ procc^ss of metric 
completion p{*rmi(.s one and only one extension of operations leaving tliem con- 
tiimoiis. Hence we obtain as a direet (corollary of Theorcmi 3.10, 

''riiMOREM 3.14: .4 viviric laMce haa a unique nwtrkally complete hull, in which 
it is {metrically) dense. 

The r(^ad(U’ should b(^ c-autioiUKl tliat, although a continuous metric lattice is 
complete if and only if it is metrically complete, it doc\s not follow tliat for con¬ 
tinuous metric latticcjs m(*,tric (;ompl(4.i()n yicJds tlie same complete lattice as 
completion l)y cuts. W(^ shall vcuify tins later (Theorems ().15-(},18). 

66. Jordan’s decomposition. .Iordan’s decomposition of functions of bounded 
variation into inoaotoiu'. summands was gciueraliztid by Ricsz (Saks [1], p. 8) 
i.() additive se(,-fuu(5tions. We shall mala^ a further generalization, which will 
apply to modular functionals on any lattices L, 

First recall that if m[x] and mi[x] arc two modular functionals on L, then bo is 
their difference m[x] — wiifo:]. Wo define the relation m ^ mi to mean that 
m[x] — miM is positive; the redation evidently satisfies PI and P3. 

What Jordan really did was to look for least upper and greatest lower bounds 
of modular functionals; we can give almost verbatim repetitions of many parts 

* Of. Hausdorlf [1], p, 106. The extension of operations is that used in defining sums 
and products of irrationals. 
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of his construction. Thus with any chain y‘. y = Xo < Xi < • • • < *„ = a:, 
we shall associate the “positive variation” of m{x] on 7 , namely, 

n 

m\xfy,y\ - 2 sup [vrixi/xi-i], 0 }. 

We shall define w^[xfy] as sup m^[x/y, 7 ], and shall call it the “positive varia¬ 
tion of m[a;] between x and y." This always exists if m[x] is of bounded varia¬ 
tion between x and y. 

Lemma 1: rn ^ x / y ] = m'*'!*/!] •+■ 

Proof: Clearly + n^t/y] is the supremum of the positive variations 

of m[a:] of those chains between x and y which pass through t —and so is at most 

sup m^ixfy, 7 ] for all chams. It is therefore sufficient to show that if 7 : y — 

< • ■ • < = a; is any chain, then there is a chain yi through t with 

m^[xly, y] ^ rt^xly, 7 J; this will prove the reverse inequality. But consider 

yt'. Q — 0 ^ t ^ Xi ^ t ^ • • • ^Xnr~.t = X!s^t^Xiy^t 

^ ^ »n f = ®. 

By Ml, m[xi v-- f] = m[a:<] -|- r»[f] — n^Xi ^ {], and lilcewise for m[xi-i ^ 1 ]. 
Substituting and cancelling, we get 

m{xi t/Xi-i «-/{]* m[xi\ — m[xi ^ <] — TO[a:i_J + m[a:,-_i ^ <], 

whence m[xi t/xi-i f] + ^ {\ = m[xi/xi-i\. It is now quite 

easy to see that m^[x/y, 7 ] ^ m''[x/y, 7 *], which is what we wanted to show. 

Lemma 2: ni^[x y/x\ — m^[x/x y\. 

Proof: Let 7 : a: j/ = a:o < a:i < • • • < asa = a: be given; form 7 *: y — 

xoy~’yixiy^y^---^ Xn y-' y = X y~> y. Then as in Lemma 1, 

m{Xi y^ y/xi-i y^ y] — m[a:i] — m{xi >~y y] — m[xi-i] + m[Xi-i <~y y], which is 
m[xi/xi-i] since a:,- ^ 2 / = a: y = ajj-i ^ y. Wo infer m^[xlx ry y, 7 ] = 
in^[x y^ y/y, 7 *], whence 9 w'''[a:/a: 2 /] g m\x y/y\. The roverae inequality 

is obtained by a dual argument, completing the proof. 

Now recall that the relation m ^ mi does not satisfy P 2 ; more precisely. 
Theorem 1.2 identifies functionals differing by a constant. But if we admit 
only functionals which vanish on some distinguished element a such as 0 (as is 
the case with measure, probability, and with additive functionals on linear 
lattices—cf. Chapter VII), we get just one element from each residue class, and 
this trouble disappears. With this convention, we can prove 

Theorem 3.15: Given m[x], sup [m, 0} exists and is 

rr^[x\ = m^[x y^ a/<ii\ — m^[x v- a/®]., 

Proof: Clearly »n'*’[a] = 0 . Again, m^[x] is modular. For if ® y, then by 
definition 
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— 7n^[y\ = ni^'[x a fa] — ni^^lx ^ a/x] — in^‘[y ^ a/a] + m^[y v-/ a/y]. 

By Lemma 2 , 7n^\\j a/y] = ni^'la/a y] and 7n^\y a/a] = 7ri%j/a ^ y]. 

Substituting, and applying Lemma 1 to eliminate a, we get 

— 7ri\y] = 7n^\x ^ afa ^ y] — ni^x a/x] + m/'[y/a ^ y]. 

And this, by fAunma 1 applied to the chain x ^ a x y a ^ y, leaves a 

remainder of 7n^ [x/y], In summary, m“*‘[x] — ‘m\y] equals m\x/yY Modularity 
is a corollary of this and Lemma 2. 

Now that th (3 modularity of m“' [x] has been established (this is trivial if L is 
a chain “-Jordan's case), the j)roof that m“'[x] = sup (m, 0 } can be copied from 
Jordan, Itirst, clearly m^"[x/y\ ^ 7n[x/y] and 0 identically; hence m"*' is an 
ui)per bound to vi and 0. Again, if u ^ m, 0, then for all y, u[x/y] S ‘tn%ic/yj 7 ], 
and so u[x/y] ^ w*U’, y\ for all x, y. That is, [x] is a least upper bound to 
VI and 0 . 

66 . Connected subsystems of a modular lattice. L( 3 t L b (3 any modular 
lattice of infinite dimensions, and divide the graph of L into its coiUKicted 
components. We shall show that the partition L thus defined is homomorphic. 
It will follow that tlu^ coniKu^ted subsystems iiw. individually convex sublatticos.t 

Indeed, if x (covers x\ tlien x/(x' v-/ y) ^ x and x ^ y/x* ^ y are transposable. 
But the form(*r is x/x or x/x'] In^m^e by i)( 3 rspectivity (hither x ^ y = x' ^ y 
or X w y covers x' //, and in (uthcM* <^ase x ^ y and x/ w y are in the same 
(;onno(d(Hl sul)syst(nn. By induction, if x and x' are connected, tlnui so are 
X w y and .r' w y, Wliile duality and L2 take*, can^ of tlu'. other four caarn. 

Oiv. (^alls the inuigi^-latticc^ tin* ^S)nc(‘ n'duced” lattices obtained from L; it is 
evid(ait that the proc(\ss can b (3 it(’rat( 3 d as long as tlu^ imag(vlattic (3 remains 
(lisconn<*c.t(^d. 

This and relah'd notions play an important role in tlu^ theory of polynomial 
id(‘als, and h(*nc (3 in algebrah^ g(U)m(^try. W(^ shall not (U)nsid(n* this applica¬ 
tion here. 

67. Projectivity and operator-isomorphism. L(d- 0 bo any group, wil.h or 
without oiHU’ators. ] 3 (mot (3 thc^ (possibly void) s(d; of its opcn’ators by 0 , and 
denotes by U*, tlu? sc^t il augmeutc^d by the inner automorphisms of G, It is 
known (van der Wa(U’den [ 1 ], pp. 134 5) that the congnieuce relations on G 
correspond one-one to its X 2 ’'*-subgroups; it follows by Theorem 3.2 and §43 that 
tli('-y form a modular latticie.J: 

We shall now (;orrc‘lat (3 (luotionts, pcjrspectivity, and projeeJivity with im¬ 
portant group-theoretic concepts. To do this, we shall need some further 
c.oncepts. If M and N are two i 2 *-subgroups of G, and JIf ^ AT, iiim wo can 
define M/N as the quotient-group (i.c., quotient-algebra in the sense of the 

t These observations are due to Ore [1], pp. 421-4. 

i Incidentally, if A is any abstract algebra, and Ao any quotient-algebra of A, then 
the congruence relations on A$ form a lattice which is isomorphic with the sublattico of 
those congruence relations on A, which ‘^include*' 0. 
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Foreword) of the eoisets of N in M, We sliall also say that M/N and Mx/Ni 
are “operator-isomorphie/’ if and only if there exists a oikmjik' (‘.orrespondenoc 
between their elements which preserves group multiplication, and inultii)lica- 
tion by every operator of as well.f 

Theorem 3.16: Let L he the lattice of il^-iiid}groups of any growp^ with or without 
operators. Projective quotients in L correspond to operator-isomorphic quotient- 
groups. 

Proof: Since opcratoi’-isomorphism is symmetrici and transitives, it suffic^os to 
show that M ^ N/M and N/M ^ N are always opGrator-is()rn()j*plii(\ Now 
assume the calculus of complexes, whereby XY denotes the set of products 
xy [x eXj y e Y], Consider the correspondence Mx —> Mx ^ N [x e N\, Since 
Mx ^ N = Mx ^ Nx = (M ^ N)Xj this carries elements of M N/M into 
elements of N/M ^ N, Since M{M ^ N)x = Mx, it is one-one (lias a single¬ 
valued inverse). Finally, since 

MxMy = Mxy (Af ^ N)xy = (M ^ N)x{M N)y 

while (Ma:)w == (Mco)(a:co) = M[xo>) —> [{M ^ JV’)a:]w = {M ^ N)x(jo similarly, 
it is an operator-isomorphism. 

Theorem 3.16 applies to quotieiit-grouiis, quotienlH'iiigs, (piotient-algiLras of 
linear algebras, quotient-spaces of linear spaces, and to reductions of gi'Diij) 
representations and ring representations. 

68 . The Jordan-Hdlder Theorem. Combining Theorem 3.16 with Tluuinun 
3.6, we get the generalized theorem of Jordau-H61der,$ 

Theorem 3.17: In Theorem 3.16, the quotient-algebras between suceessive terms 
of any connected chain of congruence modules are unique, to wilhin operator- 
isomorphism and their arrangement in a sequerwe. 

It has been proved by A. Kiirosch and the author, working indop(ui(leiitly, 
that the same conclusion holds for well-ordered ascending scries of congruonco 
modules—but not for descending ones.§ Wo omit the proof. 

t With groups, oporator-iaoinorplusm is usually called ‘^^entral isomorpliisiu”; it is an 
isomorphism preserved under all inner autom()ri)hisms. With rings and linear algebras, 
it is an isomorphism preserved uiulor loft- and right-multiplication by all (slemcnls; in 
representation theory, it is an isomorphism between quotient-spa(5CH presorvetl under all 
transformations. 

t Due originally to 0. Jordan, Commmtaire sur Galois, Math. Aim., 1 (1800), 141-60 
(with numerical interpretation), and O. Holder, Ziirilchfahrung oiner hcliehigen Glei- 
chung ••• , ibid,, 34 (1889), 26-56. The generalized point of view appears to be due to 
E. Noether and W. Krull. For the corresponding theorem on comjiosition series, of. E. 
George, Vher den Saiz von Jordan-imder-Bchreier, Crelle's Jour., 180 (1938), 110-20; A. 
I. Uzkow, On the Jordan-HfUder Theorem, Math. Sbornik, 46 (1938), p. 42. 

§ A. Kurosoh, Math. Ann., Ill (1935), 13-8, and the author, Bull. Am. Math. Soc., 
40 (1934), 847-50. The non-duality is due to the fact that if T N, then M .-n Af« t 
M r^N, whereas the dual of this need not hold,, Of. §102. 
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69. Free modular lattice with three generators. W<\ .shall now prove that 
llu' h'(s‘ inodulai' lal.ticH' gciiK'nited l»y three synilxjLs .'Ci, x%, .Ta luus twenty-eight 
elenusits, and exhibit its H!i»ss(! diagram in Fig. 5. This msidt is due to 
Dcdokind.* 

It is ehiar by C'orollary 2 of 'riuiorem 8.11 that the lattice of Fig. 5 is modular. 
Further, it is gciiienUied by the Xi ; in fa(it Ui — Xa ^ a:,, cyclically, Vt = Xt Xa 



and cyclically, 7 = Xi s..- Xa w .Ta, 0 == Xi ^ .Xa ^ Xa, (a = Xi ^ in, hi = .x,- m , 
Cl = lia Us and cy<'lic.ally, di ~ Vs vs and c.ytdiifally, c = ui ^ in ^ us, 
(I = Vi ^ Vs Vs, and «< = w.< ^ (Xi v./ in) ~ (Ui ^ Xi) «,•. 

Finally, the binary join- and meet-functions in the' lattice diagrammed are 
C()na((ciu(!n(>oH of Ll-LS. Tlui calculations involved in proving this are so 
numerous, <>.ven when reduced by c.ycdic .symmetry and duality, that wo shall 
only give two samples: 

Oi as — (xi /-N Ui) w (xa ^ us) — ((xi ^ ui) ^ xs) r-s Us by L 6 
(ui ^ (xi ^ ® 2 )) ^ tia =® Uj ^ Its Ua C) 

* R. Dedekind [2j; this paper inoliKloB a table of joins and moots, roproduoed in different 
notation by tlie author [1]. Oro [1], p. 414 suggosts tho diagram; the author [6], p. 443 
maps it on lattice-homomorphic images of two and five elements. 
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^2 «3 = {x 2 ^ V 2 ) ^ {as s-^ Vs) ^ Xi^ Us by absorption 

(since Vs g X 2 and V 2 Xs Xi ^ Xs ^ Us == a^) 

= X 2 ^ (^3 {Xi w iC 2 )) ” (^2 ^ ^ 3 ) (^1 ^ 2 ) ~ ^ 2 " 

These samples are typical, in that they use L5 as a mixed assocAaiive law. 

We conclude that the lattice of Pig. 6 is the free modular lattice with three 
generators, which thus has twenty-eight elements. 

On the other hand, the free modular lattice generated by four elements is 
infinite. Indeed, consider the modular lattice of subspaces of tlirce-space (lines, 
planes, etc.) passing through the origin. If two perpendicular ax(',s are chos(‘u 
through the origin, and two nearly parallel planes through each axis, them the 
four planes generate an infinite sublattice.* 

60. Free modular lattice generated by two chains. Let L be any lattice, and 
let 0 == a;o < iCi < * • • < Xm = I and 0 == 2/0 < yi < • • • < jjn - I ho any two 
chains in L between 0 and I, Clearly the set of u) == Xi ^ yj iiidudcs all Xi 
and Vi (for Xi ^ yn — Xi and Xm ^ 2 /? = 2 /?); dually, the set of v) = Xi ^ yj 
includes them. Hence so does the set of joins of the u) , and that of tlu^ -marts 
of the v }. 

Lemma 1: Any join of the u] can he written in the form (xm) ^ ?/y(i)) 

{xi(r) ^ Vm)) '^here i(l) > • * • > i{r) andj{l) < .. - < j(r). 

Proof: If two u] have the same superscript, then since the yj are a chain, 
one u} must be contained in, and hence by L4 can be absorbed by, the otlun*. 
Thus we can make all the i{k)j and similarly all the j{k)j distinct. Morooveu* 
if i > i' and j S /, then (xi ^ 2/?) will absorb (o^t* ^ 2/i'); since it iiududes it. 
Hence after we have absorbed as many elements as possible, and utilized Jj2 (.0 
arrange the i{k) in descending order, we shall have j{l) < ■ • • < j{r) also. 

Lemma 2: If ai ^ and hi g bi^i for all i in a modular lattice^ ihm 

(Ul hi) ^ (fltr hr) = /-s (&i w ttg) • ✓-n (if^r— I '«-> Ur) hrj 

(hi ^ ai) ^ (hr ^ af) ^ hi (ai bg) • • • v«/ (^^•.—1 \ h^ v.^ a,* • 

Proof: By duality and induction on r, we need only prove the first identity 
on the assumption that the second holds when there are fewer than r summands. 
But by L 6 applied twice, (ui ^ 61 ) w •.. w (ar ^ hr) can be rewritten in the fol¬ 
lowing form: 

Ui ^ (a2 62 ) * Vm/ (a^— 1 /-N hr—l) ^ aj hr . 

And by the second identity for the case (r — 1 ), the two expressions 

(&1 V-/ ag) r><, (1)2 v.^ a 3 ) ^ (Z>r~l a^), 

hi V-/ (ag /-N bg) v.-" (aa /-v hj) • • • v^- (af— 1 hr—1) v-/ a,r 

* This example was discovered by the author [1], p. 464. 
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are equal. And if wo substitute the former for the latter in the square brackets 
above, we get the right-hand side of the first identity, q.e.d. 

Lemma 3 : The joins of the u) are a sublaitice. 

Proof: Evidently any join of joins of u} is a join of u} ; but any meet of joins 
of ii] is by Lemmas 1-2 a meet of meets of v), hence a meet of v }, and hence by 
Jjemmas 1-2 a join of u) . 


y 



Fkj. 0 

Now ()l).S(‘rv(^ that if Xi d(uiot(‘s tlu^ set of points (:r, ?/) (scui Fig. 0) of tli(5 unit 
scpiareO ^ :r,;// ^ 1 satisfying .r g i/nij if Yy (huiotes the set of points satisfying 
y ^ j/n-y and if joins and nu'ets an^ interpr(d;ed as s('.t-iniions and set-prodiicjts, 
ih(*n all of tlu^ exj)n‘ssions admitted in Lcnnina I des(n'ibe diff(*rent s(d.s (of saw¬ 
tooth sliap(0» H(me<' tlu‘s(^ s(d.s form by L(nnina 3 a ring of sets (i.e., a sublattieo 
of tli(^ modular lattice* of all sul)s(’ts of i.lu^ scpiare), r(^pr(^s(mting isoinorphie-ally 
tli(* free modular lattice gcui(*rat(Ml by tlu^ given chains. In the notation of §10, 
tlu^ lattice is W<* inler that tlu^ fn'e modulai- lattices g(merat(Hl by any 

two chains is distributive in th(^ senses of ChapUn* V, and 

''rfiKOUEM 3.18: The diffmmi elemenls of the free modular lattice generated by 
two chains arc the different expressions admitted in Lemma 1, and form a lattice 
iso7norphic tvilh a rmg of sets, 

TheouemS.H) (()f Sehreier-Zassenhaus )Lot {Xtl and {Vj} be any two chains 
of congrumce modules in a group {with or urithoiit aperatoi's). Then the chains 
can he r(*fined by mtorpolalion^ so as to make their factors opemlor-isomorphic in 
pairs. 

Proof: By Theorem 3.18 and Lemma 2, the ehaius generate a finite^ modular 
lattice. Rtifiuing {Xi} and (7y) into (finite) chains connected in thiSj the result 
follows from Theorem 3.17, applied to this siiblattice. 

Alternative proof, not assuming Theorems 3.17-3.18: Form the chains having 
as quotients Xi w (7/+i Xi+0/Xi^(Yi ^ Xi+i) and Yj ^ (Xi+i ^ Yi+O/Yf 

* 0. Schroior, i>ber den J-H'aehen Htxlz, Abh. Hainb., 6 (1028), 300-2. H. ZaasonhauB, 
Zum Satz von J-H-S, ibid., 10 (1934), 106-8. 
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w (Xi ^ Y,+i)] those will be refinements of {Xi^i/Xi} and [Yj^i/Yj} respec¬ 
tively. Moreover (lemma of Zasseiihaus) the two quotioiits are projective] 
indeed, each is perspective to (Xf+i ^Y j) ^ {Xi ^ Y.j^i)/{Xi Yj). To prove 
the first perspectivity (the second follows by symmetry in X and Y), need 
only observe that, by L5, 

[Xi w (y^ Xt 4 .i)] {Xi Yj) == Ai {Y ,*+i /-N Xt+i) w Yj 

= Xi ^ [F,* 4-1 (Xt+i Y ;•)] = (Xi w Y y^i) ^ (Xifi w Yj) 

and 

(Xi - Yj) ^ [(Xi F/+i) ^ Xhi] - (Xi - Fy) ^ Xi.H . 

Theorem 3.19 contains Theorem 3.17 as a corollary. 

61. Subdirect and direct decompositions. Ij(?t S be any subalgc^bra of a 
direct union Ai X • • • X Ar of abstract algebras Ai . Then aS is a sul)alg(d)ni 
of the direct union aSV X • * • X of the siibalgebras Si of (^lomeni.s of A i apptnir- 
ing as ith components of elements of S, We shall say S is a “subdirc^^t. union'' 
of the Si . 

The correspondence from C 3 ach element a == [ai, • - • , aj of S io ii.s ith com¬ 
ponent ttiis clearly a homomorphism di : S —> Si. Morcjovcu- if Oi is r<'gard( 3 d as a 
congruence relation on Sj thm two (elements ai’o congrinnit modulo (^veay Oi if 
and only if they are identical, component by component, Hc^nccj di ^ ^ 

dr = 0. 

Conversely, given congruence relations , ■ • * , on an abstrac.t a-lgiibra aS\ 
to define the residue class mod 6i which contains any a e aS as the /tli cmnponcnl 
ai of a, maps S homoinorphically oni;o a subalgebra of the dirc^ct union Si X • • • 
X Sr of the algebras ASi of residue classes of S mod 6i . This is tin Isomorphism 
if and only ii di ^ $r — 0. Hence 

Theorem 3,20: The representations of any ahslract algebra A as a subdireci 
union correspond one-one to the sets of congruence relations on A satisfying 6i 

• ■ • $r ^ Om 

There is no equally general theorem yielding the represciiitations of A tis ti 
direct union. But in the special casc 3 of groups with or without, opt'.rtitors, 
there is such a theorem—and curiously enough, it also applies to the comple¬ 
mented modular lattices which will bo studied in Chapter IV. 

Theorem 3.21: A representation of a groups G {uyith or without operators) as a 
subdireci union is direct if and only if the Oi are independent under L 

Proof: By induction, we can reduce to the case of two congruence modules. 
But U M - IjM^N ^ Gf then the xy[x€M,yeN] form a group since 
{xy)(x'y^) = (xx'){x'’^^yx^y'^^)(yy'); moreover x'’^^yx'y'^^ is in M qu& 

* The assumption that G is a group is essential; in general, there is no lattice-theoretic 
criterion which tells which subdirect decompositions are direct. 
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and in N (nd wlinncc^ x'~\yx'y ') = 1 and (,x.y){x'y') — {xx'){yy'). 

Finally, xy — x'y' iinplins x' 'a: = y’y ' eM ^ M, wlinnoci x = x',y = y'. In 
summary, O' (iousists nf tlio diffcu'onl. [a:, y\ ~ xy, wluu'n [a:, y][a;', y'] — [xx', yy'] 
and [.r, y] = {xy)u> = [a;w, yw]. 

62. A six-way quotient isomorphism. Now go back to tlio figure of §48, and 
observe that 

fii ^ 6» = Ca ^ fij = Cj« Cl = (I, 

(02.1) 

Cl ■w' = C2 Cs = Cs (h = C. 

rioiic !0 ci/d and Cs/d are bot.h porspoetivc to c/c 2 , and so by Theorem 3,1G opera- 
tor-isomorphie. Similarly c^/d is operator-isomorpluc! to ci/dj and by Theorem 
3.21, c/d is th(^ direeL union of any two of these. 

But if (r X H is tlu^ direct union of two op(u*atoi--isomori)lue groups, then inner 
automorpliisms iiidueed by of Oj wliieh automori)lnealIy leave every 

(dement of H invariant, must kiave t^ven-y ok^nuMit of (} invariant—i.e., G must be 
Alxdian. Similarly, if G and If are j'ings or hypor(u)mi)lex algebras, then siu(*>e 
(jll = 0 for any g e Cr, we sec; that gG = 0, and so (fG = 0. We conclude 

Thiooukm 3.22: Let Xi , A" 2 , A'a he ctny three congrurncr module ft in a group G 
{with or wUhoui operalora). Further, let liJi = (A'o ^ A^t) ^ [A’l w (X^ ^ Xs)], 
(md eyclically, let D = (A"i A'o) w (A '2 ^ Xu) {Xu A"]) and lei. C he. dual to 
1). Thou the mix quoHctdf^ lii/D and C/IJi are operaior-uouiorphic, and C/D 
is the. direct union of any two of tlumi.. 

In partunilar, tlie Ei/D ar(^ Abelian groups; and if G is a ring or hyperconiplox 
alg(d)ra, them multiplie.ation is ( rivial in tla^ sc^nse thai. all products'^* are 0. 

63. Theorem of Kurosch-Ore. Theonmi 3.21) makes one interc^sttd in the 
r(ii)r(\sentations of an element (nanudy, 0) of ii modular lattice as a meet of larger 
(dcMnents. Idc^al th(H)ry also iuvolv(\s siudi n^pn'scMitatdons.f 

Now we sliall call an okmmnt a of a modular lat(.ic(’! L *hn(Hdi-redu(dble’’ (for 
short, “r<du(dbl(d’) If it is tlic^ iruud, x y of (‘knnents x > a, y > a gimter than 
itself; othen-wise m) isliall call it “iriHHlucdbk^” A simple inductive^ argument 
shows that if L satisfies the ascending (diain (condition, tln^n every a € L has a 
n^piwnitation as a m(^(d; of irnMlueibU^ (d(nnen ts. 

*•' Historit’al uoU;: ’'Plio fac.t that if «« is a subgroup,'if ci and ca arc normal aubgroupH, 
and if (02.1) holds, tJion vi/d ami cn/tl ar<< enual gocjs baede to Jordan; for fchtdr isomorphiBin, 
(d. O. Bolza, On the cmmlruciion of intransUivc oroups, Am. Jour., 11 (1880), 196-214. li. 
Romaic, CJrtdkds Jour., 102 (HKJO), 1-10, pointed out that ca was normal if and only if tho 
isomorphiaiu was ^k^cnitral,*' and lunu^o tluj facstors had to Ixj Alxdiau. Dockdeind [21, p. 
248, formula (31), gives tho projootiviticis involved, but treats quotients as niunbors only 
(i.o., he uses Jordards but not Idokkjr’s part of the Jordan^HOldcsr Theorem). Tho author 
[1], p. 462 and [2], p. 119 got Remakes result with DedokiruRs method. Cf. also Ore, Duke 
Jour., 3 (1937), p. 174. 

t Partly because any “irreducible'* ideal (of. infra) is “primary** in the sense of con¬ 
taining a power of a “prime** ideal. Gf. van dor Waerden [1|, Chap. XII. 
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Again, it is natural to call a component Xk in a ^‘reduction” a = ^ ^ 

of a 'Vedundant/^ if a — a:i ^ Xk-^i ^ aj/c+i ^ ^ Xr - and obvious 

that to any reduction of a there corresponds one, none of whoso (components is 
redundant. Such reductions will be called ^'irredundant.” 

Lemma: Let a = xi ^ Xr — xt ^ ^ xt he any two irmiundant 

reductions of a into irreducible components. Then one can substiluir for any Xi a 
suitable , and get a new reduction of a. 

Proof: Set ^ ^ ^ . TIuen by irrci- 

dundancy,t 2 /i > yet Xi^yi — a. Now form s/ == yi ^ xf ; chcarly yi ^ zj^a 
—and, since Zj ^ xf, a ^ zi ^ Za ^ xi ^ ^ g a. But by 

Theorem 3.3, the sublattice between a == Xi ^ yi and yi is isomorphic, to tluc sub¬ 
lattice between xi and Xi ^ yi —and since Xi is irrcducibhc in f.luc lat(.('r, so is a 
in the former. Hence some 2 / is a, and Xi ^ ^ Xi-i ^ xj ^ Xi.^i ^ 

Xr ~ a. 

Theorem 3.23 :f The number of components in irredundant reductions of any 
element is independent of the reduction: in the preceding Lemfua^ r = 6\ 

Proof: Choose r minimal, and I'eplace the Xi by x, one at a time. Wo g(ct in 
the end a = :c*(i) ^ ^ xf(r) , whence by irredundancy of tine ;i*y tlucre uiv at 

least s j(i)j and s ^ r. Hence by minimality, s = r. 

Corollary: Let 0 be any group with or without operators xohosc congruence 
modules satisfy the ascending chain condition. The number of factors in any 
irredundant representation of 0 as a subdirect union of groups not further decoin- 
posable is independent of the representation, 

64. A Theorem of Ore. An even more important result, clue in its latXiccc- 
theoretic form to Ore,§ is 

Theorem 3.24 : Let L be any modular lattice of finite dimensions, I f .ri , • • • , riv 
and yi, • • • are any sets of elements independent under I whose meet is 0^ 
and if no Xi or is the meet of larger independent elements^ then the I/xi and I/y -j 
are projective in pairs {whence r = s). 

Note that the Xi and ?/? arc not assumed to be moot-irrcidiudble and that 

t Incidentally, since yi yh < Xk^i , tlie y{ are iiulopeiulent over a. Hut we 

shall not need this fact. 

t Historical note: Theorem 3.23 was proved for ideals by Emmy Nocjther, Idealtheorie 
in Ringbereichen, Math. Ann., 83 (1921), 24-60, §3. A different proof for finiU) groups was 
given by R. Remak, Crelle's Jour., 163 (1930), 1-44. The first lattice-tlujoreti(! proof was 
given by A. Kiirosch [1]; 0. Ore [2], p. 270 gave a proof independently. 

§ O. Ore [2], p. 272. The theorem was first stated for finite groups by J. IL M. Wedder- 
burn, On the direct product in the theory of finite groups, Annals of Math,, 10 (1909), p. 173— 
although Kronecker (Berl. Sitz,, 1870, 881-9) proved it for Abelian groups. A rigorous 
proof was given by R. Remak, Crelle's Jour., 139 (1911), p. 293. Recent papers by Krull, 
Schmidt, Fitting, and Korinek had extended the theorem to groups with operators. 
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representations as the meet of independent elements are to direct unions of 
groups as representations as meets alone are to subdirect unions. 

We shall omit the proof of Theorem 3.24—it depends on a delicate inductive 
argument—and shall only point out its 

Corollary: The representation of any group {with or without operators) as a 
direct union of direct-indecomposahle factors is unique to within pairwise operator- 
isomorphism of the factors, provided the congruence modules form a lattice of finite 
dimensions * 

* Wg note here the existence of ii considerable literature on “residuated lattices." 
This analyzes lattices of ideals, using ideal multiplication as an auxiliary operation. Cf. 
notably M. Ward and R. P. Dilworth, Residuated lattices, Trans. Am. Math, Soc., 45 (1939), 
335-54, and Evaluations over residuaUtd siruciurcs, Annals of Math., 40 (1939), 328-38; also 
R. P. Dilworth^a Doctoral Thesis, Tke slruciure and arithmetical theory of non-commutalive 
residuated lattices. 

The reader's attention is also called to the existence of many papers by Ore, applying 
lattice theory to groups. Cf, for example The theory of groups, Duke Jour., 5 (1939), 
431-00, and the references given there. Hut those belong rather to group than to lattice 
theory. The uul.hor regrets being unable to give a more adequate account of these re¬ 
searches, owing to his having finished Chapters I-IV in May, 1938. 
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COMPLEMENTED MODULAR LATTICES 

66 , Definition. The present chapter will be concerned with ‘^complemented” 
modular lattices, in the sense of* 

Definition 4 . 1 : A (modular) lattice is ^^complemsuted” if and only if it has a 0 
and I and 

L 7 : Every x has a ^^complemmV^ smh that x ^ x' = 0 and x .r' = L 

Theoeem 4.1 :t Each of the following conditions is necessary ami sujfidimt that a 
modular lattice of finite dimensions be complemented, and so is the dual of each 
condition. 

nil. Given a ^ x ^b, then x has a ^Welative complements^ y satisfying x ^ y = a, 
X ^ y ^ b. 

L72 : Every element is the join of atoms. 

L7z : I is the join of atoms. 

Proof: We shall prove the implications L 7 —> L 7 i L72 L73 —> L7; because 

of finite-dimensionality, we can assume the existence of 0 and L Civtiii 
a ^ X ^ b, 

(a X ) /-s b /-N X ~ (a x) x ^ a (x x) ~ a, 

X a (x 5) ~ 2 / (x^ b) ~ (23 x^) /-s h ^ h, 

and so (a x') — a V-/ (x^ ^ b) is the relative complement we want. Again, 

if 0 < 2 ; < a and L 7 i holds, then a is the join of x and its relativci c^omplemoiit 

y in a/0] hence by induction a is the join of atoms, proving L72. The impli(3a- 
tion L72 L73 is trivial when I exists, and so it remains to proven that L73 

implies L 7 . 

But setting 2; = 2:0, we can construct a chain between rco and I as follows. 
If Xk < /, then by L73 there exists a pk^i not contained in Xk] set 21^4.1 = Xk w Pam . 
Some 2;rwill be i; define 2;' = pi ^ p,, Evidently 2; ^ 2;' = 2: Pi • 

s^Pr-I. Moreover using the dimension function (cf. Theorem 3 . 18 , Corollary), 
d[2; /-N 2;'] = d[x'] — d[I/x]. But d[2;'] g ^ and d[I/x] ^ r; hence 

d[x ^ rc'j is at most zero, completing the proof. 

* In combination with distributivity, condition L7 goes back to Boole [2], pp. 49-'60. 
In combination with modularity and other hypotheses, it was studied by K. Monger [2]. 
The first study of complemented modular lattices per so was made by the author [4]. Much 
has been done by J, von Neumann; cf, also 0. Ore [2], Chap. 3. 

t The implication L7 L73 was stated by the author [4], p. 746; the implication L78 
L7a in [1], Thm. 11.4, The implication L7 L7i was stated by von Neumann [2], Thm. 1.3. 
The full theorem was given by Ore [2], Chap. 3, §1. 
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It is a corollary that a set of linear operators is “fully reducible” if every in¬ 
variant subspace has an invariant complement. 

Since the hypothesis of finite dimensions was not used until induction on a 
was mentioned, we have also the 

Corollary: In any complemented modular lattice, L7i holds and all joivn 
irreducible elements are atoms. 

In order to see the irredundancy of two hypotheses of Theorem 4.1, note that 
the non-modular lattice of five elements satisfies L7 but not L7i ; hence we 
needed to assume modularity. Again, in ‘^generalized Boolean algebras” (cf. 
infra), L 7 i holds but no I exists; hence we needed to assume finite-dimensionality. 

Incidentally, the implication L7 —»L 72 is an immediate corollary of the follow¬ 
ing interesting 

Lemma; The * differences^^ dh = ^ between successive terms of any chain 

0 Xq < Xi < • • • < Xs are independent elements whose join is Xa . 

Proof: By induction on s, we can assume (di ^ ds-i) da is Xa^i ^ 

(xUi ^ Xa). But by L5, this is xLi) ^Xa== Xa. The d* are independent 

by induction and since (di ^ • v_/ ^ da == Xs^i ^ Xa-i ^ Xa = 0. 

66 . Examples. Since set-complements satisfy L7, the algebra of all subsets 
of any class I forms a complemented modular lattice; for the same reason, so 
does any field of subsets of I. 

Using L 73 , we see that the linear subspaces of any linear space, the normal 
subgroups of any direct union of simple groups, and the ideals (resp. invariant 
subalgebras) of the direct sum of any finite set of simple rings (resp. linear 
algebras) form complemented modular lattices. We shall see in §78 that any 
abstract projective geometry is a complemented modular lattice. 

The notion of a complemented modular lattice appears also in representation 
theory. Let 12 be any group or algebra of linear operators, operating on a linear 
space I. Then the condition that the modular lattice of S 2 -subspaces of I be 
complemented is by definition that each “half-reduction” of I by an 12 -subspace 
X, be part of a “full reduction” of 7 by Z and a complementary 12 -subspace 
Z'—and by Theorem 4.1 that I be the sum of “irreducible” components. These 
conditions and their equivalence are well-known in algebra. It is a fundamental 
theorem that they hold if 12 is a finite group or a semi-simple hypercomplex 
algebra.* 

Since L7 is self-dual, the dual of any complemented modular lattice is itself 
complemented. Moreover since Xr^x* — — 0 and x^x'==y^.^y' = I 

* At least, unless the characteristic of the field of’scalars for 7 divides the order of 12. 
Of. Wedderburn, Lectures on Matrices, American Mathematical Society Colloquium Pub¬ 
lications, vol. 17, New York, 1934, pp. 166-9. With groups and real scalars, there is a 
simple proof: let q{x) denote the sum of the transforms of any positive definite quadratic 
form by 12; then qix) is invariant under 12, and so the set Z' of perpendiculars to X is an 
12-subapaoe, and (by positive definiteness) satisfies L7. 
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clearly imply [x, y] ^ [tr', y'] = [0,0] = 0 and dually, any pro<lu.-t of comple¬ 
mented lattices is itself complemented. Again, L7 shows that, any lathco- 
homomorphic image of a complemented modular lattice is ils(*lf one. And 
finally, by L7i, if a and 6 are any fixed elements of a complemented modular lat¬ 
tice, then the sublattice L{a, b) of elements between a and h is also complement cd. 

It is a corollary that every sub-representation of a fully reducibh! rtipre- 

sentatioii is fully reducible. ^ / r 

67. Quotients. One can eliminate the notion of ^'(luotionls x/y from tin* 
theory of complemented modular lattices, by calling tlui ^diffm'i'uct^ y ^ —* 
^ — y between y and x a *h’epresentative*’ of x/y^ and identifying ({uolit'uts witli 
their (transpose) representatives. Clearly y* ^ x is a relatives (*om])l{nn('nt of 
y in X, 

In the new theory, the notion of “transposablo quothmis'^ is iH^plaiunl by that 
of ^^perspective elements,in the sense of 

Definition 4.2: Two elements a and b are '^pcrspeclM' if and only if they have a 
common complement c, called an ^^axis of perspeciivity” for a and h. 


Remark: As was first pointed out by von Neumann ([2], p. 19), Miis g<‘n(MVilizt\s a 
fundamental definition of projective geometry—as does the notion of ])roi(M!- 
tivity. The key property of projective geometries is that any two (HjuidinKm- 
sional elements are perspective; this does not hold hi (uimiihmu'nltu! modular 
lattices which are not projective geometries. 


Theorem 4.2: Two elements a and b are connected by a sequoner of pvrspvctirifirs 
if and only if a/0 and b/0 are projective. 

Proof; If a and b are perspective by c, then a/0, 1/c and h/0 ar(^ Iransposabln 
in that order; hence a/0 ^ h/0, and by induction thin nnnains t.ruc‘ if a and h 
are connected by a sequence of perspectivities. Ckinvin’sc'ly, any nialivi! 
complement c of w ^ w in u is a relative complement* of v in u ^ v] mor<'over 
any two relative complements (u y) — y are persp(Hd.iv<^ by v vy (u ^ l')^ 
Hence any two ‘^representatives^' of transposablo quotients niv. p{n\sp(*(‘tiv(^ 
and any two representatives of projective quotients are coniKM^bul by a H(niUt‘nee 
of perspectivities. 

68. Congruence relations. Let L be any lattice witli 0. Tlum Uie re.siduo 
classes under any congruence relation d on L arc convex su1)lattic‘.(?S' and in 
particular, the residue class Jo of elements congruent to 0 mod 0 is an “id(uil" 
in the sense off 


Definition 4.3: By an ^HdeaV^ of a laUice L is meant ari M^^chsed suhlaUicc: a 
subset which contains with any x and y^x ^ y, and with any x^ all x ^ t[i€ L]» 

* Proof: c = (u^v)^ *= 0, while c v-/ y is tho join of c, n ^ ii, and y --and 

hence v. 

t This definition is due to Stone [1]; cf. also Tarski, Fund, Math., 16 (1930), p. 181, 
and Moisil [1], p. 17. It is like tfie usual definition of an ideal in a commutative ring Iti 
as a subset which contains, with any x and y,x + y, and with any «, all xr \r t iC). 
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Theorem 4.3: In a complmmntcd modular lattice, x ^ y {B) if and only if 
X ^ y = (x ^ y) ifor some t^O {B), Thus 6 is determined by the ideal Jq of 
t s 0 (B), 

Proof: If a: 2/ = {x ^ y) ^ t ^ {x y) ^ 0 ^ x ^ y (6), then x and y, 
which lie between x ^ y and x ^ y, are congruent. Conversely, ii x ^ y (B), 
then X ^ y ^ X ^ y {B), and so the difference t — {x yY ^ {x y), which 
satisfies ^ w (a: ^ y) = x y by the Lemma of §05, is congruent to {x yY ^ 
{x ^ y) == 0. 

69. Neutral elements. We now ask: which ideals arc congruence modules? 
If the ascending chain condition holds, then clearly any ideal contains the join a 
of its members, and consists of the t ^ a. In other words, it is the ‘^principal 
idear^ a L of a ^ u [u eL]. This suggests the question: which a ^ L are 
congruence modules Jo? 

To answer this, supposes x ^ a, y ^ a, and x ^ y {6). Then by Theorem 4.3, 
X y ^ y) t ^ (x y) ^ a = x ^ y, and so x = y. That is, B never 
identifies distinct elements which both iiudude a. But it identifies each x with 
one X a, namely, x a. We infer 


Theorem 4.4 : ^4 principal ideal a ^ L is a conynicncc module, if and only if the 
correspondence x ~> x a is a lattice endomorphism. 

Elements a with this propiu'ty in a modular lattice*, L an^ called “neutral.”’*' 


Theorem 4.5: The folhming condiiioiis on an clcmenl a of a ^nodular lattice are 
equivalent', (1) it is in the center of L, (2) it is complemented and neutral, (3) it 
has a unique complenienL 

Proof: The implication (1) -~> (3) is <u)ntained in tbe Lemma of §31; we arc 
thus proving the converse*, of this for modular lattices. 

Indeed, suppose a has a unique complemcuit a', and that u = 0. Then 
by hypothesis u, a, and (u a)' arc indopemdent elements with join I; hence 
u ^ (u ^ a)' — a' and u g a'. Tims a' contains every u with u ^ a — 0, In 
particular, since [(a ^ xY ^ a:] ^ a = 0 irr(5sp(i(*,tive of x, (a ^ xY ^ xi& in¬ 
cluded in a' as well as x, and 


X = (a ^x) w [(a /-s .r)' ^ x\ ^ (a ^ x) ^ (a' /-s .t) g a: a: = a;. 
Hence a; = (a ^ a:) w (a' ^ a:), and every x e L can be written in the form 

y [y ^ a, z ^ a']. 


* The notion of ^'neutral” elomonts is duo to Oro [1], pp. 419-'21, Thoorem 4.5 is due 
to J. von Neumann ([2], Part I, Thins. 5.3~6,4); the author collnboratod in extending the 
proofs to the uncomplemented case. Another result on neutral elements is Theorem 6.1. 
For a complete theory of neutral elements, cf. the author*s Neutral elements in general 
latiioeSi to appear in the Bulletin of the American Mathematical Society. N. B., one can 
profitably define an ideal in a complemented modular lattice to be “neutral,” if and only 
if it contains with any element all perspective elements. 
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It follows from Theorem 3.4 that L is the product of the subhitticos of y ^ a and 
z S a\ which proves the implication (3) —> (1). 

It remains to prove the implications (1) (2) and (2) (3). But it is ob¬ 

vious that the correspondence [x, y] [x, y] w [/, 0], that is [.r, y] [/, y], is a 
lattice-endomorphism, proving (1) (2). Finally, if a is neutral, and x and y 

are both complements of a, then a {x ^y) ^ 0 and 

a {x ^y) (a x) ^ (a ^ y) == I ^ I I ^ 

whence x ^ 2 / is a complement. But by Theorem 3.1, no com[)lemciit can be 
less than x or y; hence a; = a; ^ 2 / = y. Thus a has a unique complement, 
proving (2) (3), q.e.d. 

70, Fundamental decomposition theorem. We shall now prove a funda¬ 
mental decomposition theorem on complemented modular latti(‘.es of finite 
dimensions.* 

First recall that an abstract algebra is (iallcd “simple*^ if and only if it has no 
non-trivial congruence relations. This definition of univcn-sal alg(^l)ra int^ludes 
as special cases the usual definitions for groups (witli and witliout op(irators), 
rings, and linear algebras. 

Theorem 4.6: Let L he any complemented modular lattice of jinite dimmsiom. 
The following five conditions are equivalent: (a) L is simple^ (b) L is ^Hndccom- 
posahW^ {not a product), (c) all points of L arc perspective, (d) all points of L are 
projective, (e) any two modular functionals on L are linearly dependenL 

Corollary: Any finite-dimensional complemented modidar lailice is the product 
of simple ones. 

We shall call simple (jomplemcintod modular latticc^s of finite diniciusious 
^'projective geonKitries.” 

Proof: By Theorem 4.5, an element not 0 or I is neutral if and only if it is in 
the center; by Theorem 4.4 resp. definition, this means tliat L is simphj if and 
only if it is indecomposable. Again, by Theorem 3.5, L is simple if and only if 
all its prime quotients are projective, hence by §67 if and only if (c) all its points 
are projective, and by Theorem 3.9, if and only if (e) any two modular func¬ 
tionals are linearly dependent. Since (c) trivially implies (d), it rtunains to 
prove (d) —^ (c). 

For this, we need only show that projective points arc i)crspectivo—and by 
induction we need only show that if p is perspective to q, and q to r, then p is 
perspective to r: that perspectivity is transitive. This will complete the proof of 
Theorem 4.6. 

• This result is mainly due to the author (of.’ [4], p. 747, and [C], Thm. 26, where (a) 

(b) ^ (c) is shown; also Bull. Am. Math, Soc,, 40 (1034), p, 209). It is also stated in 
Monger [3]. The relation of (b) to elements with a unique complement was shown by 
J. von Neumann. 
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71. Perspectivity is transitive. Tho proof that the relation of perspectivity 
between points is transitive is not hard.'*' 

Lumma: Two points p and q arc perspective if and only if p ^ q contains a third 
point s. 



Proof: Led. a bo the axis of pc^rspeetivity; then 

d[a ^ {p w r/)] = d[a\ + d[p ^ q] — d[a p ^ q] = d[I] — 1 + 2 — d[I], 

and so a ^ (p q) is a (bird point on p ^ q. Ck)nv(a'sely, if ,s is a third point on 
p ^ f/, then, since p, .s*, and (p w qY ani in(lej)(^nd(^nt (^hmn^nts with join 7, 
c = (p qY ^ s is eoinphaiuMitary i-o p; similarly, it is eomplementary to g, 
and HO p and q an^ perspectives 

Now hit a be an axis of ])(a*sp(‘(^tiviiy for p and 7, a,nd b one for q and r. Let $ 
and / be third j)oints on p ^ q n^sj). p w r. TIkmi u = (q w /) ^ (r w s) is by 
MJ a ])oint; similarly, so is (p u) ^ (7 r) and in bu^t, a, third point on 
7 V-/ r. IIen(U‘ by the Leanma, ])ersp(M^j-ivity b(*tw(?en points is a transitive 
r(‘lation. S<*(^ P’if*;. 7 . 

This coiuph^tes tiie proof of Tln'orcnn l.b; it also mak(\s it easy to ])rove tho 
si.ronger result 

'I'liEoiiKM 4 , 7 : Jn a projective (jeomelry^ the followinq conditions arc equivalent 
(a) r/[:r] == d[y\f (b) x and y arc perspective, (cO x mid y are projective. 

Proof: The implications (b) —> (<0 '—> (a) are obvious, if wo us(i ML Now 
supposes d[x] — d[y] = r, and 1<4. Pi, • • • , Pr iuid 71 , • • • , 72 be bases for x — x<^y 
and y rosp(ud.iv<4y, 14(4. d , * • • , /,• be third i)oiTd'»s on pi 71 , • • • , 

Pr w 7 r. Tluiii evidently 

.T w b • ^tr ^ (x <-^y) ^ pi /i w * - ^Pr ^tf 

= (rr p) w pi w 7 i w ‘ Pr qr ^ X y, 

"* It was (jssentially given by the author [4], Lem. 2; porspootivo points were termed 
**conjoinfc.^^ A proof of Theorem 4.7 was first given by J. von Neumann, in a much harder 
case. Cf. also I, Halperin, On the tramitivily of perspeclivily in continuotis geometries, 
Trans. Am. Math. Soc., 44 (1938), 637-62. 
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and so by dimensionality, x ^ y, the pi, the 1 /, and (a; ?y)' aro independej 

elements whose join is I, Hence 

(X y) if y iC = (iC /-N 2/) V-/ Pi w • • • w Pr 

are complements; likewise, it and y are complements, whence x and y are pe 
spective, proving (a) (b), q.e.d. 

72. Projectivity of part with whole. Projoctivity is a weak kind of equalil 
relation between quotients, and it is natural to try to make tliis equality mes 
equality in the sense of having equal magnitude. 

Unfortunately, this assumption leads, in the case of some lattices, to tl 
paradox of a whole's being equal to (presumably smaller) parts. Thus (^onsidi 
the lattice L of all subgroups of the direct union A of countable cyclic groups i 
prime order. This is a complemented modular lattice, in which any two ind 
pendent infinite subgroups determine perspective elements. Henc(^ an ohimei 
of L may be projective to each of two independent parts—in spite' of the fai 
that we would normally presume (by Ml) that this would make its magiiituc 
equal to the sum of the magnitudes of its parts. 

Other exceptions are referred to by Ore [2], p. 274; their presence is liowevi 
impossible in metric lattices, by 

Theorem 4.8: In a metric latticcj no quotient is projective with a ‘^pa 7 't” ofifscl 

Proof: By this we mean that il x ^ u ^ v ^ y then x/y cannot bo projccti\ 
to u/v unless u = Xy v = y. Indeed, m[x/y] = 'm[u/v] —and in a metrics latti( 
this is incompatible with x > uovv > y. 

Corollary: In a modular lattice of finite dimermonsy no quotient is pi'ojectii 
with a part of itself. 

We note also that by Theorem 3.1 an element cannot be perspoctivci witli 
part of itself; hence exceptions cannot occur in a complemented modular latti( 
if perspectivity is transitive. Again, exceptions cannot occur in (listributi\ 
lattices (cf. §97). Generally speaking, the cxistouco of exceptions is (^loscdy tie 
up with the non-existence of dimension functions. 

73. Semi-modular lattices. We shall call a lattice of finite dimensioi 
^‘upper semi-modular" if and only if it satisfies condition (^') of Theorem 3.! 
Corollary 3; dually, if it satisfies (^"), wo shall call it ^'lowor scmi-modular, 
That semi-modularity does not imply modularity is exemplifi(id by the lattic 
of all subgroups of the octic group* (Fig. 8)—also by the sublattice of shade 
elements. 

* In fact, since (cf. Speiser, Gruppenthcoridy second ed,, Thm. 81) any maximal subgror 
of a subgroup of order p^ is of order and two such subgroups intorsoct in one of ordi 
the lattice of all subgroups of any group of prime-power order is lower semi-modula 
MacLane [1] cites the Boolean algebra of all subsets of a class with four members, in whic 
all elements of dimension exceeding two are identified. L. R. Wilcox has also treate 
semi-modularity in Modularity in the theory of lattices, Annals of Math., 40 (1939), 490-50. 
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ft is easy to show tliat any pruduci., hoinuiuorpliici imago,'*' or coiivox sublattico 
of an iippcn- somi-modular laUi(^o is itsc^lf uppor semi-modular; on the other hand, 
sublattio(\s of somi-modulai- lattiec^s iuhmI not 1)0 scnni-modular (of. Theorem 3.1). 
Tlio dual of an iippcu* somi-modiilar latticH^ is hmiw somi-modular and vice versa. 
W(^ shall give other examples of semi-moduhir lattices in §77. 



VV(^ r(H*,all the r(\sult.s of §40 on uppiu* s<Mni-modularity — ospcK^ally the Jordan- 
Dodekind chain (^oiidii.ion, and tlu^ dinKMisional ino(piality 

d[x] + d\y] ^ d[x ^ y] -h d[x ^ y]. 

Corollaries of tliese are: (1) the *‘ox(4iango axiom’^ of St(4nitz-MacLano: if p, q 
ar(‘ i^oints, and a < a p S a r/, then a p ^ a ^ r/, and (2) the second 
“(‘xcliangxi axiom” of Ma(d jaiio: if p is a point, tlnai oitlujr p S x or p covers x. 

We shall consider only upper seini-modiilar lattiex^s in §§74 77; tlie theory of 
low(a’ 8(‘mi-modular latti(!(\s is dual. 

74. Dependence and rank. W(^ shall begin by obtaining an abstract theory 
of linear dependence in uppe^r sc^mi-modular lattices. For this we sliall want 
various defhiiticms.t 

A sc^quenc^e a’l, - • • , Xr of (demcats of an ui)p(n* seini-modular lattice L will bc^ 
calk'd “imkjpendent” if and only if, for /»: == 1 , • • « , r — 1, (xj w • • • Xt^ ^ 
Xk^.\ = 0; a sequemx^ whi(;h is not independent will be calkd “dcipendcnt.” It 
is a corollary that any subscupK^ncx^ of an iudeixnKhiut seciuemx’! is indei)eudeut. 
Again, by tlu^ ^hxxnk” of a s<4i S of points of L will be meant r/[sup aS] ; by a ‘d)asis” 

* Proof: L(\t tlu^ homomorphism bo L *--> A/*, and siippoao a:*** and cover a* in 
Lot a bo the largcist anUxiodout of a*, and x and y arbitrary antooodonts of a;* and ?/*. 
Form tduiins from a to a w cr and a w //; tho olomouts whicdi (sovor a in ea(di will bo ante- 
(sodonts Xi of X* an<l ?/i of y*. Honoo v-/ v/i will bo an antooodmit of ?/*, whicdi must 
thus cover X* and I'hus ovon joindiomomorpliisiu is sufficiont, 

t H. Whitney [IJ formulated an abstratjt theory of linear dopondcnco, apparently un- 
rolated to tho inchision rolatioii. The author [6] roformulatod Whitney's thooiy in terms 
of lattice theory. Of, also T. Nakasawa, Znr Axiom,atik dor Unearen Ahhdngigkeit^ Reports 
Tokyo Bimrika Daigaku, 2 (1935), 236-55, and 3 (1930), 45-69, and 123-36, where many 
results are proved; Oher AhhdngigkcUHTdiimis by 0, Eaupt, G» Nubeling, and Chr, Pane, 
Jour, f. Math., 181 (1940), 193-217, 
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of an element a e L will be meant a set B of poiate whose! join is a, and whitili 
foians an independent sequence no matter how ordered/' 

Lemma 1: A se^icnce pi, ■ ■ • ,Pr of points is indepandent or depmdvM, accord¬ 
ing as its rank is r or less. 

Proof: Since pw • • • ^ p&+i at most covers pw • • ■ p*, wo have d[pi 

= d[pi . . . V,^ pd + 1 or d[pi w •. • Pft] according as (pi ^ p,,) 

^ Pm -1 = 0 or not. 

It is a corollary that the property of independence is preserved under all 
permutationsf—that one can speak of independent and dcpond(!nt sets of points 
(not just of sequences). Hence a basis of any a eL is any ind(!p(!ndent set of 
points whose jom is a, and we have the further 

Corollaey: The number of points in any basis of a is d[a], and so an invariant 
of a, which is analogous to the Theorem of Kurosch~Oro. 

Lemma 2: Any sd, of points contains an indcpeiulcnt subset of the same rank 
{i.e., with the same join m). 

Proof: We can construct term-by-term a sequence none of whos(i meinhcirs is 
contained in the join of the preceding, until the join is m. 

It is a corollary of this result and §66 that any normal subgroup of a direct 
imion of simple groups is itself a direct union of simple groups ((!f. van der 
Waerden [1], vol. 1, p. 143). 

Lemma 3 (Whitney's matroid postulate) : // Pi, • • • , Ps arc indcpemhnl, aid 
if soareqi, ... , q,+i, then some setpi, .. ■ , p,, qj is imlepemlenl. 

Proof: By Lemma 1, d[gi v_/ • • • v.. q,+f!i > <i[pi pj; heiic(! some c// 

is not in Pi p,. 

Pheobem 4.9: If Pi, ,Pn are independent points of L, iJutn limy generate, a 
suhlattice isomorphic with the field of aU sets of Pi. 

Proof: Associate with each set S of p< the join a(iS) of the pt e S. Clearly 
a{S w T) = aiS) a(2'). Again, by Lemma 2, a![a(iS) ^ «(?')] = d[rt(S)] + 
<^[o(2’)] — d[a((S 2’)]. But d[a{X)] is the number of points in X, and so 
d[a(S) a{T)] is bounded (using the inequality) by the number of points in 
S ^T, and so by d[a{S ^ ?')]. But a(/S) a( 2 ') ^ a{S ^ T) since it contains 

every pteS r-^T —from which our dimensional inequality running the otlnn' way 
permits us to infer a(S) a(T) — a{S ^ T). 

76. Reducibilily conditions. Wc shall call a lattice L of finite dimensions 
“completely reducible” if and only if L7i holds. 

Then any asL not covering 0 is the join p v.. p of any p g a and its relative 

* It is easy to show that this is the case if and only if we have * sup (2# - a:) « 0 
for all » e S. 

t Fr. Klein, Birkhoffsche und harmonische VerUnde, Math, Zeits., 42 (1036), 58-81, 
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compleintuit in a, so tliat L contains no irreducible elements except points. It 
is a corollary that (LTa) every element of L is the join of points, and hence (LTs) / 
is the join of points. 




V 


A^ain, after dc^letiiif*; niduiulaiit i)()ints oiH'-by-oiK^, wcicjiii c.lc^arly expn\sH ev(3ry 
elennuit of L as the join of i)()ints which ari^ syinuK^rricaily independent -i.e., 
every a e L lias a Ixma, 

On the other liand, without tin* modular axiom oiui cannot prove tlu^ rev(u*se 
imiilications: in gt'iieral, tlie (umditions for ^hromplete nKhicihility” just givem 
are not ecpiivalent, as is shown by tlic^ e.ounl,(M*(*xampl(^s of Fi^. 0. 

Thus in I, LTo holds, (W<‘i*y aeL has a basis, Wliitney's matroid postulalo 
holds, and so any two bases for the same elem(Mit have the same number of 
points. Although th(^ dual of (^0 holds, (^') itself docs not. And what especially 
interests us, L7i does not hold, and Fr. Klein\s (Hindition does not hold, nor do 
MacLano^s ^^oxchange axioms.” Again, IT satisfies L7i and WhitiKjy's matroid 
postulate, but not (fO-* 

76. Matroid lattices. By a “matroid lattice” or “cx(‘hango lattice,” we shall 
meant a completely rc^dueible iipp(u* scuni-modular lattic-e L. 

We shall now show that we can rephu^o 1 j7i and ({') by apparently weaker 
consequences. 

* This appears to contradict the assertion of the author in [5], p. 802, bottom. But 
Whitney's theory docs not allow one to consider 'hisymmetrical" independence; hence 
Fr. Klein's condition is implicit, and by Lemma 2 of §66 wc conclude that any lattice, 
arising from a *'matroid," does not satisfy ($')■ 

t The phrase "matroid lattice" was suggested by the author following Whitney; Mac- 
Lane [1] speaks of "exchange lattices.” 
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Lemma 1 : Asmmmg L72, MacLane^s first exchange axiom^^ iniiilics his second^ 
and his second implies (^')- 

Proof: If X ^ q > z > X , then some point p would bn coiituinod in z and not in 
x; hence x<Xy^p<XK^q. Now suppose x and y cover a; wo can write x = 
a ^p^y ^ a and hence x^y-a^p^q covers both. 

Lemma 2: From Fi\ Klein*s condition and L72, we can infer S. MacLanc^s 
first exchange axiom. 

Proof: Let , • • • , Xn be a basis for a. Then unless a ^ q a {a ^ p) 
^ q — Oj and so Xi, * Xn y Pj q are indc^peiident. Hence a:i, • •« , , q^ p 

are independent, and p ^ a is impossible. 

Lemma 3; Condition L72 and (f') imply L7i. 

Proof: Let 0 < a: < a be given; choose a basis pi for ;r; t\m\ add innv ind(?- 
pendent points one-by-one until a basis is had for a. Then by Theorem 4.U, 
the join of the new points will be a complement of x in a. 

We can put the above results together, in 

Theorem 4.10: A lattice is a ^^matroid lattice** if and only if it satisfies (A) 
L7i or L72 , and (B) either of MacLane*s excha 7 ige axioyns, or Fr. Klein* s condiiiouy 
or (O. 

The results of §73 on products, homomorphic images, convc'x sul)Ia(.t.ic(\s, 
general sublattices, aiid duals, of upper semi-modular lattices, nunaiii triu^ if oiui 
substitutes the word “matroid'^ for “upper semi-modular,” throughout. 

77. Applications. Many interesting examples of matroid Uitti(!iis can be 
cited which are not modular. 

For instance, the linearly closed manifolds of any afBne space form a matroid 
lattice (Menger [3]); the proof of (?') and L72 is easy. In this example, the 
lattice dimension exceeds the ordinary (affine) dimension by one. 

Theorem 4.11: The algebraically closed suhfwUs of any field I form a matroid 
lattzce. 

Proof: Let F be any algebraically closed subfield, and let // and K vmov F. 
Choose a; in fl", 2 / in 7C, neither in F. Then H is the set* of numlxu’s alg(4.)raic 
over the ring [Fy x]y K of those algebraic over (F, ?y}, and H ^ K of those 
algebraic over [FyXyy], Now if is is in , then some polynomial p{Xy 2/, z) 

= 0; if 21 is not in H then this polynomial must involve positive powers of y\ 
hence y is algebraic over {F, Xy z) . It follows that if B < Z ^ H K, then Z 
contains y, and so Z — H K, which proves (f') and the Steinitz-MacLane 

* We rely on the lemma: the set of numbers algebraic over any subring of / forms an 
algebraically closed subfield. For the algebraic background assumed, cf, van der Waerden 
[1], vol. 1, pp. 206-8. Theorem 4.11 and the applications of it ax^e entirely due to S. 
MacLane [1]. 
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^‘cx(?hangc taxiom.” Finally, the lattitjo satisfies LT-i :if G > F choose a maximal 
set of luunbers x„ of (/ which an^ algebraically independent over F; then the 
algebraic clos\irc;s of the jF, ;ra} will be points whose join is G, 

We can define the “^I'ran.szendcnizgrad” of G over F as the lattice-theoretic 
dimension of G ov(n* F, Then the abov(', theorems on dependence, rank, etc., 
iuc,Iud(^ as corollaries most of Stennitz' theory of algebraic dependence; for 
example, tlu^ number of ;r« is d[G/Fl No satisfactory theory of functional 
dependence has yet been invented. 

Tlui lattices of all partitionsf of any aggre^gate is also a matroid lattice; the 
lattice dimension ex|)rcsstvs the number of parts into which the aggregate is 
divided. So is tlu^ lat.tici^ of all partitions of any graph into connec^ted sub¬ 
graphs; this is r(dat(Kl to the four-(iolor map theorem. 

H. WhitiK'y [ 1 ] has (Mumected the th(H.)ry of matroid lattices with vector de- 
l)end(*nce and with graphs. '’Fhe coinu^t^tion Avitli “schematic configurations*^ 
has also been pointed out by T. Nakasawa (op. cit.) and MacLane (Some inter- 
pretaiions of abatract linear dependence^ Am. Jour,, 58 (1.936), 236-40). 

B(Hjauso of tluhr (U)nne(d.ion with ))artiitions, the study of matroid lattices 
should be important in combinatory analysis.t 

78, Projective geometries. W(^ shall now show that the usual definition of 
a proj{K!tiv(^ gc'onujtry is ( 5 (iuivaient with the definition of §70. 

Suppose L is a proje(^tive gc^onuhriy in the s<ius('. of §70. Let us agree to call 
(k + l)-dim(‘nsional ('hmuMits of L, simply “A:-(Jements**; th(‘n 0 -elements will 
be points and we can call l-(*l(un(Mits “lines** and 2 -elements “planes.** 
Further, instead of writing .r g y, we shall say is on ;i/.** Then 

P{i.l: Two dialinct points are on one and only one line. 

PC52; If p, 17 , r are points not all on the same line^ and if p* and are on p ^ r 

and q V-/ 'r, respeef iveh/, then p q and p"^' w cf have a point s in common. 

PG3: Every line eonlains at least three points. 

PG4: Every (k + ]yelement is of the form p ^ a [p a pointy a a t^element]^ 
arid contains those and onhj those points q on Hues through p and points of a. 

Proof: If p 7 ^ ( 7 , tluai d[p q\ = d[pj + ^[^ 7 ] — d[0\ = 2 , proving PGl. 
Again, under the hypotheses of .PG2, (Nearly d[p ^ q ^ r] ~ 3 and 

d[{p w 7 ) (?;* .-X 7 *)J = d[p 7 I + d[v* 7*] - 4'P •^q •^r] = 1, 

and so (?) w 7 ) ^ (p* v-> 7 *) = s is a point, with tiio desired properties. PG3 

t Tliis lattice roHOinblcH the «yinnu}tri<! grouf) of all pormutations of tho olomcnts of the 
aggregate: its automorplxiBmB are all induced by pormutaticjna of tho cloments, it has no 
non-trivial congruence relations (is “simple**), etc. Of. Abstract 40-11-323 of tho Bulletin 
of tho American Mathematical Society; also the author [6J, §§16-22. 

t One would like to be able to answer any or all of tho following questions: (1) is every 
finite modular lattice isomorphic with a lattice of a partitions? (2) is every (finite) lattice 
a sublattice of a matroid lattice? 

Again, it is not certain what (fO should become in the infinite-dimensional case, although 
MacLane and Wilcox have done some work in this direction. 
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was proved in §70, while PG4 is obvious from LTs and tlu; fad. that U/ p) a 
is a point on a such that [{q ^p) a] ^p contains q by I />. 

We conclude the 


Lemma: An nrdimemional projective geometry in the seme of §70 in <ui nlmtiuict 
(» — l)-dimensional projective geometry in the sense of Veblen and Young.* 

79. Converse. This leaves us with the converse. Most of flits Is conlaiinsl 
in the following result of Monger [2]. 

Lemma: Any projective geometry is a complemented modular lattive. Mirtn are 
intersections, and the lattice dimension is the projective dinwusiou plu.'i one. 

Proof: It is obvious from PG4 that if we define x ^ y to mean “every point 
on a: is on y,” we get a partially ordered system. '’I'lii.s is also obviottsly finiii*. 
dimensional, and the lattice dimension exceeds the projective dimension !)>• duo 
( using PG4 and induction). Also, intersections of elemenfs of a ]>rojeelive 
geometry are again elements—hence the system is a lattice. Moreover 1,7a is 
obvious. It remains to prove L6, but this follows from I,he dimi'n.sional law- 
dim X + dim ilf = dim X dimX •.->M (Veblen and ^'onng, vol. 1, iip. 

32-3, Thms. S„2 and S„3). 

Theorem 4.12: Our definition of a projective geometry is eqiiivalenl to the u.suul 
orae.f 


Proof: After the last two lemmas, wo need only show that, all poinl.s in the 
second lemma are perspective. But this is precisely condition I‘(,i3 which I hii.s 
becomes revealed as the condition that the complemented nnxlnlar lal lice dclinetl 
by the other conditions be indecomposable. 

Our definition is better than the usual one, in that it reve.als Ihe eelebrali-.l 
duality pnneiph of projective geometry ab iuif.io.t It revetds projective 
geometry immediately as “the geometry of section tintl jirojeetion'' (its chartu*- 
tenzation since Th. Reye’s Geometris der Lage, 1800), and what itsed f o be called 
^ collmeations” as simply automorphisms in the sense of univ(n-.sal tilgebni. it 
IS also better in that it suggests the extension to continuou.s-dimensioniil (point- 
free) projective geometries. 

80 . Examples of projective geometries. Let F bt^ any field or .sk.nv-lield, tiuil 
f Ih' Gemnelry, Hoston, Wit). 'I’liis l,ciuiti« is tlitc 

“.“rit. n ?— * '• ........I.- 

has recently axiomatiKcd affine and (real) non.K.i,.ti.lcni, Kcmelrv 

«<«>■ 

rpm PO(F ,«) is PO{F*) n), wliero P'* is anti-isomorphic! to h\ If in aiiv Ihco- 
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dcuioto by V (F; w) the n-dimentsional vector space over F. We shall show that 
ihi) subspac.cs of V{F] 7i) form a projective geometry, to be denoted PG(F; n), 
whicli is n-dimoiisional in our scuise. 

Index'd, since V{F] n) can be regarded as a group with operators, they form a 
modular lattice; this was proved c^arlicir. This is evidently n-dimcnsional in 
our sense, sirux^ it has a basis of 7i elements. Further, I is evidently the join of 
“atoms,” hence the lattice is complemented. It remains to show that there 
are three “points” oii any “line.” But let two points consist of the scalar 
multiples cf and ctj of two vectors; then the projective “point” (in so-called 
homogeneous coordinates) of c(^ -f- ^7) is a third projective point on the line 
through them. 

It is proved in Vcjblou and Young, by use of von Staudt’s algebra of throws, 
that if n > 3, then the converse is true: any abstract projective geometry is a 
P(r{F] n ~ 1). The study of i)laue ])roj(^ctivo geometri(\s not PG(F; — 1) 
takc'S us into oiu'. of tlie most mysUuious and fascinating parts of combinatory 
analysis.a su))ject concerning which little is known.’’* 

81. Continuous-dimensional projective geometries. W(^ shall now construct 
c-ontimioiis-dimensional projective geonu^tries ov(u- any field F in the way indi¬ 
cated by von Neumann [1]. 

It is deal- tliat if a and a' are (jompleim^ntary n-dimensional elements of 
PG{F; 2?i), then the sublattices X and K of g a and y g a' are isomorphic 
with PG{F; n); henc.(^ they an> isomorphic. Moreover since a and a' are iiide- 
pendc'iit, by Tlujorem 3.3 tli<^ joins ;c y [x e X, y e Y\ form a sublatlice iso¬ 
morphic to A^Y == X^j in PG(F; 2n), But we can prove trivially the 

Licmma: The couples [x, .r] of X^ form a siihlattwc of A"“ which is isomorphic 
with Xy luuic.r cm isomorphism carrying 0 into (), I into /, arul maUiplying dimeU'^ 
sions by Iwo. 

We infer thai. P(r{F; n) ciui he (Mnl)edded isoinorphicaily in PG{F\ 2a) so tluit 
the “iiormalizied dimension function” d[x\/d[l\ is ])res(U’V(Mi. Using iteration, 
W(5 can construed; a sciquenc.e of extcxisions of PG{F\ 1), 

PG{F] 1) ^ PG{F] 2) PG{F) 4) -- PG{F] T) 

wliich preserve lattice operations and the “normalized dimension function” 
(i[x]/d[I\, 

Passing to thci limit, we get an enveloping inelric lattice containing elements 
of every “dimension” between zero and one, which can be expressed as a fraction 
/c/2'*. By Theorem 3.14, this is embedded densely in a compute meti’ic lattice 
containing elements of every dimension d, 0 g d g 1. This last is the “con¬ 
tinuous geometry” CG{F) of von Neumann, having F as base field.f We omit 
proving that CG{F) is complemented and irreducible. 

* Rouse Ball’s Mathematical Recreations and Essays contains some interesting material. 

t An interesting construction analogous to von Neumann’s has recently been suggested 
by Aronszajn and Glivenko (cf. Glivenko [2], p. 40). 
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82. Algebraic construction of dimension function. We know as a eorollary 
of Theorem 3.13 that CG{F) is a topological latticc—we shall omit the detailed 
proof. 

Von Neumann has proved conversely that, in any complete, topological, com¬ 
plemented modular lattice without centei*, one can* introduce a dimension 
function, which becomes unique when ^hiormalized^’ to maked[ 0 ] = 0 , d[I] = 1 . 

To do this, he first defines d[x] = d[y] as a relation which holds if and only if 
X and y are perspective. Then he proves that perspcctivity is transitive, 
justifying his use of the equality notation. This leaves imtoiiehed tluj probk^m 
of correlating the purely abstract “dimension” with the real number system. 

To accomplish this, he defines d[x] S d[y] to mean that x is porsp(Hitiv(j with 
a part of y. Then he proves that this relation simply orders his ahstrac^t 
“dimensional elements.” Next ho defines addition of “dimensional eJ(uneiits,” 
by making x ^ y ^ 0 imply d[x v-/ 2 /] = d[x] + d[y]. He gets in this way a 
truncated ordered Abelian group, and his last problem is to show that this is 
isomorphic either with the fractions having a fixed denominator n (tlici case of 
finite dimensions), or the continuum 0 ^ x ^ 1 (the continuous-dimcui- 
sional case). 

83. Von Staudf s “algebra of throws.’^ Not having so good a numbeu’ sysi-cm 
as we do, the Greeks performed arithmetic calculations on lengths witb riiku’ 
and compass. It was an observation of von Staudt [ 1 ] that one c^ao add, sub¬ 
tract, multiply and divide magnitudes with a ruler alone—that is, ih(\s(^ op(‘ra- 
tions are definable from the algebra of linear subspaces of tluj i)laii(;. 

To see this, fix a “line at infinity” L and an “x-axis” X in pr<)j(H^Mv{i 
plane. The lines through X ^ L will be the “parallels” Xo : y = c i»o 
tc-axis, and perspectivity through any point on L defines a (U)rrespon(lciic(i 
(x, 0 ) (.X + a, c) between X and Xe . Hence the most g(MKU’al translation 

of X can be accomplished by a sequence of two such persp(jctivil;i(^s. And if 
we fix (0, 0 ), we can add elements on X\ letting 'p denote the intcvs(ic,ti()n of L 
and the line through (0, 0) and any point (0, c) on Xc , and q that of L and the 
line through ( 0 , c) and (a, 0 ), perspectivities through p and q in orden* will c.arry 
( 6 , 0 ) (a + 6 , 0 )—and define the “sum” of a given (a, 0 ) and ( 6 , 0 ). 

Similarly, if we fix a ^/-axis F, then perspectivity through any point on L will 
define a similarity transformation of X onto F; X'cversing and using another 
axis of perspectivity, wo get the most general expansion (x, 0) (ax, 0) of X. 
Hence if we fix (1, 0), we can multiply elements of X: given (a, 0) and {h, 0), 
we can consti’uct the “product” (a&, 0). 

The amazing thing is that PG1-’PG4 and Desargues’ Theorem alone suffice 
to ensure that the “algebra of throws,” so constructed, shall define a field.'t 
This field is known to be commutative if and only if Pascals Theorem holds, 

* He assumes contimiity hypotheses involving any increasing transfinito sequence. 

t Of. Veblen and Young [1], voL 1, p, 140. Also D, Hilbert, Grundlagen der Geovietriet 
Chaps. V-VI. Also Veblen and Bussoy, Finite projective geometrieSf Trans. Am. Math. 
Soo., 7 (1906), 241-69, and j. W. Young, Projective Geometry^ Chicago, 1930, pp. 120-4. 
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Moreover if dll] ^ 4, DcsarguoB^ Tlieorein is known to be implied by PG1-'PG4, 
but not otherwise.* 

84. Coordinatization by ‘‘regular rings.’’ Thus any projective geometry of 
finite dimensions n > 3 is isomorphic with the lattice of all subspaces of the 
n-dimensional linear space over a field F, Equivalently, as lias been pointed 
out by von Neumann ([3], Part 2 ), it is the lattice of all left-ideals of the “simple” 
ring of all n^-matrices over F. 

Moreover this “ring-coordinatizatioii” has an outstanding advantage over 
the usual “field-coqrdiiiatizatiou” of von Staudt: it also coordinatizes reducible 
complemented modular lattices. It is easy to showt that the lattice of left- 
ideals of any sum R of simple rings , • • • , Rn is tlie product of the lattices 
of left-ideals of the Ri individually. Heiujc in gcMieral, the finite-dimensional 
complemented modular lattices are the lattices of all left-ideals of “semi-simple” 
rings. 

In this case, von Neumann amplifies Wedderburu’s theory by some new 
results: two seini-simplej rings arc isomorphic if and only if the lattices of their 
(principal) left-ideals are isomorpliic, and anti-isomorphic if and only if the 
latter are dually isomorphic. Also, two-sided (principal) ideals, which corre¬ 
spond to idempotents in the “center” of th(^ ring, likewise constitute the “center” 
of the lattice of left-ideals. 

Also, it is made plain that W(^dd(n*burn’s proof tliat any “semi-simple” ring 
is a direct sum of “simple” rings, while the lattcn* are “full matrix rings” over 
fields Fi , corresponds to our tlu^orcm that any complcnunited modular lattice 
is a product of “projective^ geometries,” while' the lattc'.r are “full subspace 
lattices” over (von Staudt) fi(4ds Fi . 

Ring-coordinatizatioii also has the advantage that it (^an be (^xUmded in a 
natural way to the infinite-diineuHioual cas(). The ({oustruction (which requires 
the assumption that I/O can be divich^d ijito four mutually perspective i)arts) 
will not even be sketchc^d; the reader will find it in the pai)er l)y von Neumann, 
cited above. 

86. Orthocomplemented modular lattices. We have seen that some modular 

* Of. Vcblcn and Weddorburn, Trans. Am, Math. Hoc?., 8 (1.007), 370*88. 'Phis suggests 
the problem of finding lattico-thoorotie (icpiivalmits to Desarguos’ and Pascals Thoorenns. 
But we can show that wo lattice? identity can ho ecpiivalont to PaHc^aPs Theorem. For 
any identity true in a lattice is a fortiori true in a subiattictn And the throo-dimonsional 
projective geometry over the (non-commutative) (luaternion field is contained as a aub^ 
lattice in the twolve-dimonsional projective geometry over the real field. On the other 
hand, any finite field is commutative (Weddorburn), and so this does not apply to the 
finite case. 

t If J" is any left-ideal, then J ^ (/^i H- • * • + Rn)J ^ Hi J + ■ • • + Rnl) hence J 
is the sum of its components in the Ri, We now apply §30. 

t Von Neumann [3] has introduced the word '‘regular” ring—and shown that regularity 
is equivalent to the assumption that every a e R have a “qualified inverse” a;, such that 
axa a. For further literature of, P. Maeda, Ring dectnnposUion without chain condiiionj 
Jour. Sci, Hiroshima Univ., 8 (1939), 146-07, and Homomorphic basis for continuous 
geometryf ibid., 9 (1939), 73-84. 
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lattices arc “ortliocomplcmcnted/* in the sense that a complenientatioii is defined 
satisfying L7 and 

L 8 ; (x ^ yY = x' ^ (x yY = x' ^ y', and (a;')' = ic. 

Thus this holds for the lattice of all subspaces of Euclidean n-space/‘' if 
denotes the orthogonal complement of x. It also holds for the subsets of any 
aggregate /, provided x' denotes the sct-complement of x. 

It is natural to ask wliich modular lattices of finite dimensions are ortho- 
complemented. It is easy to show that a reducible modular lattice is orthocom- 
plemented, if and only if its irreducible factors arc. This conccntx'atcs our 
interest on the n-dimensional projective geometries PG{F; n) over (not neces¬ 
sarily commutative) fields F. 

In this case, it is laiowiif to bo necessary and suflEicient that F admit an anti¬ 
automorphism X w(x) of period two, with a “definite diagonal Hcrmitian 

form” ^i^iw(xi)aiyi j such that w(ai) = a*, and that ^ 

implies every Xi is zero. 

86. Modular functionals. When wo specialize to the complemc^nted case, 
several definitions involving functionals become equivalent to simpler ones: 

Theoeem 4.13: Let m[x] be any functional on a complemented modular laliicc^ 
and suppose m[0] = 0. Then (a) m[x] is modular if and only if m[x y] = 
m[x] -h m[y] when x r^y ^ 0. If modular^ it is (b) of hounded variation if and 
only if boundedf (c) non-negaiivc if and only if m[x] ^ 0 identically j and (d) pod- 
live if and only if x > 0 implies m[x] > 0. 

Proof: The necessity of tlie conditions is dear in all four (;us(;h. As to tlu^ 
sufiScicncy of (a), set x — x — x ^ y ^ u. Then u, and x ^ y 

are independent by tlic lemma of § 66 , whihvx ^ = (x ^ y) ^ t Hence 

m[x /-N 2 /] = '^y] + w[i] 4 * m[u], m[x] = ni[x ^ y] + m[i], and 7n[y] = 

m[x ^ 2 /] + m[u\ from which Ml follows. As to (b), note that if wo rci)lace 
quotients by differences, wo replace the positive variation by m\^Xk — x^^-l], 
summed for the quotients on which the change is positive. Hcncc the positive 
variation is bounded by sup | m[x] |; so is the negative variation, whence the 

* Under the same definitions, the (non-inodular) lattice of all closed siibspat50s of 
Hilbert space is orthooomplomentcd. Cf. M. II. Stone, Linear ^'ransforimtions in Flilhert 
Space and their Applications to Analysis, American Mathematical Society Colloquium 
Publications, vol. 15, New York, 11)32, pp. 20-1. 

t Cf. G. Birkhoff and ,T. von Neumann, The logic of quantum mechanics, Annals of Math., 
37 (1936), p. 836 and Appendix. Zassenhaus, according to Artin, has shown that any dual 
automorphism of FG{F] n) is in fact polarity with respect to a bilinear form, provided 
?z > 2. The case in which L8 holds, but the complement of every point contains that 
point (the case of so-called ^‘null systems”—cf. W. C. Graustein^s Geometry) has been 
treated by R. Brauer, A characterization of null systems in projective space, Bull. Am. 
Math. Soc., 42 (1936), 247-54. 

J. von Neumann ([2], Part III) has further related the existence of orthocomplements 
to that of “Hermitian” idempotents in the coordinatization by regular rings. 
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total variation is bounded by 2-sup \ m[x] |. As to (c) and (d), simply note 
that if X > ijj then x -- y > 0 and 77i[x] = m[y] + m[x *- y], 

87. A decomposition theorem. Again, let m[x] be any modular functional 
with m[0] = 0 on a complemented modular lattice L. 

Lkmma 1: The sd Jq of a such that x S a implies == 0 is a neutral ideal. 

Proof: Evidently it is M-elosed; again, if a, h e ./o, and x ^ a then we get 

m[a;] = m[.'c a] + 7n[x/x ^ a] = ni[x ^ a] + 7n[x ^ a/a] = 0 + 0 

since x a/a is the transpose of a part of h. Thus Jo is an ideal. Again, 
if a and a* arc perspcictive, tluui the sublatticc^s of x ^ a and of y a^ are 
metrically isomorphic; heiu^e Jo is a neutral ideal. 

A similar argument shows that the set J of a siujli that 0 < x ^ a implies 
m[x] > 0 , and th(^ dual set J~, are also neutral ideals. Moreover Jo, J"^ 
and J“' are clearly without common elemcjit Iumk^c (Ixung neutral) they are 
independent. 

Now suppose that L is topologic^al and (^omplcite, and tliat 7n[x] is “completely 
continuouH^^ in the sense tliat :r„ | x imi)li(\s and dually,*!' where 

limits are understood in the generalized sense of §38. Then the join ao of the 
a € Jo will bo a limit of finite joins of a e Jo , and lumcc of elements of Jq . 
It follows, siiK'C L is topological, that any a: ^ no will be the limit of x ^ a 
[a 6 Jo], and so will satisfy 7 M[;r] = lim 7n[x ^ a] = 0 . We conclude: Oo e Jo 
— that Jo is a principal ideal, generated by aii (foment ao whic.h (Jo being 
neutral) must Ix^ in the center of L. 

A similar argument shows that undi^* the sanui hypotlic'scs and are 
also principal kh^als, gi^nerahid by elenn^nl-s a' anti a~ also in the turn ter of L. 

Now consider the (jornphauent h t)f Uo . Since b is not in Jo, 

7 n[x] ^ 0 for some x g h; siippos<^ > 0. Deleting from x one at a time 
parts t on which 7 n[l] g 0 , as long as possible, wt^ g(*.t a residuum r such that 
(using modularity and (continuity) ^ ^ imifiies m[t] > 0 . 

But this would make r > 0 in J ‘'. contrary to its dtdinition as (*.ontained in 

the complement of a^\ 

We conclude b = 0 and ao ^ ^ oT - whence 

TiiicoiuaM 4.14: If L is topological and co7nphte^ ami 7n[x] is completely con- 
tmuous^ the7i L is the product of three compo7ieni8 — 07i 7vhicJi 7n[x] is positive, 

and negative, respectively. 

In other words, the decompositjiron of tlie variation of 7n[x] (Jordan^s decom¬ 
position) is associated with a decomposition of L itstdf. 

It is a corollary that if L cannot be decomposed, as in the case of projective 
geometries, then any two modular functionals must be proportional: otherwise 
some linear combination of them would have mixed sign, and we could use 
Theorem 4.14 to obtain a decomposition. 

t This cannot be unless m[x] is of bounded variation. 
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88. Definition. Many important lattices satisfy the following three identities, 

L6: {x r^y) (y ^z) ^ (s ^ x) — (x ^y) ^ (y ^ z) ^ (a w a:). 

L6': X ^ (y ^ z) = (x ^ y) (z ^ z). 

L6": z ^ (y ^ z) = (x y) ^ (x ^ z). 

Definition 5.1: A lattice tuiU be called "distributive” if and only if it satisfies 
L6, L6', L6" identically* 

Theorem 5.1: Each of identities L6, L6', L6" implies L5 and both of the others,^ 

Proof: Assuming L6 and x z, one gets by direct substitution {x ^y) ^ z = 
{y ^ z) ^ X, which is L5 rearranged. Similarly, assuming L6' and x ^ z, 
one gets x ^ {y ^ z) = {x ^ y) z. Finally, assuming x £ z in LO", one 
gets X (y ^ z) = (x ^ y) ^ z. Hence each of the conditions LG, LG', LG" 
implies L5. 

Now assuming LG" we get by expansion, 

[(» ^ y) yJiy ^ z)\ y^{z ^x) 

= [(« ^y) (y ^z) v-' 2] [(« ^y) (y ^z) *] 

= [(aj ^y) y^z] r-y [( 2 / ^z) ^x] ■ by L3-L4 

== (a: w 2 ) (y w a) ^ {y ^ x) ^ (z y^ x) by LG" again 

— (x y^ y) ^ (y y^ z) ^ (z y^ x) by L2-L3 

which is LG. Conveisely, abbreviating LG to the form u = v, we get from 
the equality x y^ u = x y^ v, x y-, {y z) on the left-hand side, and on the 
right-hand side, using L5, 

X y^ {[y yy^ z] ^ [(a: yy> y) ^ {x y^ z)]) = (x y^y y^ z) ^{x yyjy) ^{x yy> z). 

* Synonyms are “Dualgruppe von Idaaltypus” (Dedeltind), “distributivor Vorband” 
(Fr. Klein), ^'arithmetic structure*' (Ore). 

t Historical note: It is curious that C. S. Peirce [1] should have thought that every 
lattice was distributive. He even said L6', L6" are “easily proved, but the proof is too 
tedious to give"! His error was demonstrated by^clirader [1], p. 282, who showed that 
L6', L6" were not implied by L1~L4, but (p. 286) implied each other and L6. A. Korselt 
(Math. Ann., 44 (1894), 156-7) gave another demonstration. Peirce at first [2] gave 
way before these authorities, but later (of. E, V. Huntington [1], pp. 300-1) boldly defended 
his original view. 

Dedekind [1], p. 116 showed that each of L6' and L6" implied L6. Monger [3], p. 480 
showed that L6 implied L5 and L6', L6", We note also an important unpublished condi¬ 
tion of J. Bowden (1936 ): x ^ {fy ^z) ^ (a: w y) z-n gi, equivalent to distributivity. 
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But by L3-L4, this is {x y) ^ {x ^ z)^ the right-hand side of L6". Thus 
L6" and L6 are equivalent; dually L6' and L6 are equivalent, completing 
the proof. 

Corollary: Any distributive lattice is modular. 

Remark: The implications of the preceding paragraph can also be read off 
from the figure of §59, using §02. 



From the same figure, it is evident tliat in a non-distributive modular lattice, 
the Ci form with c and d the sublatticie graplu'd in Fig. 10. Combining with 
Theorem 3,1, we conclude 

Theorem 5.2: A lattice which is not distrihutiva contains one of the examples 
of Fig. 10 as a sublaitice.^ 

Corollary 1 : A lattice is distrilmtive if and only if relative complements in it 
are uniquely determined. 

This means that, given a g .r g 6, at most one y exists satisfying x ^y — a 
and a; w 2 / = 5. 

Proof: In a distributive lattice, x u == x ^ v and x u = x v imply 

u ^ u ^ {x v) = (u ^ x) {u ^v) 

(v ^x) (u ^ v) = V (u x) ^ V, 

Conversely, in a non-distributive lattice, the element a: in either example of 
Fig. 10 has two relative complements. 

Corollary 2: Any nonr-distribuiive modular lattice which satisfies either chain 
condition contains the first example of Pig, 10 as a sublattice in which x, u, v 
cover 0 . 

Proof: If the descending chain condition holds, then we can find a a;* ^ ic which 

t G. Birkhoff [3], Thm. 4. Oorollary 2 is Theorem 6, ibid. Corollary 1 is duo to Berg- 
mann [1], p, 273; cf. also Ore [1], p. 414, condition (5a). The condition is related to ideas 
of R, Grassmann [1], Of. Chap. VI, 
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covers <3. Then (a;* k^u) and ^v) will provide the other examples; 
the role of e will be played by 

[(re* w w) ^v] w ic* == (x* w w) ^ (y a;*). 

The covering conditions are guaranteed by Theorem 3.3. The case of the 
ascending chain condition may be treated dually. 

89, Examples. Any chain is a distributive lattice: in any chain, each side 
of L6 is the middle one of the elements x, z. Again, the subsets of any 
aggregate I form a distributive lattice—and more generally, any ring of sets 
is a distributive lattice. Thus the open subsets of any topological space form a 
(complete) distributive lattice, and so do the closed ones. 

Moreover any sublattice or product of distributive lattices is again distribu¬ 
tive. Hence so is any power of any distributive lattice D with a partially 
ordered system X as exponent.f Also, the dual of any distributive lattice is 
distributive. 

Therefore the lattice of the natural integers, ordered by divisibility, forms a 
distributive lattice: it is a sublattice of the direct product of a countable set of 
chains (consisting of the powers of the various primes 2, 3, 6, • ■ • )* Hoikjc so 
does the (isomorphicj) lattice of ideals of the rmg of all algebrai(j integers of 
any finite extension of the rational field. 

Many other examples of distributive lattices are described in Cliapt;er VI. 
While in Chapter VII, it is shown that most function spaces arc also distributive 
lattices. 

90. Representation theory. It has been remarked that any ring of sets is a 
distributive lattice; in §§90-5 we shall prove converses of this proposition. 
These allow one to identify the theory of distributive lattic(\s witli tliat of 
rings of sets, classified relative to isomorphism. 

In the finite case the argument is simple. § 

Theorem 5.3: Every finite distributive lattice L is isomorphic with the ring of 
all M-closed subsets of the set X of its join-irreducible elements Xi > 0, 

Proof: Clearly every a in jb is the join VaXi of the set A of Join-irreduciblo 
elements Xi ^ a\ this is even true of 0. Again, if g a and Xj S Xi, then 
Xj g a; hence every set A is Af-closed in Z. We come now to the crux of the 

t These conclusions apply to the family of lattices characterized by any identity or set 
of identities; the same considerations show that any lattice-homomorphic imago of a 
distributive lattice is distributive. For the immense generality of this principle of. 
G. Birkhoff [6]. 

t Cf. van der Waerden, vol. 2, p. 100. This is probably why Dedekind called distributive 
lattices *'von Idealtypus.'^ 

§ The results and ideas of §90 and §93 are due to the author ([1], Thms. 17.2-17,3; also 
Comptes Rendus, 201 (1935), p. 19, and [7]); §93 involves ideas of Ore. The general ideas 
of representation theory for Boolean algebras and distributive lattices are due to Stone 
[4] and [6]. Stone was guided by the classical theories for the '^representation** by 
matrices of finite groups, Lie algebras, and hypercomplex numbers. 
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]iro()f: every M-i\lomd scl; C in X contains all Xj ^ VeXi in X. Indeed, under 
our hypotheses, 

Xj ~ Xj 1 ^ Xi “ 

(7 C 

and so (siin^c^ .r,- is joiii-irreducible) sonic Xj /-x a;* is Xj , whence Xj ^ Xi , and, 
G being M-c^losc'd in A", Xj is itself in C, 

It folh)ws Unit the corfespondence between elcniciits of L and M-closed 
subsets of A" is oncvoiie. But it clearly preserves order; hence it is an iso¬ 
morphism, q.e.d. 

Now applying Theorem 1.12, we infer immediately 

CoROTiT.AiiY 1: L is /i'\ where Y is the dual of X. 

91. Hypothesis of finite dimensions. We shall next replae^c the hypothesis 
that Ij is finite^ l)y i-he (wc^aker) hypothesis that its dimensions are finite. Indeed, 

Lkmma 1: If L conlains n join4rreduciblc elements a:i, ■ * • , , then d[L] ^ n. 

Proof: H(‘arrang(*. ilie Xi so that Xt < Xj implies i < j; by the anti-eii’cularity 
of partial ordia’ing, this is possible. Then the chain 0 < < pi w p 2 < • ■ • ^ 

Vi^i Pi is of haigth n. 

It is a corollary that if (l[L] is finite then tlu^ s(^t X of Theorem 5.3 is finite, 
and so l.lui remarks ma(h^ above about M-closed subsists of X are tnu- More¬ 
over tlu^ first, t wo s('nteu(*(‘s of the proof of Theorem 5.3 apply to any lattice of 
finite. (linumsions -Ikmu^c we can conclude that the entire proof, and so the 
theorem, does. 

L(‘mnia I shows that in Th(U)rcm 5.3 tlie dimensions of L are at liuist (Mpial to 
tlu^ numlxu’ of ek^neiits in X. But ck^arly the dimension of a ring of subsets 
of n ehaiK'nis is a.t most n; hencui th(^ two numbers arc ecpial. W('. ijifer 

1’’irKoanM 5.-1: /n Theorem 5.3, d{L\ equals the number of dements in X, 

(k)it()i 4 nArtY 1: The number of {non-isomorphic) distnbuUve lattices of n dimen¬ 
sions is equal to the number of partially ordered systems of n elements. 

("oROi^nAUY 2: No distribnlivc lattice of n dmumsions contains more than 2'' 
devients. 

92. General representation theory. The ^'representation theory” for a dis¬ 
tributive lattices L is eouconicd with the following problems: (I) with which 
lings of sets is L homomorphic, and (II) which of these homoanorphisms are 
isomorphisms. 

Accordingly, let 6 be any homomorphism a; —> Z from L to a ring SK of subsets 
Z, 7, 2^, • • • of a class L Clearly each point pel defines a partial representa¬ 
tion dp of L onto a ring 9?^ of subsets of p; moreover Q is in an obvious sense the 

sum of the Bp, . -p > 

But a given Bp may be trivial: if every set in 9i contains p, or if every set in yc 

excludes p, then Bp will carry every element of L into the same element of 91^ . 
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If dj, is not trivial, it defines a homomorphism of L onto the two-element 
lattice B of all subsets of graphed in Fig. 11. Moreover the antecedents of 0 
constitute an ideal Jp in L. 

DEriNiTiON 5.2: An ideal J in a lattice L will be called prime, if and only if J 
is the set of antecendents of 0 under some homomorphism of L onto the two-element 
lattice B. 


Q 


© 

Fig. 11 

Now if we discard those points p such that 6p is trivial, and identify points 
p and q whenever Op ^ dq, wo get an isomorphic ^'reduced” repi'esentation. 
In this, 0 and / in L correspond respectively to 0 and I in 5K, and each Op defines 
a different homomorphism L B, Moreover in virtue of our definition of 
prime ideals, we know 

Theoebm 5.5: The different reduced'^' representations of L correspond one-one 
to the different subsets of the set of its prime ideals. 

Stone has defined the ^'perfect^' representation of L as the “reduced” repre¬ 
sentation corresponding to the set of all its prime ideals. It is clear that, if L has 
any isomorphic representation, then its representation will be isomorphic. 

93. Digression on prime ideals. We shall now establish a connection between 
prime ideals and irreducible elements. 

Lemma 1 : An ideal J of a lattice L is prime if and only if L — J is an ideal in 
the dual of L. 

Proof: That L — J must be a prime ideal in the dual of L is evident: dualiza- 
tion interchanges J and L - J, and 0 and I in B. Conversely, if L - / is an 
ideal in the dual of L, then (1) x eJ and y eJ imply x ^ y and x ^ y both 
in (2) a: 6L — J and y eL — J imply x r^y and x w y in L — J, and (3) 
re € J and y cL — J imply x ^ y in J and a; v-. y in L — Thus the partition 
of L into J into L -- J defines a homomorphism L B. 

Lemma 2: J is prime if and only if x ^ y ej implies x ej or y ej. 

Proof: This amounts to asserting that xiJ and y iJ imply x 4 J, 
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Lemma 3: A pi^incipal ideal a ^ L qf a distributive lattice L is prirmf if and 
only if a is rneet-vreducihle. 

For X ^ y ea ^ L\i and only if 

a a {x ^ y) — {a x) ^ {a y)^ 

and to say that this holds if and only if a; € a ^ L or y ea L is to say that 
it holds if and only if a = a a; or a = a ^ y, that is, that a = u if and 
only if a = ?^ or a == v. 

Now lot L be any distributive lattice of finite dimensions, so that every ideal 
in L or in its dual will be principal. 

Theouem 5.0: The set X of moei-imducible elements {ordered by relativization) 
is isomorphic with the set of prime ideals {ordered by setAnclusion). It is dually 
isomorphic with the set Y of joinriri'edudble elements. 

Proof: The first statement is a corollary of Lemma 3 above; the second 
follows since (1) prime ideals J in L and prime ideals L — J in the dual of L 
are complomcintary in pairs, (2) complementation inverts set-inclusion, and 
(3) dualization carries meet- into join-irreducibility. 

CouoLiiAiiY: A distributive lattice L of finite dirnensions ri has exactly n prime 
ideals. 

Sinc(‘. a rinp; of subsc^ts of a s(^t of less than n elements has less than n dimen¬ 
sions, wo conclude (by Theorem 5,5) that L has no isomorphic “reduced^^ 
rcpr(^S(*ntations, (except th<^ “pc,rfect” representation. 

94. Distributive lattices qua modular lattices. If one assum(\s Theorc^ms 
3.5 3.(), many of the above results become much easier to prove. 

Indeed, th(?s(^ theorems show that any modular lattice L of finite diimnisions n 
is a sublatticx^ of the prodin^t Li • • • Lr of ^^simplc^^ homomorphic images 
Li, • • • , Lr, where d[Li] + • • • + d[Lr] = d[L]f and so r ^ n. 

But now if r = n, tluni d[Li] = ... = d[Lr] = 1, and so every Li is isomorphic 
with iJ, thc^ only oiKvdimonsional lattice. It follows that L is distributive. 
(5onv(u*seIy, if L is distributive, then from any conixicted chain 0 — < 

ai < • < = I in L, oiui can constinict ri endomorphisms 0i\ x 

{x ^ Ui^j) ^ Ui of Lj ea(!h of whicli defiin^s a distincst liomomorphism of L onto B 
.where B is obviously simple. We infer 

Theoeem 5.7: For a modular lattice L of finite dimensions to be distnlmtive^ 
each of the following conditions is necessary and sufficient: (a) the only simple” 
homomorphic image of L he S, (b) L have d[L] distinct prime congruence relations^ 
(c) no two distinct quotients in the same chain be projective. 

Coeollaey: A distributive lattice L of n dimensions has exactly n prime ideals. 
96, A general existence theorem. Much less is known in the infinite- 
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dimensional case. But even this case is contained in the followiu;*: 
representation theorem, 

Theorem 5.8 :t Any distributive lattice L is isomorphic mill a riny of sets, 
(The converse is obvious,) 

Proof: We shall show that the perfect representation Is isomorphic that 
unless X y\n L, there exists a homomorphism d: L B sucli t.hat 6/(.r) = 0 
and 0(y) = J. 

First make the homomorphism dii (u ^ x) ^ y, mapping Ij oni.o iJu» 
sublattice Li = L(x ^ y, y) of t satisfying x ^ y ^ t ^ y. Siao(^ = 

X ^y and 6i(y) = y, this reduces the problem to the case x = 0, y ~ /. 

Now use induction. If La contains an element Zj 0 < z < form - 

La/z L„ —i.e., identify elements congruent under the lioinomorplii.sin 0„ : 
u—*u V-/ 2 . Clearly da(P) < da(I). If w is a limit ordinal, define x s ;/ mod 0^ 
to mean x = y mod Ba for some a < w. That Bu is a lattice-homoniorphiKm of Ij 
follows since the operations are binary;! moreover since 0 = 1 mod 0„ for no 
a < u, 0 fk I mod Ba. 

This process defines a (transfinite) sequence of congruciKie rclalions on Li , 
each more inclusive than the last. Hence it cannot continue ind('finil.(ily, for 
the number of different congruence relations is bounded. But it (iontinucs 
until L contains no element besides 0 and I, and wc hav(! our doHire<l homo¬ 
morphism L Li B. 

Remark: Applying Theorem 6.8 to h, we see that unless y covers x //, 
there is more than one homomorphism Z, -> S mapping x onto 0 and y onlo 1. 
Hence if we delete B from the perfect representation, wc get a second isomorphic 
“reduced” representation, unless B is obtamed from an eudomori)hism ti -~> 
{u ^x) ^ y, where y covers x ^y. 

But now unless L is connected, the homomorphism 6* which mai)B L onto the 
lattice of its connected subsystems (§56) annuls all prime quotien1,s, ami so is not. 
of this type, nor is any homomorphism obtained from B* by further idcntifical.ion. 
Hence by our above remark, we conclude that if the only isomorphic “irduced” 
representation of a distributive lattice L is the perfect one, then L is conneclod. 
It is not hard to show that this condition is also sufidcient. 

96. Distributive functionals. We shall now obtain a characterization of 
those modular functionals which define distribvMve metric lattices 

This is easy; since x ^ {y ^ z) ^ ^ y) ^ (x ^ z) in'any lattice, 

mix V./ (y ^ z)] = m[{x ^ y) ^ (x ^ z)] 


K TO ‘ J ^ simplification of a conatruotioii uhimI first 

by Ulam (Fund. Math., 14 (1929), 231-3) and Tarski (ibid., 16 (1930) iSS Zd 5«rh. 
pendently by several other authors. An interesting historicll disouLion ioitm I 

Sit «•*“ 
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is necessary and sufficient for distributivity. But using condition Ml, 

m{z ( 2 / ^ 3 )] = m[a;] + m[y ^ 3 ] — 7n{x ,-^z] 

= m[x\ + m[y\ + rn{z\ — m[j/ 3] — m[x ^y ^z], 

m[(x ^ y) ^(x 3)] =■ m{x ?/] + m[x ^ 3] — m[x w y w 3]. 

Substituting and transposing, we get the equivalent symmetric condition 
(writing x - xi,y = Xi,z = Xs) 

W(.[3;i Xi Xa] — m[a:i ^ Xa ^ aia] = Z) m[Xi v_/ x,] — X) wi[xj. 

ifii i 

But tliis condition is not s(ilf-dual; however, we know by M2 tliat 
*jI — ]Cw,[xi] = ~ ^m,[Xi /-sX^]; 

ifij t i if&i 

lK‘nc(‘ it is equivaloiUr to tho self-dualj symmetric condition 

M3: 2{?/4a*i ^ 0*2 v^:r3l ^^* 3 ]! = {m[xi ^ a;/] — m[xi r^x.i\]. 

if^j 

Tlie c^xi.st.(uic(5 of such a symmetric, self-dual condition might of course be 
inhuTed from Lh. 

W(^ shall call a modular functional “distributiv(i,” if and only if it satisfies M3. 

97. Neutral elements. One can siitirpen Theorem 5.1, by observing that in 
§()2, th(‘ (|uoti(^nts Ci/hi , ai/cU , e/ci , and (u/d are projective. Hence if one of 
them is annulled, they all are, and so is e/d. We conclude 

Thiookum 5.9: Lei a*, ;//, z be ekmumts of a modular lattice. If 071c of the equalities 
Ij(), Mi', I id" holdsy then the mhlatlice generated by Xj y, z is dislnbutivG.\ The 
seeofui example of Fig. 10 .shoiosthat the assumption of 7nodulariiy can 7iot be omitted. 

It is a (corollary that an <’tlement a of a modular lattice is neutral if and only 
if (.lui cornwpoudeuces x—y a x and x-^a arc both lattice endoraorphisms. 
But now if a and b are both neutral, then the product x —y x (a 6) of the 
cndomorpluHins a: —> a: ^ a and y —> y ^ b is itself an endomorphism. Hence 
a w b is luiutral; dually, a ^ h is neutral, and so 

Thkouiom 5.10: The 7watral elermnls of a7iy modular lattice L constitute a 
{distributive) sublattice of L. 

Tneidentally, it is easy to verify that the neutral elements of any product of 
latti(!oa ar(^ the eletneuts all of whoso components are neutral, also, that the 
centcu' of a modular lattice consists of its complemented neutral elements. 

98. Note on projectivity of quotients. We have seen (§72) that it is possible 
for a quotient in a modular lattice to be projective with a part of itself; we 
shall now see that this is impossible in a distributive lattice. 

t Ore [1], p. 416, Thm. 3. Theorem 6.4 on neutral elements is also clue to Ore—ibid., 
p. 421, 
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To see this, consider the system. 2) of endomorphisms of a lattice L —and more 
particularly, the subsystem S* of S generated by endomorphisms of the forms 
X X ^ a and x x ^ a. Since the transformation x x a carries 
x/x ^ a into x a/a and dually, we see that any transposition can be accom¬ 
plished by members of 2*—and hence that so can any projectivity. 

Again, since {x a) = x ^ (a y^b) and dually, we see that any member 
of 2* can be put into the form 

rc [(a; w a) ^ b] c • • • 

or its dual. While in a distributive lattice, since 

(x a) ^b ^ (x ^b) {a ^b) ^ (x ^b) ^ c, 

one can transpose cups and caps—and hence rewrite any transformation of 2*“ 
both in the form a; —> (a; w a) ^ 6 and in a dual form. 

Now suppose x/y and xi/yi are projective, where x ^ xi and y ^ yi. Then, 
writing a;i = (a; w a) ^ 6 and yi ^ {y a) ^ b, we will have x S b and so 
yi {y o) ^x'^y^x — yj proving y — yi. Dually, a; = a;i, which 
proves 

Theorem 6.11; In a distributive lattice^ no quotient Xi/yi is projective with a 
proper part of itself. 

99* Uniqueness of decomposition of elements. Let L b(^ any (finite or in¬ 
finite) distributive lattice, and let 


X ^ Xi Xf — 2/i ^ y^ 

be any two representations of an element of L as a meet. Then for any i, 

a 

Xi = Xi ^ X = Xi ^ (Ayj) = A (Xi v-. yi). 

} i-i 

Hence if a:< is meet-irreducible, some Xi y/ = —^whence some yj g Xi. 
Similarly, if yj is meet-irreducible, some Xh ^ yj. Hence either a:* = yj = Xi , 
or Xi is redundant in the strong sense that some Xh < X {, whence 

X Xi aJi—1 Xi^x Xr • 

Thus if the decompositions are irredundant, then the Xi and yj are equal in 
pairs, r = s, and we conclude 

Lemma 1: In o distributive lattice, no elemeni has more than one irredundant 
meet-decomposition into meet-irredudble elements (and dually). 

Conversely, a modular lattice which is not distributive contains by Theorem 
6.2 the sublattice of Mg. 10, §88, as a sublattice. Now starting with the two 
meet-decompositions o = x and o ~ x <-,v, decomposing further as long as 
possible, and finally eliminating redundant components, we see that any factor 
for the second decomposition which contains u must contain x ox v and hence e, 
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whereas the first decomposition and those derived from it possess at least one 
factor containing u but not e. Hence if the above process is terminating, we 
will get two distinct irredundant decompositions of a into meet-irreducible ele¬ 
ments. But in the presence of the ascending chain condition, the process is 
terminating, and so 

Theokem 5.12: A modular lattice satisfymg the ascending chain condition is 
distributive, if and only if each element has a unique irredundant decomposition 
into meetdrreducihU elements,^ 



The examples grapln^d in Fig. 12 shows that ttw hypothesis of modularity 
cannot bo omitted. Tlie dual of Theorem 5.12 is obviously also true, by dual 
reasoning. 

100. General finite distributivity. In LO', Lb" we reciognize two dual foi-ms 
of the distributive law, involving thn^e variable's. We sliall now generalize 
these to distributive laws involving n variables. 

To express siu^h laws, w(^ shall want the notation Ai'Li Ui for ui ^ ^ Um 

ai.id Fill Ui for Ui s-/ • • • V-/ Utn * It then follows by induction on w that 

n n 

(1) X ^ V yi = V (x ^ yi) and dually. 

Now using induction on m, we obtain 

m n 

(2) V Xi 7 2 /,‘ — F (xi ^ yj) and dually. 

i-l 3-1 i,3 


Finally, using induction on the number r of terms, we can derive the generalized 
distributive law 



r 

-»(« 


- r -I 

(3) 

A 

V Uh,h 

= 7 

A Uh,m 


A—1 

- W 

/ 



and dually, 


where/runs through all functions h « f{h) which associate with each h a unique 


t This result was announced by the author in Abstract 41“1~76, Bull. Am. Math. 
Soc., 41 (1936), p. 32. A necessary and sufficient condition that the elements of a general 
lattice have unique such decompositions has been obtained by E. F. Dilworth, Lattices 
vrith unique irreducihU decompositions^ Bull. Am. Math. Soo«, 46 (1939), p. 838. 
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& = 1, • • • , n{h). This practically contains L6 as a special case, with r = 3 
and w(l) = n(2) = n(3) = 2. 

Theorem 5.13: Any lattice polynomial 4> of elements xij • * • jXm of a distribu¬ 
tive lattice L can be written in the form 



and also dually,\ 

Proof: By repeated use of the generalized distributive law, we (^an replace 
AY by VA and conversely. Hence we can replace any AYAY • • • by AAYY • • •, 
and this (using the associative law) by AY • • • . The conclusion is now obvious 
by induction. 

101. Free distributive lattice. We shall now determine the free distributive 
lattice generated by n symbols Xi, • • • , aJn , having a 0 and a I adjoined. 

In the first place, using Greek letters to denote sets of Xi , and Roman capitals 
to denote families of such sets, we can write every element in the form 
Yffejr (Ai^aXi). TMs is a corollary of Theorem 5.13, since a meet of Xi is (by 
L1-L3) determined by the set <r of Xi involved. Again, if cr* ^ cr, then 

A Xi A Xi A Xi 

i t ff tec* i ec 

—hence every element can be written in the form V, < r* (Aj j, Zi), where F* 
is the J-closure of F. 

Now wo shall go back, and show that different F* coi-respond to diffcuxuit 
elements, thus obtaining a one-one correspondence between F* and elements 
generated by the a:,-. Indeed, let I be the family of all sets <r of Xi —and let A',- 
be the family which contains a if and only if Xi e o-. Then Xi will bes ./-closed, 
and the ring of sets which the Xi generate will include only J-closed sets. Monj- 
over Ai,r Xi will contain cr if and only if every Xi [i « t] is in <r —i.c., if and only if 
ff ^ T. Hence Vr.o (A.-.t X^ contains c if and only if o- ^ t for some t 6 G 
—hence, if G is J-closed, if and only U o- eG. Hence different 0 determine 
different Vg (A, Xi), q.e.d. 

But the one-one correspondence set up is order-preserving, by our last con¬ 
clusion; hence it is isomorphic. Moreover we get every J-closcd subset of I, 
with two exceptions: every subset of <r which we obtain contains I, and none 
contains 0. Hence if we adjoin a 0 (the void set, not containing /), and a I 
containing even 0 as a member), we get 

Theorem 6.14: The free distributive lattice generated by n symbols, and having a 
0 and I is isomorphic with ihe ring of J-closed subsets of the field of cdl subsets of 
n points,% 

t This principle, together with formulas (l)-(3), has been known almost since Boole; 
cf. Boole [2], pp. 72-6. Cf. also the author [1], Thm. 16.3. 

t This result is essentially due to Th. Skolem [2]. 
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CoiiOLiiARV 1: The free disirilrutive Mtice ganeraled by n symbols, and having a 
0 and I, is B" '. 

Wc note that the free modular lattice gcuorated by two chains of lengths m 
and n is by Theorem 3.18 distributive, and (letting C* denote a chain of k ele¬ 
ments) is 

CoROLLAKY 2: The miblattico generated by a given finite subset of any distrib¬ 
utive lattice is finite. 

We note that although has 2” dimensions, the function f{n) expressing 
the number of elements in B*’* is yet to bo described.* 

102. Infinite distributivily. Formulas (l)-(3) of §100 hold automatically for 
finite n. This brings up the question, do they hold for any cardinal number, in 
any distributive lattice? They do in any complete ring of sets. 

Lemma 1 : Identity (1) holds in a distributive lattice for n countable, if and, only 
if it is a topological lattice. 

Pi'oof: Set Sn — yi Vn And s = Fi=i ?y«. Ihen .s‘„ '[' s, {a: ^ s») 

X ^ y"-! yi = X ^ s, and—since 

n » 

V {x ^ Vi) = X ^ V l/i = X ^ Sn 

ical I*:®! 

—y?=i(a; yi) is sup x ^Sn. Hence to assert (1) is to assert that .s‘„ t « iinplic.s 
a: s„ t a: .s, and dually. But this is tlui sami! as asserting tliat the lattice is 

topological. 

Remark: The (perhaps loss interesting) unctiunUihlv. ease (^aii be iiaiidled in 
the same fasliion, if one uses generalized limits. 

Lemma 2: IdmtUies (1) and (2) of §100 arc cffuMml in any amiphlc lallicc - 
and for countable m, n in any (r~latMce,'\ 

Proof: The implication (2)-(l.) is trivial; set m = 1. But using (1) twice, 

V Xi V'S ^ V {xi ^ V yj) = F(F Xi ^ yy,), 

i i i i i J 

and by the generalized associative law, this is Vi, jixi y j)* Similarly foi the 
dual of this. 

We shall sec in Chapter VI that (3) is by no means a conscquenc.o of its special 
case (2). 

103. Application to abstract algebra. Wo know by Th(?.orom 3.() that the 
congruence relations on any modular lattice of fiiiite dimensions form a distiibu- 
tive lattice. The same is true of semi-simplo groups and semLsimplc hyper- 

* Dedekind [1], p, 147 proposed this problem. We know/(I) « S, /(2) « 6, /(3) « 20, 
/(4) « 168. This suggests tliat/(n-) is always a multiple ol’ (2n — l)(2n -- 2), if n > 1. 

t Lemmas 1-2 are due to von Neumann [2], Appendix 1 of Part III. 
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complex algebras. It is also true of integrally closed rings of algebraic numbers 
—but not (for example) of polynomial rings. 

This distinction is fundamental; we get, as immediate corollaries of Theorems 
5.12 and 3.20, 

Theoeem 5.15: Let A be any abstract algebraj whose congruence relations satisfy 
the ascending chain condition. Then A and its homomorphic images have unique 
representations as subdirect unions of irreducible factors^ if the lattice of its con¬ 
gruence relations is distributive. If A is a group with or without operators^ the 
condition is sufficient as well as necessary^ and A has a strictly unique direct 
decomposition. 

Theorem 6.2 and its second corollary give one elegant criterion for deciding 
whether the homomorphisms of a group G (with or without operators) form a 
distributive lattice.f It shows, applying Theorem 3.16, that unless this is the 
case, G has a homomorphic image Gq with two ‘'independent'^ operator-iso¬ 
morphic i^-subgroups M and N. 

We note that if is a group, then since the elements of M are left invariant 
under the automorphisms of JV, so are those of JV, and so N is Abelian. Simi¬ 
larly, since multiplication by elements of N carries elements of M into 0, it 
carries elements of N into 0, and so NN = 0. 

This is related to the classical antithesis between nilpotence and semi-sim¬ 
plicity which is so basic in the theories of Lie algebras and associative algebras 
of Cartan and of Molien-Peirce-Wedderburn. 

104. Applications to topology: bicompact spaces. Let I be any Ti-space— 
that is,t any aggregate of "points," each set S of which has a "topological 
closure" 5, where 

Cl: B . C2:S-S. 

C3*: /S + r = S + 7** C4: If p is a pointy then p ^ p. 

The operation iS S is a "closure operation" in the sense of §19 (03*** implies 
C3), and so by Theorem 2,2 the closed subsets of I form a complete lattice L(/) — 
which is distributive since the intersection and (by C3*) the sum of any two 
closed sets is closed. 

It is obvious that I is characterized topologically by L{I). For I consists by 
C4 of the elements which cover 0 in Z/(I), and the closure of any set B g I 
is the set B of points contained in the lattice-join of the p ^8. 

In fact, it is easy to show that an abstract complete distributive lattice is the 

t The second criterion is applicable in a surprising number of cases, in virtue of a 
celebrated theorem of Hilbert (cf. van der Waerden [1], vol, 2, pp, 23-7). 

t In the sense of Alexandroff-Hopf, Topologie, Berlin, 1935, p. 59. This is also Kura- 
towski's definition of a topological space {Topologie, Warsaw, 1933). The results given 
below are due to Wallman [1], [2]; they were suggested by, and partly generalize, Stoners 
application of Boolean algebra to totally disconnected bicompact Ti-spaces (of. §118). 
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lattice of all closed subsets of a 7 i-spacc, if and only if, given S > T, there exists 
a p covering 0 such that p ^ S yet p — 0. 

Now define a '‘basis” as a sublattice B of L{I), such that every member of 
L(I) is a meet of members of B; clearly the topology of I is determined by any 
basis of closed sets.f It is clear that the subsets of B containing any point p 
constitute a maximal dual ideal —and that p € S [>S e 5] if and only if S 

But one cannot tell from B alone which of its maximal dual ideals correspond 
to points of L This is true of all maximal dual ideals, if and oiily if I is bicom- 
pact.t H(mce a hicmnpaci space is characterized topologically by any basis of 
closed sets. Wallman has shown that an abstract distributive lattice witli 0 
and I is isomorphic to a basis of closed sets of a bic.ompact 7’i-space, if and only 
if it has the "disjunction property”: given S > T, there exists an X such that 
S > OyQtT 0. 

Furthermore, if we define Z* as the set of maximal dual ideals J of Z/(Z), 
associate with each S e L(I) the set S* = P of J such that S e »/, and regard the 
jS* as forming a basis of closed subsets of /*, we get a bicompact space of which I 
is a dense subset; the proof is immediate (cf. Wallman [1]). 

Incidentally, I* has the same dimension and the same homology theory as Z, 
in the sense of Cecil. 

One can observe further that many bicompact spaces have countable bases of 
closed sets—and that any countable basis can bc‘ expr(\ss(^d as tlu^ limit of a mono¬ 
tone seqiumco of finite sublatticcs. This rennark suggests AlexandrofFs char¬ 
acterization of separable bicompact spacers by sequences of “finite coverings” 
(abstract complexes), each a refinement of the last.§ 

t A set being closed if iiiid only if il. is the intierH(H!tioii of subsets of the basis. Dually, 
wo have HaiisdorlT’s notion of a ‘bioiKhhorhnod system,” smdi that every open sot is the 
sum of neighborhoods of the system. 

t For a maximal dual ideal is a maximal class of elostul subs(5ts, no finite subfamily of 
which has a void intersection. That the intcu’scMition of sueh a elass of closed subsets 
should be a point is one definition of bieompac.tifiity. 

§ Further literature: II. Torasaka, Ohor dia Darstclhmg dcr Verhdfulc^ Proc. Imp. Aead. 
Japan, hi (U)38), 306-11; J. W. AlexamUn*, A. theory of comhccliinly for groUngs, Annals 
of Math., 30 (1038), 883-912, ami Primsedon Le<!tures (1.040); A. N. Milgmm, .Reports of 
NotiHs Dame Colloqiiiuni (1040). 
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106. Definition. Historically, lattice theory began with Boolean algebra/’* in 
the sense of 

Definition 6.1: A Boolean algebra is a complemented distributive lattice. 

For conditions equivalent to complementediiess, cf. Theorem 4.1. 

The close connection between the distributive law and unicity of coin|)l(uneu- 
tation has already been pointed out (cf. Theorem 4.9 and Corollary 1 of TlKuirciin 
5.2). In fact, one can prove 

Theorem 6.1: In a distributive lattice, complemmtation is unique and is ortho- 
complementation, f 

Proof: If a w a: = / and a ^ 0, then 

X = 0 ^ X — (a ^y) w rc = (a w x) ^ {y ^ x) = J (2/ w a;) = ?/ .r. 

If also a ^ X 0 and a ^ y I, then similarly y = y ^ x, wlioiujo x = y, 
proving unicity. 

But by L2, the relation of complementarity is symmetric, and so (a')' = a. 
Again, if a ^b, then a ^ ^ I and a ^b^ ^ b ^ b' == 0. Hence (as abovcO 

a' = 6' w a', and 6' g a'. That is, the correspondence a a' is a dual auto¬ 
morphism, completing the proof. 

From this theorem it follows directly that any Boolean algebra is dually 
isomorphic with itself. It is a second corollary that one can axiomatizci Boolean 
algebra in terms of meets and complements alone; this has b(Kiu done in many 
ways in the literature on the subject.} It is a third corollary that any lattice- 
automorphism of a Boolean algebra preserves complementation: tlui operal^ion 
of complementation is intrinsic. 

Theorem 6.2: The complemented elements of any distributive lattice form a 
sublatiice. 

Proof: If X and y are complemented, then we have {x ^ y) ^ {x/ ^ y') — 

* Of course, Boolean algebra goes back to Boole [1]. Even in 1807 A. N. Whitehead 
wrote {Universal Algebra, p. 36) that “Boolean algebra is the only known member of tlm 
non-numerical genus of universal algebra." 

t The result goes back to R. Grassmann; cf. Schroder [1], pp, 200, 306, 352 for unicity, 
(rc'y = X and L7" respectively. 

X For a brilliant axiomatization of Boolean algebra in terms of a single operation cf. 
H. M, Sheffer, A set of five independent posiutaies for Boolean algebras, Trans. Am. Math, 
Soo.. 14 (1913), 481-8. 
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{x r^ y x') v_y (x ^ y ^ y') = 0 and dually; licncc x ^ y has x' ?/' for 
complement. Dually, a; ^y is complemented—and in fact, x^ ^y' == (x ^ yY. 

106, Examples. The subsets of any aggregate I form a Boolean algebra: 
the set-theoretical notions of sum, product and complement become the lattice- 
theoretical notions of join, meet and complcmeiit, respectively. 

More generally, any field of sets is a Boolean algebra, with the same 
interpretations. 

Again, consider the different (dyadic) relations between the elements of two 
classes I and J, And suppose we identify each relation p with the set Z(p) 
of pairs of elements in that relation. Then X(p) S X(p') if and only if all 
elements in the relation p are in the relation p'; that is, if and only if p implies 
p'. Hence we c^an interpret the different relations between the elements of I 
and those of J as a Boolean algebra. 

Any prodiKJt of Boolean algebras is itself a Boolean algebra; so is any “sub¬ 
algebra” of a Boolean algebra—i,e., any subset closed with respect to all three 
Boolean operations. Also, any lattice-homomorphic image of a Boolean 
algebra is itself a Boolean algebra: it is a distributive lattice, and the equations 
X ^ x' = 0, X ^ x' = I are preserved, 

Thioorem 0.3: The center of my lattice with 0 and I is a Boolean algebra. 

Proof: It is a sublattic.e; all its elements are neutral; all its elements have 
complements in the coiiter. 

It is a corollary that the neutral olemeni<s of any complemented modular 
lattice form a Boolean algebra. 

Other examples of Boolean algebras will be discussed below in Chapter 
VIII. 

107. Representation theory. Tlu^ theory of the rei)resentai,iou of Boolean 
algebi'as by fic^lds of sets can be obtained by spcMualimtioii from tlui theory of 
the representation of distributive lattices by rings of sets, given in §§90 -5. 

Ill the first place, “reduced” representations of any Boolean algebra by rings 
of sets arc by fields of sets (since 0 —» 0 and I •—>/). Hence Theorem 5.5 
appli(^s, and we get bedsides, as a corollary of Theorem 5.8, Stone's result: 

Theorem 6.4: Any Boolean algebra is isomorphic with a field of sets. {The 
converse is obvious.) 

Again, consider the finite-dimensional (jasc. We know (§65) that an clement 
a of a complemented modular lattice of finite dimensions is join-irreducible if 
and only if it covers 0 —for if 0 < a: < a, then a ^ x {x* ^ a). Hence 
the X and Y of Theorem 5,6 are imordered aggregates, and ' 

Theorem 6.5: Every Boolean algebra of finite dimensions is isomorphic with 
the field of all subsets of an (unordered) aggregate of n elements. 

Thus in particular, there is just one Boolean algebra of each finite dimension 
n; it contains 2" elements. 
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108. Congruence relations. The theory of the congruence relations on a 
Boolean algebra A is dominated by two considerations. 

Firstly, since A is a complemented modular lattice, any congruence relation 
on it is determined by the set of elements congruent to 0 (Theorem 4.3). And 
secondly,t 

Theorem 6.6: The subsets of A congruent to 0 under Us different congruence 
relations are its different ideals /. 

Proof: We know that every congruence module is an ideal; we need t.o prove 
that any ideal J is a congruence module. But indeed, given ./, if wo make the 
definition that x ^ y (J) means x t ^ u y for some t, u e then we 
evidently have a reflexive and symmetric relation. It is also transitive, for if 
X t = u ^ y and y ^ v = w ^ Zj then x (t v) = u y v 
(u ^ w) y^ z. Hence it is an equivalence relation. Again, suppose x ^ y (J) 
and xi s 2/1 (J) —that x y^ t— u and Xi y^ h = Ui w yi [L^ u, /i, ui e J]. 

Then by L1-L4 

X V-/ Xx V-/ it y^ l5l) ~ ix y^ i) {Xx ^i) — (?/ w w) w (?/i v-/ ‘III) 

^ y ^ {U y^Ux) 

SO that X Xx ^ y y^ yx («/)• Also, if we set t tx 'u y^ ux ^ tlion v 
and moreover 

{x ^ xf) y^ V = {x ^ v) ^ {xx y^ v) — (y y^ v) ^ (^/i ?;) = (y ^ yx) ^ v 

since if x t = u ^ y, then x w w y^ y for all w t, u. That is, 
X ^ Xx ^ y ^ yx (»/), and we have defined a congruence relation. Finally, 
rc s 0 (J) if and only if a; ^ a; i = w for some u eJ, which is to say, if and 
only if X eJj so that J is the congruence module for this relation, q.o.d. 

Incidentally, we note that any lattice-homomorphism carries comphjinents 
into complements. Hence x ^ y (J) implies x' s y* (7), and lattice-homo- 
morphisms are homomorphic with respect to all three Boolean operations. 

It is a corollary of Theorem 6.6 that the lattice of congruence relations on 
any Boolean algebra is isomorphic with the (distributive) latti(ic of its ideals. 

109. Calculus of ideals. Now consider the set 31 of ideals of a Boolean 
algebra A, partially ordered by the relation of set-inclusion. 

In the first place, the set-product of two ideals J and K is clearly an ideal, 
and is (in terms of the so-called “calculus of complexes”)! the set J ^ K of 
s ^ t [s eJ, t eK]. Dually, any ideal which contains J and K contains all 
s y^ t [s e J J t e K]; conversely, the set J ^ K of such joins contains with s yy^ t 
and s* w Z* also (1) {s t) ^ (s* i*) = (s s^) y^ (t y^ t*) [s y^ s^ e J, 

t Theorem 4.4 might lead us to conjecture this result as it shows it is true in the case of 
principal ideals. Theorem 6,6 is due to Stone. 

t Introduced by Frobenius, for groups. Indeed, Sr^t ^ s eJmd 8 t ^ t € Kt whence 
s ^ i is in both J and K. Conversely, any u in both J and K can be written w w fu < /, 
u € Kl 
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i € /C], and (2) all u S a t, since any such u can be written u ^ (s ^ i) ~ 

s) (^‘Uf i'^ j^'W/ "-N S € tf ^ 'Uf i 6 jRtJ* 

In summary, joins and meets of ideals are given by the calculus of complexes. 
The resulting calculus of ideals has boon discussed exhaustively by Moisil [1] 
and Stone. It suggests the identities 

J ^ {K ^ L) - (J w K) ^ {J ^L),J^ (K w L) =- (/ ^ K) ^(J ^L) 

— that is, the fact that 31 is a distributive lattice.f 

Indeed, J (A' L) g (./ K) (J ^ L) set-thooretically, by the cal¬ 
culus of (jomplexes, whiles lh(^ revoi-sc inequality holds by Corollary 1 of 
Theorem 2.7. 

110. Classification of ideals. As SIoikj has pointed out, the ideals of infinite 
Boolean algebras fall into several categories- -notably, principal, normal, and 
prime ideals. (Cf. also Tarski, Idmle in den Mengmkorpern^ Ann. Soc. Pol. 
Math., 15 (1937), 186-9.) 

We have already defined priiKjipal ideals and i^rimc idc^als; now rec.all the 
definition of a “normal subset^’ (§33), as a set whi(;h includes all lower bounds 
to the set of its upper bounds. Clearly, any normal subscjt is an ideal; we dis¬ 
tinguish those ideals wliicJi are noruial subsets by calling them “normal ideals.” 

In §33, we observed in effect that every principal ideal was normal; wc novA' 
observe that the converse holds in complete Boolean algebras and no others. 
Indeed, MacNeillc's process of completing by cuts yields no new elements if 
and only if every normal subset is already a principal ideal. 

Again, consider prime ideals JP. In a Boolean algebra, unless x eP, x' tP] 
hence any ideal J > P contains, with x [a; not in P], x ^ x' == / -and hciK^e is 
the entire Boolean algebra. Conversely, the congruence relation defined by any 
maximal ideal gives an imag(?-latticc of only two (dements. We conclude: an 
ideal of a Boolean algebra is prime if and only if it is mdxirnaLt 

Wc shall conclude by proving a result of Stone: if all ideals of a Boolean alge¬ 
bra A arc principal ideals, then A is fitiit<^; the (jonverse is obvious. 

Indeed, form any coimocttMl chain of (dements between 0 and / in A. If this 
chain is finite^, them by tlie Jordaii-Dedekiud (U)iidition A is finite-dimensional 
and so finite. If it is infinite, it contains an infinit(^ asetmding sequence or an 
infinite descending sequence; since complementation interchanges ascending and 
descending sequences, A contains mne sequonc(^ ai < a 2 < < • • • . Let J 

consist of the x such that x ^ for some &. Clearly J is an ideal which has 
no greatest (dement—i.e., is not principal. 

111, Subalgebras in finite-dimensional case, Considcir again the finite- 
dimensional case, and let denote the Boolean algebra of all subsets of a set 

t It is a plausible conio(Jturc that the calculus of coiuploxcs pr<?aorvo8 all idoutitios. 
But this is true only of laws which involve no letter twice on the same side—e.g., it is true 
of the commutative and associative, but not of the idempotont or distributive laws. 

t As Stone has pointed out, this is the same situation that one has with ideals in the 
theory of algebraic numbers, where the quotient-ring over an ideal is a field if and only if 
the ideal is maximal. 
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I oi n points. We know that the congruence relations on arc obtained by 
ignoring different subsets of I, But what are the subalgebras of B'' —what arc 
the sublattices of JS” which contain with any x, also x', and therefore 0 and L 

Any subalgebra S will be a finite-dimensional Boolean algebra, wliose ^^points” 
will be independent elements of JS" (disjoint subsets of I) whose join is I —that 
is, they will be the subsets into which some partition divides /. Conversely, tlic 
subsets into which any partition divides I are the indivisible or ^'atomic!” 
members of a field of sets, so that the correspondence between subalgebras of 
and partitions of I is one-one. Finalb^, S S T il and only if its ^^points^' 
are joins of “points^^ of that is, if and only if T effects a subpartition of the 
partition effected by S. In summary,* 

Theorem 6.7: The lattice of the subalgebras of the Boolean algebra of all subsets 
of any finite set I is dually isomorphic with the lattice of partitions of 7. 

112. Free Boolean algebras. We shall now determine the freci Boolean 
algebra generated by n symbols. This question can be restated as follows. By 
a “Boolean function” of variables a;i, - • • , is meant one built up from th(^ 
three basic functions: join, meet and complement. Wo ask: what are jh(^ 
different Boolean functions of the Xi , and how does one (^oml)ine tlu^in? The 
answer was given by Boole himself ([1], pp. 72-5). 

To get the answer, first form the 2” “elementary” Boolean fuuctionst /ii 
Xii ^ where is either Xj or Xj , depending on L We next nott^ 

that distinct/,- are independent: /, y-^fk S x,,- Xkj for all j, and if i 9 ^ A:, then 
Xii ^ is 0 (being Xj ^ rr,- or Xj /-> xf)^ for at least one /. 

Next associate with each non-void set B of /,-, the function g» = K/««/,:, and 
define go as 0. Observe: (1) go = 0 and gi = 7, (2) ga^r = gs gr , gs ^r = 
Os ^ Ot , and gs> == (gaY, (3) every Boolean function of the Xi is a ga . 

Proof of (1): By definition, go = 0, while by the general distributiv(^ law, 

» 2» n 

J = A (xj xy) = 7 A Xij =Vfi. 

3'=i 1=1 f=i 1«r 

Proof of (2): ga gr = gay^r by definition and L1-L3. Again, ^ gr is 
the join of the fi ^ [i e jS, A « IT] by the general distributive law, while /< ^ 
is 0 unless i = h. Hence gs gr = 7/i ^fi[ie S, i « ?'], which by LI is 7/i 
[i 6 /S ^ T\, or garyT, q.e.d. It follows that ga ga- = I and ga ^ ga' = 0, 
whence ga' = (ffs)'. 

Proof of (3): By (2), every Boolean function of a ga is itself a ga ; Innice it 
suffices to show that the Xi are ga —and by symmetry, that xi is. But by the 
general distributive law, if Xi denotes the set of i such that Xa — xi, 

n 

Xl = Xl ^ A (Xf Zj) = V fi. 

J-S 1 c Xi 

* This result is due to the author [6], Thm. 21, 

t if 71 2, we have /i ^ Xi xz j fz Xi ^ x *2 ^ ^ aig» fi xi /-n xi . 
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It follows that overy Boolean function is a ga ; we shall now show that distinct 
Qs represent distinct functions. Indeed, let / consist of all points with n co¬ 
ordinates, each 0 or I (the vertices of an /Miiinen.sional c.ube). Denote by xj 
the set of points with jili coordiiuittj 1. Then (;ach ft will r(jpresent a different 
point; the point with jih coordinate 0 or 1 according as Xij is xj or x'j. Hence 
distinct sets 'S determine distinct gs in this ease, and a fortiori in a free Boolean 
algebra. 

Tims the clcmiuits of the free Boolean algebra generated by a;i, •»• , a;„ are 
the different ga. But (2) shows that these combine isomorphically with the 
subsets of a class I of 2“ elements, and so 

TniiioiuoM 0.8: The free Boolean algebra generated by n symbols is isomorphic 
with the algebra li“'' of all subsets of a space of 2'' points. 

113. Infinite distributivity. We distinguished in §§100 102 betwecui two 
grades of infinite distributivity. The first is equivalent to (continuity of the 
lattice operations in the intrinsic, lattice topology; it is the (jondition that 

(]) a; — Vpx ^ and dually. 

It implies 

(2) VaXa ^V(iy(i=^ Va,{i Xa ^ Vs dually. 

As has been observed by von Neumann ([2|, II, Appemdix, p. 7), with com- 
plcment(^d lattic.es, finite distributivity alone implies (1) and (2). That is 

Thkoiucm G.9: IdentUies (1) "(2) hold in a Boolean algebra whenever their terms 
arc defined. Thus they hold identically in any eomplele Boolean algebra, 

Ih'oof; By §102, bemma 2, w(^ ii<‘ed only })roV(^ (I), and by duality, only the 
first part of (1). Again, x ^ Va isevich^ntly a.n n])])(u- bound to ev(M*y x ^ yp ; 
hence wo need only show that x ^ Vp i/p is contained in (;v(n‘y uppeu’ bound a 
to the X ^yp , But if x ^ yp ^ a for all fi, thcMi 

yp = {yp ^ {yp ^ x') ^ a xl for all p 

and so 

X Vp yp ^ a; (a w a;^) = (a,* a) {x /-n ;r) ^ a ^ a. 

114. Complete distributivity. The consti'iiction of §111, (^xU^nded trans- 
fiiiitely, also yields the following ratlier surprising re.sult of Tarski ([1], 
pp. 196-7), 

Theorem 6.10: If a complete Boolean algebra A is completely distributive^ then 
it is isomorphic with the algebra B^ of all subsets of some aggregate. 

Explanation: A lattice will be called ^‘completely distributive,” if and only 
if identity (3) of §100 holds without restriction on the number of terms involved. 

Proof: Let x^ denote the general element of A; make the expansion I ~ 
A« {Xa s-/ Xa) = yU » where denotes tlu', most general A« ai^a [x^ot == a;« or 
Xa]; the generalized distributive law justifies this expansion. Each U oither is 
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0 or covers 0, for j£ Xa < f4 ., then clearly (since x^a == a; woiikl imply g Xa) 
x^a = x'a, and so x„ — Xa ^ Xa ^x'a = 0. Heiicc the > 0 are “points”; 
this is Tarski’s central idea. 

Moreover each Xa = Xa = Xa ^ 7/^ = V{xa ^U) ia tlm join of the/* > 0 
■which it contains (for either/* g Xa and ^/* = /* , or/* g x'a and Xa -^ /* = 
0). Again, a join ga = Fs/* of points contains no point j) not in S, siiie<! 


ffs - P = 7 (/* ^ p) = 7 0-0, 

8 * <S 

by the first generalized distributive law. This ostal)lishc.s a one-one order¬ 
preserving correspondence, or isomorphism, between the sots ti of "i)oints” 
/* > 0, and the elements ga of A, q.e.d. 

116. Orthocomplemented lattices. In this section and (he lu'.xl., W(! shali 
consider converses of Theorem 6.1. 

We already know (Corollary 2 of Theorem 5.1) that unici(.y of rrlnlirc (com¬ 
plements is equivalent to distributivity. Also (Theonun 4.5), in inoditlar la(.- 
tices, unicity of complementation implies distributivity. It is not known (and 
this is an outstanding unsolved problem of lattice theory) whollucr or nol, in 
general, existence and unicity of complementation imply distributivil.y. How¬ 
ever, one can prove this in two special eases: (1) the case that (••ompl(cm(ui(.al,ion 
is orthocomplementation, and (2) the case that L is atomics. 


Lemma 1: If every a eL has a unique complement a', and if a —> a' is a dual 
automorphism, then b^a implies (b ^ a') ^a = h and dually {a ^ //) a. 

Proof: Set c = 6 a'; evidently c a — 0 . Also (c ^ a)' ^ h — 

[(6' ^ a) ^ a'] ^b = Q>' ^ a) ^ (a' ^ b), which is 0 sinese // ^ a and a' ^ h 
are orthocomplements. Again, since c ^ a = {h a') a ^ b ^ h = b, 
cleai-ly (c a)' y^b "^b' ^b = I. We conclude (c a)' = I/, whtsnccsc ^ a = 
b, which is our first conclusion. The second follows by duality.* 

Now suppose y ^x = a, yK^x = b, and form c = b' ^ {x a'). Iksing 
Lemma 1 twice, axidy = a ^ y b ^y besides, we got 

c ^ y = b' ^ (x ^ a') ^a^y = b'^x-^y — b' >_/ 5 — /, 

c <^y = [b' ^ {x ^ a')] ^b ^ y = x ^ a' ^ y = a' ^ a — 0, 

It follows that for fixed a ^ ® g &, j/ is the (unique) complement (.)f b' w (x ^ a'). 
Hence even relative complements are unique, and wc concludes 


Theorem 6.11: If every aeL has a unique complement a’, ami if a -» a' is a 
dual automorphism, then L is a Boolean algebra. 


^ Agam, let L be any lattice, such that every c* e L has at least one complement 
a, an a x — 0 implies x ^ a' for all a'. Then any two coinploments of 


* Stated another way our conclusion ia that & ^ a' is a relative 
L(0, 6), and o w 6' is one of 6 in L{a, I). Of. Theorem 4.1. 


complomeuL of a hi 
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the same a contain each other, and so complementation is unique. Also, a ^ 6 
implies a ^ IV ^ 0 and so IV g a\ It is now a corollary of Theorem 6.11 that 
L is a Boolean algebra.'^' 

116. Complete, atomic Boolean algebras. Again, let Jj be any complete, 
atomief lattice. Tlius L might be any finite lattice or any lattice of finite 
dimensions. 

Theorem 6.12: If each elemcM of L has only one complemcntf then L is iso-- 
mmphic with the Boolean algebra of all subsets of its points. 

Proof: To each set S of points p of L, associate the join x(S) of the p in S, 
and the meet y{S) of the complements p' of p € S. It will follow by generalized 
associativity (I/'J, L*^2), tlmt x(S ^ T) = x{B) w x{T) and y(S ^ T) = 
y(S) ^ 2 /( 7 ’), Again, the complcunent of .^•(7) (^an (contain no poiiitjt hence it 
is 0, and x(l) = I. Dually, y{l) = 0 , 

Again, the compkunent p' of any point p is covenid by /; that is, x ^ p' 
implies x = p' or x = I, For if x g p, then x ^ p ^p' ^ I] and if not, then 
X ^p < p will be 0 while x p ^ p' ^ p = /, wheiu^e x = p'. Hence (1) if 
p and q are distinct points, then p g (/', For unl(\ss p g r/', p ^ 7 ' — 0 and 
p / (since p covers 0 and I covers </') implying q* = p' and so o' == p. 

It is a corollary of ( 1 ) that ( 2 ) x{IS) g 

From the crucial inequality (2) we infer 
^ (3) x{S) ^ x{S’) g 2 /(*s") 7/(^0 = yin - = Vil) = 0, 

Thus x{S) (contains no point not in *S, wlieiun^ distiiud, sots S d(iterinine distinct 
x{B)i and thcj partially ordered syst(Mn of the x{lV) is isomorphic with the algebra 
of all sets S. 

It remains to show that every inemlxu* a of L is an x(H), But denote by S the 
set of points in a givtni a e L, lOvidently a ^ x(B') will (U)iilain only points in S 
and in /S'; lienee a ^ x(S') = O. On the othi'i* hand, a w ;r(/S') ^ :c(aS) w 
a:(/S') = a:(/S /S') — I; hence a is the unupK*. c.oniplement of x(S'). But Lhis 

is x(S)f by (3) and the equality .t(/S) w .r(AS') = 7, (Completing the proof. 

Combining with Theorems 6.1 and 6 . 10 , W (5 got 

CoROiiLARY 1: A coJtipleiej aUmic kiibice L is a Boolean algebra if and only if 
each element of L has a unique comphmenL 

Corollary 2: A complete Boolean algebra A is atomic if and only if it is 
completely distributive, 

117. Boolean rings. Stone has shown that one can subsume the theory of 

* This coiichision is dim to Himfcingtoii [1J. Wc not(j that th(3 aaBumption that a .x « 0 
implios X g (V for all a' is not rodundaut; tlioro (jxist lattitms not Boolean algebras in which 
to each a corresponds an a' Buoh that« ^ a' « 0, a a' « 7, and a . 7 ; « 0 implies x g a'. 

t Only the assumption that every element except 0 contains a point is used in the proof I 
The results of this section were obtained jointly with Morgan Ward (A characierization 
of Boolean algebras, Annals of Math., 40 (1939), COO'-IO). 

t We are letting I denote both the biggest element in L and the sot of all p. 
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Boolean algebras under the general theory of rings—actually, of commutative 
rings of characteristic two, in the usual sense (cf. van der Waerdon, [1], p. 87).* 

To see this, recall that any Boolean algebra is isomorphic witli a field of sets, 
and recall also the notion of the * ^characteristic function’' fx of a sot X in a 
space I: the function defined on the points pel, and satisfying/x(p) = 1 or 
fx{p) = 0 according as p eX or p e X\ Then fxfr = /x^r, and also 
/x + /r = mod 2. 

Thus relative to meets XY ^ X ^ Y and symmetric differences X + Y = 
(X ^ 70 w (X' ^ 7), the (dements of any Boolean algc^bra A form a ring 
,R{A) of characteristic two, with unit I satisfying IX = XI = X for all X. 
Moreover in i2(i4.), XX == X and X7 = 7X identically: the ring is commu¬ 
tative, and all its elements are idempotent. 

Actually, in any ring, the identity xx = x implies 

X + y ^ (x + y){x + y) XX + yx + xy + yy ^ x + y + yx + xy 

and so it implies xy + 2/aJ = 0* Setting x = y, we get a; + a; == 0, and = — a;. 
Using this, we get xy — yx = 0, and so xy — yx. Hence xx = x implies both 
xy = yx and a; + a? = 0. This leads one to state 

Definition 6.2: A Boolean ring” is a ring whose elements are all idempoienL 

Conversely, given a Boolean ring E with unit 1, if one defines x ^ ?y to mean 
^y = Vi then (1) 1 ^ a; ^ 0 for all x, by definition of 1 resp. 0, (2) a; ^ a; by 
idempotence, (3) iix'^y and y '^x, then x yx = xy = y (by commutativity), 
(4) ii X y and y Xy then 

X ^ xy — x{yz) = (xy)z == xz 

and X ^ z, (5) x ^ xyj since x{xy) = (xx)y = xy, and (6) similarly (using 
commutativity) y ^ xy, (7) ilx^z and y ^ z, then xyz = xz ^ z and so xy ^ z, 
(8) the correspondence a; 1 — a; is a dual automorphism of period two; sinco 
xy ^ y implies (1 - ?/)(l - a:) = 1 - ?y - x -f xy == (1 - x), it inverts in¬ 
clusion, and it is obviously of i-xiriod two. 

Hence our definition makes R into a partially ordered set with 0 and I (by 
(l)'-(4)), in which x ^y exists and is a;7y (by (5)~(7)), and (by (8)) x w y (exists 
and is 1 — (1 — a;)(l — 2/) = a; + ?y “■ xy. Also, if we set :c' = 1 — a;, then 
X = a;(l — rr) = 0 and a; ^ a;' == a; + (1 — a;) — a:(l — x) = I; hence our 

♦Historical note; Boole originally (•.hariictorizod Boolean algebra as tlui alg(jbra of 
0 and 1 ([1], p. 37), but lie did not appreciate the signifieanco of addition modulo two. 
Stone was not the first person to note a redatiou between Boolean algebras and rings of 
characteristic two (cf. especially P. J. Baniell, 7Vhc modular difference of cluHses, Bull. Am. 
Math. Soc., 23 (1916), 446-60; Gegalkin, Math. Sbornik, 35 (1928), 311-73; O, Frink, On the 
existence of linear algebras in Boolean algebras, Bull. Am. Math. 8oc., 34 (1028), 329-33; 
H. Whitney, Characteristic functions and the algebra of logic, Annals of Math., 34 (1933), 
405-14). But Stone was the first to realize the identity between the theory of Boolean 
algebras and that of a clear-cut family of rings (cf. Definition 6.2). 
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definition makc^n li into a (iomplemcMited latticu^ Finally, 

X ^ (?y V-/ s) = x('// + - ]/s) = x^j + xz — rcyys 

= X'l/ + xz — X9/XZ = (.T ^ ?y) V-/ (.r z), 

and wo li is a Boolean algebra. We conclude 

Thkoukm 0.13: T/ure is a one-one correspondence helwee7i Boolean algebras and 
^^Boolemi” rings {ritigs ‘whose ekmenis are idcmpoleMf) mth ‘unit. U'tulcr this, 
inclusion corresponds to divisibility, lattice 7neeis to ring products, syrnTnctric 
differences to ring simis, 0 to 0, a.7ul I to 1. 

Again, a ^ & corresponds to a\b, a = ah = l.c.in. (a, b), and a ^ 6 — 
a + & — a?) = li.c.f. (a, b). 

The sam (5 ccuTCispoudeiKiC inakew siibalgebras correspond to siibrings, ideals 
to ideals, and prime ideals to prime ideals. It is also a part of a wider c-or- 
respondcncc between (jcncral Bookman rings and ‘‘gemu’alized'^ Boolean algebras. 
(By this is meant a distributives lattic(j with 0 but without I, in which relative 
complements exist.) For further details, (^f. StoiK^ [3], Theorem 4 ff. 

118. Applications to topology: Boolean spaces. We recall from §104 that a 
bicompact 7Vspaee is charachn-ized topologi(5ally by any “basis’’ of closed sets. 
But a closed s(^t has a closed complement if and only if it disconnects the space; 
hence a space has a Boolean algebra for a basis of clos(id sets, if and only if it is 
totally disconnected.'^' 

Mor{^over any Boolean algi^bra has Wallmaii’s disjunction property. Hcnc(^ 
em^'y Bookman alg(d)ra can ho n^garded as a basis of (jlosed sets of a totally dis- 
connect(Ml bic.om])ac.t Ti-h])iw.o (or “Bookman spatM^”) and conversely, the opon 
and (dosed subsets of any ]h)ok‘an space / form a Boolean algcibra A (I) whic.h 
charac.lfCU'iztus 7. 

We note that siu(*.e unckn* this (iorr(^spon(kMic(^, th(', ]>oints ol / app(3ar as the 
different ])rime idi^als of A{I), J affords th(3 “iKndecd.” iepr(\s('ntation of d(/) 
by a field of sets. 

Stone lias also proved ([-1], p. 393) tlie (jurioiis fact that if I is the Cantor 
discontinuum, then A{I) is the “five” Bookman algebra with (^mutably many 
geiKirators. 

119. Elementary figures. The ivst of this (diapte will be concerned with 
special Bookian algebras which play an important role in sot th(U)iy. Of. also 
C. Carath6()dory, Vorksimgcn ‘fiber reelk Funkimicn, beiiizig, .1927, Chap. V, 
and Eniwtirf filr diic AdgebrniM(TU7ig des Megralbegriffs, S.-B. Bayer. Akad. 
(1938), 27 ()9. 

* The usual definition of total (lisconiKjctetliu^ss, that any two points fall in comple¬ 
mentary oloBtid sots, is equivalent in 'h’ogular^’ spaces to the assertion that any <dos(5d 
set is the intersection of open closed sets. The results of the presout section are due to 
Stone, who has shown that generaliised Boolean algebras correspond to totally disconnected 
locally bicompact spaces. 
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First, let In denote the unit ?i-cube—i.e., the set of all p(.)ini.s (xi , • • • , 

[0 1]— and let denote the Boolean algebra of all subsets of /«. By 

a “measure function/* is meant a non-negative, modular lunctional, dtdiiHul 
on a subalgebra of A», satisfying m{0) == 0, m(l) = .1. This c.oiiveni(‘nl, ab¬ 
straction includes the familiar concepts of length, area and volume us spcu’-ial 
cases. 

The simplest figures in J„ are the closed “generalized reotanglcKS** of points 
(»!, • • • , Xn) satisfying a* ^ ^ 5* [A; = !,•••, w]- If mcasun^ is iuvurhint 

under translation, the measure of such a figure must equal the i)ro(lu<^l, 
IIa«i {bk — dk) of the lengths of its sides. The subalgebra of An which is 
generated by these generalized rectangles consists of th(^ so-called “(^h^nuuitary 
figures.** Any elementary figure can be decomposed into geiieraliz(?(l re(!t tmgh's 
which overlap only on sub-rectangles of measure zero—and so its iiun'Isuim? musl. 
be (under our hypotheses) the sum of the measures of tluvse. 

Thus one can construct a quasi-metric Boolean subalgebra Jin uf A „, consist,- 
ing of the elementary figures. If one ignores elementary figur(‘s of less (ban n 
dimensions—or, what is the same thing, elementary figures of m<‘asur(* zero 
one obtains by Theorems 3.10 and 6.6, a metric Boolean algebra Iin/!^n of con¬ 
siderable interest.! 

120. Jordan sets. We can now enlarge our class of measurabh' s(‘t.s, by using 
a very general construction. 

Indeed, let S be any quasi-metric subalgebra of any Boolean algcjbra .1, and 
let the functional relative to which S is quasi-metric Ix^ nh[x]. 'I'lnm on(‘ c;m 
define two new functionals on A as follows, 

m[a] ^ sup m[x], m[d\ s inf m[:r|. 

Clearly m[a] g r7i[a] for all a e A —and m[a] = w[a] = m[«l foi' idl n e S. 

Theoeem 6.14: The elements a for which m[a] = ml«J form a suhalyrbrtt M 
of A, qmsirmeirized by m = m. 

Proof: Clearly a eM ii and only if, given 5 > 0, one can iintl x, x* t »S’ s!),l.i.s- 
fying X ^ a i X* and 

1 a:* - a: 1 s m[x* a:] - m[x* ^ a:] = m[a:*] - »n.[a:J < 3. 

But if this is true, and the same conditions hold for y b S. y* [y, y* e <S'|, 
then I a:' — r*' I < B, and by Theorem 3.10, 

1 ^ j/* - a: ^ 2 /1 < 23, 1 2 /* - a: v-, ?/ 1 < 23, 

where a:*' ^ a' ^ x',x ^ a ^b ^ x* ^y*,mdx ^y ^ a ^ b g, x* ^ y*. 
It follows that a' fM, a ^b eM, and a ^ b eM, q.e.d. 

Remark: It is easy to show that if to[ 0] = 0 and m[I] = 1, then wla] ~ 
1 - m[a'] —and as a corollary of this that o e Af if and only if m[a] + m[a'] = 1. 

t It is easy to show that if any non-negative, modular functional is dciinud on any Uool- 
ean algebra, then the elements with m(,X) -> m(0) form an “ideal.” 
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Ill the ease discussed in the preceding section, setting A = An and S. = i?« , 
we get Jordan's theory of measure: the sets in M are the '^meaBurablQ''.sets,, 
and m = m gives their ‘‘measure,” If X is any set, measurable or not,.mtZ]' 
is called its inner (Jordan) measure, and m[X] its outer Jordan measure. 

Once more, by ignoring sets of measure zero, we get an interesting metric 
quotient-algebra. This is the same for all dimensions (although we shall not 
prove it)—which suggests that it might bo interesting to characterize it ab¬ 
stractly. This will be done in §122. ^ 

121. Borel sets. From almost every point of view, Jordan's theory of 
measure is improved by the twentieth century theory of Borel and Lebesgue, 
which has been perfected by Carathdodory. 

To obtain this, we define a “Borel sot” as a member of the cr-subalgebra of 
generated by closc^d generalized rectangles. The analogy between this and 
our dt^finition of an “elementary figure” is clear. It is easy to show that all 
open geiKU'alized rectangles (being diffen^uces between closed generalized rec- 
tangle*s) are (il(.unentary figures and so BtinJ s(^ts. It .follows that all open 
sets, and hence all closed sets, are BoriJ sets. Thus we might equally well 
have (lefiiuid a Bor(d sot as any member of tlu'. c-subalgebra of An g(5nerated 
by open and dosed sets, and had a eoiicept which extended to the most general 
topological space. 

It is a tlieorom of moasiini theory- whosej proof will not be reproduced here* 

- tliat there is one and only one way to (Extend the measure functional from 
geiHU'alized reed,angles to Borel sets, so Uiat it remains additive and (U)ntiniious. 
In this way w(^ obtain a (piasi-metrh^ Boolean <T-algeln’a 7?„ . By ignoring Borel 
sets of measures zero, we obtain a metrics Boolean o-algc'.hra BjZn^ 

This will 1)0 characterized abstractly in §122, from wliich it will appear that 
it is ind(^p(jndent of n. 

122. Lebesgue measurable sets. .If now we consider Bn as a subalg(ibra of 
An, and apply Tluionmi (5.14, we get the (dass Mn of Lebesgue measurable 
sets. This is tlie ultimate class of the modern thc^ory of moasun', and integration. 

Ac.tiially, ouc gets the same family of sots, if one replaces Bn by the smaller 
class of unions of countable open (or closed!) rectangles: it is a well-known 
theorem of measure theory that one gets in tliis way a (r-subalgobra of An — 
which must thus include Bn , nnd so Mn . 

If one ignores so-called “null sots” (sets of measure zero), om gets a metric 
quotient-algebra Mn/Nn, which we shall now study in detail. 

Firstly, Mn/Nn is metrically isomorphic, to BJZn . For every measurable 
set is equivalent modulo a null set to an intersection of countable open sets,t 
which is a Borel set of class Gs , 

* Indeod, it is much easier to prove the theorem for the more general category of 
''measurable’^ sets defined bolow~“~nnd then to show that this category is a Boolean 
ir-algebra including generalized rectangles as elements, 

t Namely, let a sequence of open sots be chosen, whose measures exceed that of the 
given sot by smaller and smaller amounts and yet which contain it. Their intersection will 
satisfy our conditions. 
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Thkokem 6.15: The algdbra M/N of measurable subsets of the unit cube of 
Cartesian n-space, ?nodulo sets of 7neasure zero, is ohtairml by cotripleling mctri-> 
cally the limit as k oo of the Boolea7i algebras , 7 rieirizcd by the formula^ 
m[x] = d[xyd[ll 

Remark: It is a corollary that it is independent of n. 

Proof: Firstly, M/N is complete. For let be any soqiiotn^e of (^lenuiul.s 
of M, such that , Wn) —> 0 as m, Then {un} contains a sul)se(jiience 

{?;&} = [Un{h)] with y/c+i) ^ Form tlic “symmetric differences^* 

Sk = {vji ^ v/c+i) ^ {vk ^ WA-fi)'. Then since M is a <r-field of sets, 
Wn ^ Vn ^ Fa -0 Sn+A is ill M] also Wn S . Tlio intcrsoc.tion /; of the Wn 
will be in M, and since measure is continuous 5(2;*, v) = lim„_,oo 5 ( 2 ;*,'//;«). But if 
n ^ /c, then 

K^k , Wn) S 5(y* , Vn) 4“ ^(Vh , Wn) g 2 "* + 2““. 

Hence 5 ( 2 ;*, 2 ;) g 2'~^'and {w„} converges metrically to v, proving M coiniilelc. 

Now let TT* denote the decomposition of I into cubes of si(l(^ 2^^’; tlu^ do- 
mentary figures composed of these will constitute a subalgebra of M/N iso¬ 
morphic with '‘j in which m[x]^ = d[x]/d[I]. The union of tlio subalgeljras 
so defined is evidently liin*_*ao B^ ; moreover any elementary figure can he aj)- 
proximated arbitrarily closely by members of this union—aud lienc.o so can any 
measurable set. That is, M/N is obtained by completing this union inc‘tri(^ally, 
which was what we wished to prove. 

A variation of the proof of Theorem 6.15 shows that the im^tric^ liooleau 
algebra of measurable subsets of any region of unit measun^ in C'arti^sian //-spac^e, 
modulo null sets, is metrically isomorphici Avitli M/N, Hence thc^ sanui is triu^ 
for any region of finite positive measure, if the measure function is multiplied 
by a suitable constant. 

Hence if 0 < a; < 7 in M/N, the t ^ x form a Boolean algebra isomoridiic. 
to M/N —but with all distances shrunk in a fixed ratio. Mor(»r)vei’ M/N is 
the product of the sublattice of t S x and the sublatticc of t g x\ Since this 
decomposition of M/N into factors isomorphic with x is indepemdent of .r, we 
conclude 

Theorem 6.16:1* The group of aukmorphmns on M/N is tmnsUive on the 
elements not 0 or L 

Returning to Theorem 0.15, one can characterize abstractly tlie mrd.ric (pio- 

* By is meant the finite Boolean algebra of dimensions 2* and ord(u* 2**. The 
analogy between this and von Neumann's eonatnustion of a ''continuous geometry" is plain. 

t A similar argument shows that the group of isometric automorphisms of M/N is 
transitive on elements of the same measure. Thus M/N is highly homogeneous. 

Actually (V. Glivenko) any isometry leaving 0 fixed is an automorphism; a; w is the 
element t furthest from 0 among those satisfying p{x, t) + p0, y) « p{x, y). The other 
isometries are the products of isometric automorphisms with transformations a; —♦ a? + a 
in the sense of Boolean rings. 
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tient-algcbra of Jordan sets modulo null sets, as follows. Metrize S ^ lim&-.oo 
hy making 7 n(x) be d[x]/d[I]. Then adjoin those elements a of M/N which can 
be approached both by x ^ a and by y g a in S, 

123. Related systems. Various other metrics Boolean algebi-as of importance 
in set-theory are (dosely related to M/N, 

Thus considtu’ tlu^ algebra of all Bored sets of finite mc^asuro in Cartesian 

n-spac^c^, modulo s(d.-s of mcaisun' zeu’o. ll(dative to nnuxsiire, this is a metrically 
complebi geu(u*aliz(^d Boohum alg(d)ra; inoreovei- it is easy to characterize 
M'^'/N abstractly. 

To do this, n'gai’d spac^e as tln^ sum of countable n^gions of measure one, and 
eveuy set of linitt' im'asun* as tlu^ limit of its ])arts on successively larger sums 
of th(*se r(‘gions. Following this id(*a, oiu^ s(h\s tliat M''^'/N contains a sequence 
of sublatti(^es M/N, {M/N)\ {M/NY, ••• , each containing the preceding in 
the s(uis(^ of metii(^ isonioiphism. By completing metrically tlu^ union (en¬ 
velope) of this expanding siHiiunuu^, oiu^ ol.)tains M'^/N. Moreover th<; same 
id(‘a ap])li(‘s t.o ajiy rc'gion of inliniU^ mcasui*(j in C-art(\sian n-spa(^(^ 

Again, conskhn* Danicdl’s theoryf of ineasuni on the “infinite-dimensional 
torus” of points x = (.ri , ro, Xi \, • • • ) [xi mod i|. Ltd, 7r„ demote tln^ slicing 
up of th(‘ torus into the 2"^" “gtimM’alized re<d,angl(*s” 

H: k{R)/r ' ^ :r, ^ (/*:(«) + l)/2“ " [i - 1 , , n]. 

Beginning with th(\s(‘ rt'ctangh's, one t^an gtd, as in tlu‘ c-ast^ of Ijtdxjsgiit^ measure 
an algebra of “nu^asurablt^ sul)std,s modulo s(d,s of nieasun^ z(n*o,” nietrit^ally 
isomorphit^ with M/N. 

To take a thii'd cast', in t-lu^ so-callt.'d liadon-St.itdtjes th<M)ry of integration, 
one begins with a modification of M/N in whitdi luinixs or “ai.oms” of positivt^ 
measure ^lr(^ allowtul. 

Tliti two n'lnaining systtmis arising in mt?aHiir(i tlux>ry can only be (duiracter- 
ized abstractly in t<n-ms of the rathtu’ (!()mpli(;ated Moort'-Smith c.<>n<x3pt of limit. 
These systtuns art^ rtxsp(xd,iv(dy: HausdoidT’s ststs of (finite) /Mlimensional 
measure in (-arti^sian ( 7 -si)ac.e, and an ai>[)artmtly unformulattHl tluiory of measure 
for tori having uuc,ountal)ly many ttoordinates. Thti first system is analogous 
to M'^'/N, but th(^ simi)le siHiuenct^ of (M/NY rt^plaeed hy a “direett^d sot” of 
partly overlapi)ing (M/NY; tht^ S(ux)ud system is analogous to M/N, but the 
simple sequence of //" is replaced by a dirtxited sedi of uncountable powers of B. 

From (uich of the abov(i th(H)rieH of mc^asurc, one g(it.s a theory of integration 
by replacing singl(;-valued pointrfunc.tiotis I>y multiple-valued s(d‘»-functions; 
given an oi'dinary function f{p), one d(ifines F{S) as assuming for c^ach s(d; S 
all the values assumed l)y f(p) for any p e S. 

124. Open sets modulo nowhere dense sets. L(di I b<j any topological space, 

t P. .1. Danicll, Jnlegrahin an infinite nufnher of dwmbHions, Annals of Math., 20 (1019), 
281'~8; B. JosHon, Sovonth Hcand, Math. Ooiigr. Osh) (1929), 127-38; R. 10. A. 0. Paloy 
and N, Wiener, Fourier Transforms in the Comylex Domain, American Mathematical So¬ 
ciety Colloquium Publications, vol. 19, 1934, Chap. IX. 
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and A the algebra of all subsets of I. We have already mentioned two com¬ 
plete, distributive sublattices of A : the family of closed sots, and the family F 
of open sets (complements of closed sets). Clearly those are dually isomorphici. 

Now define a “pseudo-coniplcmcnt^t of an element a of a latti(!o .L, as an 
element a* such that a ^ x = 0 ii and only if rc ^ a*. If a; is an open set, 
then a ^ a; = 0 if and only if a a; = 0, and so every a e F has a pseudo- 
complement in F, namely, the set-complement (a)' = a* of the closures a of a. 
We can infer 

Lemma 1: The open sets of I form a psevdo-complcmenled laUice F, Ttoo 
members of F are mutually pseudo-complementary when each is the selHwmphnwnt 
of the closure of the other.X 

It is clear that a and a* are mutually pseudo-complementary, if and only if 
(a*)* = a —and that otherwise (since a ^ — 0) (a*)* > a. But. (a*)* = 

(((a)')””)^ is by definition of interior, the interior of the closure of a, Hcn(*(^ an 
open set is a member of a mutually pseudo-complement pair, if and only if it 
is the interior of its closure—i.e., a so-called ‘h*egular^' open set (Stoiu^ [4]). 

Now recall the notion of a nowhere dense set, as a set x such that if b is opciii 
and non-void, then h ^ a:' contains an open non-void subset. It is easy t<j show 
that nowhere dense sets form an ideal D in A —hence we can defiiu? a (luoticmi.- 
lattice F/D of open sets modulo nowhere dense sets. Incidentally, no opc^ii s(4. is 
nowhere dense. 

Lemma 2: The difference between any open set a and (a/“)* is nowhere dense. 

Proof: If 6 is open and non-void, then 

b ^ [(a*)* ^ a']' = b - a] ^ (b ^ a*) w (/; ^ a) 

which is open, and cannot be void since b ^ a — 0 implies h ^ a* — b > 0. 
Hence (a*)* a is nowhere dense. 

Lemma 3: If the difference between (a*)* and (6*)*** is nowhere dense^ then (a*^*)* == 

Q}^y. 

Proof: The part of (a*)* not in the closure of (fe*)* is an open s(it contained 
in the difference between (a*)* and (6*)*; being nowhere dense, it is void. Being 
void, the closure c of (6*)* contains (a*^)* —and hence so does the interior (6^")* 
of c. Similarly, (a*)* ^ (6*)*, whence by P2 the two are equal, q.e.d. 

126. Borel sets modulo sets of first category. Again, recall the definition of 
a set of first (Baire) category, as a sum of countable nowhere', dens(^ S('.ts; it is 

t G. Birkhoff II], p. 459—where it is pointed out that any finite distributive lattice is 
pseudo-complemented, and that no element can have moi*e than one pstnide-(U)inplein(nit. 
The notion of a pBeudo-complement also appears in Stone's calculus of ideals. C^f. 
also §161. 

X An equivalent condition is that they be disjoint and their sum be I minus their conunon 
boundary. 
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obvious irlu^ s(U<s of first oatogory in any topologicail spacer I aro a <r-ideal, Jo . 
Morc‘ov(u* it is well-known* that if I is any n^gion of ordinary spaec, then (1) 
no op('n suhsiR of I is of first category, and (2) any Borol set not of first category 
is congruent to an open set modulo a set of first category. 

It follows by .L(mima 2 that ov(jry Borel set is congruent to a regular open set. 
But. using (2) in the proof of L(unma 3, W(^ see that no two distinct regular open 
sets ar(^ congnuuit modulo sets of first category. Hence 

Theouem ().17: The following systems are iso'morphic: the system of regular 
open subsets of /, the lattice of ojjen sets modulo nowhere dense seis, and the Boolean 
or-algchra B/Jc of Borel sets modulo sets of first category. 

Theorem (kIS: The completion by cuts of limA!-.,oo B^^ is isomorphic with the 
systems described in Theorem G.l7.t 

Proof: A dyadi<^ decomposition of I m<jdulo n()wh(U’(‘. d(uisi^ sets shows that it 
contains lim/i-.»ao B^ . And any pair of pseudo-complementary open sets defines a 
cut in tliis and (conversely. We omit the details. 

Siiuccc tluc Bookcan algebra just dostcribed is the same for all open sets in space, 
Ave can ]n-ove, as in Thconcm O.IO that the group of aut()mori)hisms of B/Jo i» 
transitive <jn the elements not 0 or 7. 

In spite of the reseml)lance betw(^en tliem, /7/./« and M/N anc non-isomorphic. 
For B/Jc. (Contains a (countalde family [xb] (nanady, intervals bounded by 
points with rational e-oordinakis), such that no set of Uk with 0 < j/k ^ .T/c for all k 
lias an ui)p(cr bound kess than / —the (complcnKiut of siuih an upper bound will be 
iiowhen'. d(Mis(c. Wluuxcas M/N (jontaiiis no siuch family of Xk —one can always 
make the total measure of the yk arbitrarily small. 

(\ Kiinitowskl, Topolofjic, p. 01, line 1. I’Ikc iiinilof^y l)ot.wt^ell inoaHiire and eiitogory 
has often Ixiieii riMUJirked; we slmll now look ut tlio analogy from tlio i>oint of view of lattieo 
thccory. 

t Tliu eoniplot.cMH'HH of li/Jv ,, ami its non-iHoinorphisin witli l\//N, were first provcid by 
S, Ulam and Mie author ef. Proemulings Oslo (iongness (li)IF>), vol. 2, p. 37. Anoliher 
proof is given by J. von Neumann [2], Part I V. Its abstrmjt eliaraetorizatiou was duo 
to IT. M. Ma(cN(‘ille. 


CHAPTER VII 

APPLICATIONS TO FUNCTION THEORY 


126. Introduction. Function spaces, unknown tliirty years ago, luivo slied 
so much light on the theory of functions that their study is now a r(3cognis5ed 
branch of mathematics. The present chapter is coiiconied witli the relation of 
partial ordering in function spaces. 

This topic has been insufficiently exploited; it is not even nieiitiojKHl in the 
two most widely read books on function spaces/'’* In faci., the relation f ^ (j 
cannot even be defined in terms oT the concepts used in these?, books.f N(‘itiu?r 
can the following subsidiary notions: positive? fun(?tion, positive part of i\, Fuik;- 
tion, supremum, infimuin, lim sup, lim inf, oscillation, majorant- -although th(\y 
play an important role in the theory of real functions. 

In Chapter IX, we shall show that these notions play an essential role? in thc^ 
theory of dependent probabilities (stochastic processes); in the pr(?seiil. {?hapt(?r, 
we shall consider results applying purely to the theory of functions. 

127. Main results. In the first place, we (?an show that every known func¬ 
tion space forms a lattice with respect to a natural xJartial ordering and that 
most of them form (conditionally) complete lattices. If tin? function sj^acc? is a 
vector space, the resulting lattice is distributive. 

Again, we can not only define 'h'clative uniform couverg(?n(?(?” in tin? (?hi.ssi{t 
sense of E. H. Moore, but we can show tliat it giv(?s the usual in{?tric. topology 
(“strong topology”), for all known Bauacli spaces. In this sense? we can d(?fin(? 
distance (to within a bounded factor) in terms of order -aUhough tin? (?()riv(?i-se 
is impossible.} We can also show that “couveigc?nc(? in measure?” is star- 
convergence in the lattice-th(?or(?tic sense. 

Further, we can show that an additive functional carri(?s hounded s(?ts into 
bounded sets, if and only if it is tlic difference of two positive functionals. Th(?s(? 
“bounded” additive functionals form what may be call(?d the “conjugal,e spac.c?” 
of a given partially ordered function space?. This - teiminology is (?si)c?(?ially 
suitable, since it contains as spe(*ial cases (1) Banach's notion of a (?onjugat(? 
space, and (2) the notion of a “Diialranm” introduced by Ko(?tli(?andT()eplit 55 . 

Finally, we can characterize abstractly the? decompositions of partially ord(?r(?d 
function spaces—in particular, the compon(?nts form a Boolean alg(?bra. A 

* Namely, M. H. Stone’s Linear Tramformaliom in Ililbcrl Space and their A pplica¬ 
tions to Analysisf New York, 1932, and S. Banach’s Thiiorie dos Opbraiiom Lineaircs, 
Warsaw, 1933. 

t Proof: Hilbert space, and the other better known Banach spaces, admit automoi*- 
phisms (isometric linear transformations) which mix positive functions with non-positive 
functions. 

t This indicates that order is more fundamental than Banaoh’s “norm,” and could be 
used as a basis for Banach’s theory. 
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related result is tluit iiiid(n' suita-blo restrictious, every bounded additive func¬ 
tional decomposes its domain into components AT®, and on which it is 
negative, zero, and positive resi)cctiv(ily/'' 

128. Partially ordered function spaces. The cornerstone of our theory is the 
following definition,t 

Definition 7.1: A ^^parlially ordered Umar spacc^^ is a (realX) Umar space, 
sovie of whose elements f are ^^mur-nogalive^^ {written f S 0 ), and in which 

FI: Iff ^ 0 and X ^ 0 , then \f ^ 0. 

F2: /// ^ 0 a 7 id —/ ^ 0, thenf = 0. 

F3: Iff ^ 0 and <7 ^ 0, thenf + gf ^ 0 . 

Thkohem 7.1: Iff ^ g is defined to ?acan/ — ^ 0, then atiy partially order^ed 

linear space is a partially ordered system. The Lramformalions / ~» / + a and 
f '^^f [^ > 0] mduce automorphisms on this system; the Iraasforniation f —> —/ 
is an ^ Unvolution” or dual automorphism of period two. 


Proof: For any non-negative < 7 , 0 = 0 ^/ ^ 0 by FI. Hence 0 ^ 0 , and f ~ 
/ ^ 0 for all/, piwing PI. Again, if / — 17 ^ 0 and g f = -“(/ “ < 7 ) ^0, 
then / — (7 == 0 by F2 and / ~ ( 7 , proving P2. Finally, if / “ (7 ^ 0 and g — 
A S 0 , then by F3,/ — h == {f — g) + {g — h) ^ 0 , proving P3. 

The transformations described prc'sinvo or invert order as asserted, Hinco 
if + a) - (g + a) = f - (I, \f - \g = \{f - g), and -f - (-g) = g - f. 
But they are one-one, by the general theory of linear spaces; similarly, / —/ is 

of period two. 

Remark: The conditions of ''rhet)reni 7.1 give, a dc^finition of partially orderi^d 
linear spaces, equivalent to Dc^tinition 7,1. 

129. Vector lattices. Most important fund,ion spaces aro “ve(il.or lattuuvs/’ 
in. tlui sense of 


Definition 7.2: A parliaUy ordered linear space will be called, a. vector latticej 
if and only if the partial ordering of Theorem 7.1 d.vfines a lattice. For any /, 
/ w 0 = / ' will he called the * ^positive part” and f ^0 == /" the negative part” of f. 

Theohem 7.2: For a partially ordered linear space to be a vector lattice, it is 
sufficient that every elemcMt have a positive part - that f ^ 0 exist for all f. 

Proof: By Theorem 7.1, (/ g)'^' + g will be/ ^ g, and — (—/ ^ —g) will bo 

/ g —and both will exist. 

130. Complete vector lattices. When wc speuik of a cr-complote vector lat- 

* These results wore stated in a locturo givcni at Notre Dame University in February, 
1938. 

t Definitions 7.1-"7.2 aro essentially duo to Kantorovitch [1] (and earlier announcoments). 
Freudenthal [1] developed the same ideas indopondently, attributing his inspiration to 
F. Riesz [1]. 

fWe are concerned with functions of a real variable alone, and with linear spaces 
(vector spaces) having real scalars alone. As is well-known, any linear space with com¬ 
plex scalars can also be represented as one with real scalars. 
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tice, we shall moan a vector lattice which is conditionally (r-cioinplett^ resp. 
complete, regarded as a lattice—a vector lattice in whicdi every hounded count¬ 
able subset (resp. every bounded subset) has a supremum and an iiifiinum. We 
do this because of the following 

Theorem 7.3: Let L be any (r-completc vector lattice. Then:\ (1) ^// 9 ^ 0, the 
set {nf} is unbounded^ while (2) if f > 0 and 'Sn I 0, then \nf i 0. 

Proof of (1): If a ^ nf ^ b for all n, then by Theorem 7.1 nf^ g for all rt, 
and {nf^] is bounded. But clearly sup {nf^} = sup {2nf'^] = 2 sup {nf'}; 
therefore sup {nf^} = 0, and/”^ g 0. Dually,^ 0, whence 0 ^ jT g g 
g 0, and / = 0. 

Proof of (2): As above, inf {X«/} = inf {2\nf} — 2 inf {X„/}, whence as above, 

inf {\nf} = 0, 

It is a corollary that no partially ordered linear space forms a <r-compIctti 
lattice: if it is conditionally o'-complete, it contains unbounded countable seiuS. 
The most that we can hope for is that bounded (countable) sets should have 
suprema and infima. 

Remark: The conclusions of Theorem 7.3 do not hold in all vector latticcjs; the 
hypothesis of <r-completeness is not redxmdant. For example, they fail in the 
Cartesian plane if (re, y) g (a;*, y*) is defined to mean: either x < .r*", oi* x = 
and y ^ y^. Thus they do not hold in Cartesian ?i-space “lexicographically** 
ordered. 

131. Simplest examples. The simplest example of a vector lattices, and the 
prototype for all vector lattices, is of course the real luunbcu* system li. This 
is a one-dimensional linear space, having the positive numbers and zero as its 
“non-negative** elements. 

Theorem 7.4; Aiiy direct union of vector latticGs is a vector lattice. 

The proof can be left to the reader; it involves only a componcut-by-coin- 
ponent verification of F1“F3. It is equally easy to sliow that if tlu^ original 
lattices are (conditionally) complete, then so is their union. 

It is corollary that the spaces 22” of all vectors bi, • • * , Xn\ with n rcial {com¬ 
ponents, R" of all infinite sequences Xi, X 2 i Xn, of real iiumlxn's, and R 
of all real functions defined on the interval [0, 1] are complete vector lattices. 

The notation for these spaces is self-explanatory, if one admits the powcu’ 
notation of §16, and imagines co and c as denoting countable infinity resp. the 
power of the continuum. 

132. Other examples. It is clear that any subspace of a vector lattice which 

is a sublattice at the same time is a vector lattice itself. That is, if a subset 
contains with / and g also / + ^ p, and every X/, then it is a vector 

lattice relative to the same operations. 

These hypotheses are satisfied by the following sets of functions; the subset 

tThe first of these results is stated by Kantorovitch, Doklady, IV (1936), pp. 13-16, 
as the “Principle of Archimedes.*' 
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(J5) of consisting of all bounded functions; tlie subset (f>) of R" consisting of all 
bounded sequences; the subset C of K consisting of all continuous functions; 
the subset (c) of R" c-ousistiiig of all convergent sequences; by analogy, the set of 
continuous functions on any topological spacjc; similarly, the sot D of functions 
on any topological space whhdi admit only a finite number of discontinuities. 
Again, so do; the set (M) of measurable functions (in the sense of Lebesgue) 
on the line; the subset (M^') having suinmable pi\i powers; the set (Z") in R!^ 
consisting of all seqiuuices with finite 1 T'. 

So also does the set of functions lip a. Finally, let P be any (infinite) group 
of one-one transformations of a space ^ into itself, and (iall a fuiK^tioii ^^almost 
periodic*' (in the sense of Bodmer) when every infinite sequence of its transforms 
under P contains a uniformly convergent subsequence. Then the real functions 
on S almost periodic under P satisfy our hypotheses. 

Most of these examples can be found in Banach [1], whose notation we have 
adopted wherever convenient. The truth of our assertions concerning these 
sets of functions is in most cases well-known; in the others it can easily be proved 
using well-known functioii-thcoretie arguments, and Theorem 7,2. 

133, Semi-vector lattices. Several interesting classes of functions form 
lattices without forming linear spaces. . They form what may be called ‘^semi- 
linear spaces": vector addition, and multiplication by iiou-iiegative scalars 
can be performed, subjcjcA to the usual laws of the vector calculus. 

For example, (jonsider the sets (USC) and (LSC) of upper resp. lower somi- 
continuous functions defined on any region of the plane (or of any topological 
space!). These form a sublattieo of Ii‘\ and also a senii-Uiu^ar subspace. 

Again, consider the set (Cun) of (jonvex functions (or of continuous convex 
functions) defined on the real axis. It is a scmi-linear subspae^e of R% and 
contains with any / and fif, also/ w g, 11; is even a lattice: since the supremum 
of any bounded family of c.onvex functions is convex, wo (;aii apply Theorem 2.2 
to define the “convex infimum” of functions / and as the supremum of the 
convex functions less than or equal to both/aiid g. 

Precisely similar remarks apply to the set (SH) of subhannonic functions 
defined on any plane region, and we can dt^fiue the “subhannonic infimum" of 
given functions likewise. 

We shall see later that this apparcmtly trivial absence of-multiplication by 
negative scalars has purely lattice-theoretic consequouccis. Notably, it makes 
distributivity no longer necessary, and also continuity of the operations in the 
order-topology! 

134. The Jordan decomposition. Any elomoiit of any vector lattice has a 
“Jordan decomposition" into its positive and negative parts.f That is, formally 

* If » / w p, and h(aTn) is any sequence of transforms of h, then wo can choose a 
subsequence and a subsubsequonco on whioh both / and g converge uniformly, whence so 
does h. Hence they form a sublattioo of They do not, however, form a <r-Bublattic0. 

t The phrase is due to Saks, TMorie de VlnUgrale^ Warsaw, 1934, p. 9; cf. Jordan, Coura 
d^Analysef vol. I, p. 54. Cf. also F. Riesz, Sur la d^compoailion dea op^raiiona fonciionellea, 
Atti Congresso Bologna (1928), vol, 8, 143-8. 
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Theorkm 7.6: We. havef = +f identically. 

Proof: By Theorem 7.1, — (/ ^ 0) = 0 (—/) = if '-'0) — f, that is, —=a 

— f. Now transpose / and f~. 

Hence (g — A) + 0 = (g — A) ^ 0 + (jr — /i) ^ 0. But under the lattice- 
automorphism (cf. Theorem 7.1) a: —> a: -f- A, this becomes 

Coeollaby: For all g and h,g + h = (g ^h) + (g ^h). 

Theoeem 7.6:* Any vector lattice is distributive. 

' Proof: Relative complementation is unique, since ifa^a: = aw 2 / = ?< and 
a ^ X = a ,-^y = V, then a-\-s: — u-\-v = o.-\-y and x = y. Theorem 6.2 
completes the proof. 

CoEOLiiARY 1: The correspondences x x^ and x x~ define laltice-endo- 
morphisms. 

Again, 0 = / -f (—/) = / ^ —/ + / ^ ^ 2(/ ^ —/), whence/ ^ -/ g 0. 

Hence by Theorem 7.6, 0 = 0 ^ (f ^-J) = (0 ^f) ^ (0 ^ ~f) = f ^ i~f)+, 
and 

CoEOLLAEY 2: The positive parte of f and —f are always disjoint—in symtiols, 

r - (-/)■" = 0. 

135. Absolute of an element. Wo shall now clnfino the ''absolute*' |/1 of an 
element of a vector lattice, as / —/. It behaves like an absolute vahu) in 

many ways. Thusf 

Theorem 7.7: (1) 1/| > 0 unlessf = 0, (2) | \/1 = | X |-1/1 , (3) |/ -|- (71 g 
1/1 +Id, (4) 1/1 =/"■-/“•, (5) l/-d =if^g)-if^g). 

Proof: If / 0, then/ —/and 

-If - (-/)] = (-/) -/ < / - -/. 

Hence 0 < 2(/ —/) = 2 j/| , and 1/1 > 0, proving formula (1). Again, 

1/1 = I “/1 by definition and L2, while for positive X, 1 X/1 = X 1 / | by Tluiorom 
7.1, proving (2). Thirdly, |/1 -|- | gr 1 is an upper bound to both f + g and 
—f — g, since its addends are to the addends involved. Hence 

(3) 1/1 +Ids (/ + &)-(-/-fir) = |/ + f|. 

Again, using (1), |/| = |/|v>0=/w0w (-/) ^ 0 = d' w (-/)''. But 
/^ (~/)^ = /^ + (—f)^ — [/' (~/)'^] by Theorem 7.5, C(jrollary. By 

Corollary 2 of Theorem 7.6, this isd" + (-/)+, which isf - T by Theorem 7.1. 
This proves (4); now setting / = g — h,,w(i get \ g ~ h \ = ig — A)''" — (g — h)~ 

* This result is due to Freudenthal [1], p. 642. It is not true in the Bomi-vootor lattices 
of convex or of subharmonic functions. 

t The results of the present section are duo to Kantorovitch [1], who showed the power 
of the notion. 
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5= (fif — Ji) v^O — (r; — /i) /-^0. But by Theorem 7.1, (g — A) wO = {g h) + 
hi £ 111(1 (g — h) ^ 0 = ((7 ^ /i) + ft; substituting and cancelling, we get (5). 

Theorem 7.8: We have identically, 

K/ ^ f/) - ^ 1 + 1 (/ ^ flf) - ^ g) 1 = 1/ - I. 

Proof (of. Theorem 3.10 for analogy); The left-hand side is, by formula (5) of 
Theorem 7,7, 

f ^ g V-//'*' — (/ w (/) ^ {f^ ^ 9) if o) ^ if^ 9) / '^9 

But l>y tlu^ distributive law (Theorem 7.G), this is 

(/ f‘^) ^ 9 if f'^) ^ 9 if ^ /*) ^ ^ /*) 9* 

Hemu?, transposing and using the Corollary to Theorem 7.5, it is 

(/ -r) + g-{f -r) - (7 = (/ -r) ~ (/ -r) = 1 / -ri, 

which e()mplet(‘s the* iiroof. 

136. Normal subspaces and decompositions. It is known (ef, the Foreword) 
that any eongriu‘ne(‘ i*(‘lation on a linear space 2) is determined by the set S of 
(dcmients congriunit to 0, Moreover the different ^'quotient-spaces” S/iS so 
di^teniuued havi‘ for “congruence modules” the different subspaces of S. 

Tiikoukm 7.1):t A suhspace delennines a laitico-hornornorphism if and only if it 
contains with f all x saiisfying | .r [ g [ / j . 

That is, this (‘onditioa is nec(\ssary and sufficient for joins (and dually, meets) 
of (^kniumts (H)ngruent mod S to be congruent mod S. For if this is so, and 
/ hh 0 (»S), Hum I /1 = / V.. - 0 -0 = 0 (S), Hencci if | £/ 1 g | /1 and 

f € )S, th(‘ii 0 g |7‘ g 1/ I so that (/ c S] dually, g~^ e S, and (lonscqiicntly g = 

+ g ^ . 

C'ouv(u\sely, if S contains with any f all x such that j x | ^ 1/1 ^ then 

I (y ^ /t) ^ (j - (/ w f/) 1 g I /i I by Tlicorcm 7.8; henco substitution of / + 

[h e (8,1 for / ill / (j cluuii^os/ g by au clement whose absolute is bounded by 

I /i. I , and lienee whieli is in S. We coneludc that tlic corraspondenco S —» S//S 

is join-Iionioniorphie; dually, it is mect-horaomorphio, completing the proof. 

Dki-’inition 7.3: A suhnpcm of a vector lattice will be called "normal," when it 
aalufu's tlu! comlition of Theorem 7.9. 

Thkoukm 7.10: Any normal mibspace N is convex. 

Proof: If a € W, 6 eiV, and a g a: g b, then l»lSla!-aH-lal^lal + 
1 6 I € JV, and ao xeN. 

t Thia result and ThoorcniB 7.11-7.12 are duo to the author [8] {.Dependent probdbilUiea 
and spaces (L), Proc. Nat. Acad. Sci., 24 (1938), 166-9). The condition is due to Kanto¬ 
rovitch II], p. 166, («)-(/3). 
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DEFlNiTfON 7.4: By a ^‘direct component” of a vector lattice L, we mean the set 
L< 0 / [0, • • •, 0, /,•, 0, • • ■, 0] m a representation of Las a direct union LiX ■ • • X Lr • 

Theobem; 7.11 : The direct components of any vector lattice are its coraplemented 
normal subspaces. 

Proof: The direct decompositions in the sense of linear spaces (ignoring oi’der) 
correspond to choices of complementary subspaces—and the associatesd con¬ 
gruence relations preserve joins and meets if and only if the subspacos are 
normal. 

137. Distributivity. Closely related to Theorem 7.0 is the following basic 
theorem on normal subspaces. 

Theorem 7.12: The normal subspaces of any vector lattice form a distributive 
sublattice of the lattice of all subspaces. 

Proof: The intersection iS /-n T of two normal subspaces contains with any / 
all X such that [ a: | g j /1 (since 8 and T do). Thus it is a normal subspace. 
Now for the 

Lemma: IfxSg + hlx>0,g>0,h>0], then a: = s + <, where 0 S s ^ < 7 , 
0 ^tih. 

Proof: Set s = a: ^g; then t = x — x^g = gy^x — g^ io + h) — g = h. 
Obviously Ogf, a: = s + i{. 

Now ilf = g + h[geS,heT], and [ a: | g | / [, then a; '" g | / j g | ( 7 1 + | A 1 
can by the Lemma be written s + where lslSl( 7 l, whence 

s e S, t eT ii 8 and T are normal. Similarly, —x~ is in <8 + T, wlmiuio so is 
X = x"*" — (—a:”). Thus iS + T is a normal subspace, and normal subsi)ae(!H 
are a sublattice of the lattice of all subspaces. 

It remains to prove distributivity: that if 8 , T, and U are normal, tlicn 
8 -\-V) = {8 ^T) + {8 r. U). _Butsince 8 ^ (T + U) S {8 ^ T) + 

(^ ^ C7) in any case, and x = x"^ — {—x ),it suffices to show that (wory positive 
a: in /S ^ (T + 17) is in (;S 3’) + (5 ^ 17). But a: e ^ (3' + U) moans 

that X e8 and x = t — u [t e T, u e U], Hence |a:| g |i|-l-lMl, and (by the 
Lemma) | a: | is the sum of parts of | i | and of 1 m [ —whence j a; |, and so 
X, isia (8 ^ T) + (8 ^ U). 

Corollary 1 : The direct components of any vector lattice form a Boohan algebra. 

Corollary 2: Any two direct decompositions of a vector lattice have a common 
refinement, in the strict senae.f 

138. Examples. Function theoiy abounds in examples of normal subspaces 
of vector lattices. For instance, the set of functions equal to zero except on a 
finite set is a normal subspace in J 2 “, R% and their subspaces. So is the set {B) 

t We use the fact that either distributive law implies the other (Theorem 6 . 1 ), and also 
Theorem 5.16. 
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of boiiiulcil functions. Moreover, if (Af) and (M^) are understood as in §132, 
(A/'') is a noriiuil subspace of (Jkf); so is every (l^) a normal subspace of i2“. 

Ap;ain, the sot. N of func.tions vanishing except on a set of Lebesgue measure 
55<'r() (so-call('d ^hiull fiinctions*0 is a normal* subspace of 2?*" and its subspaces; 
so is tlie subspac^o of functions vanishing except on a countable set. 

Furtherinon^ tlu^ ‘‘vector quotient-lattices*^ {M)/N and (M^)/N define the 
usual “spa(^('s** {2>) of measurable functions and (L^) as vector lattices. Another 
interesting space', is tlie space (M) ^ {B)/N of hounded measurable functions 
modulo null functions.t 

139. Completeness of various vector lattices. Any direct union of (condi¬ 
tionally) o’-complett'. lattices or of complete lattices is itself (x-complete resp. 
completes. Honct^ th(i vector lattices /i, 22”, 22“, are complete. Moreover 
since normal subspat^cs arc convex, 


Thkokmm 7.13: Any normal mbspace of a complete {cr’-cornplete) vector lattice 
complete {<T-complele), 


It is a (corollary that tlu^ spaces (2?), (6), {V) and N are complete vector lattices. 

Now (U)nsi(lt'r tlu* spaci^ (S) of measiu*ablc functions /(^r), modulo null func¬ 
tions. L<^t A^(/, a) (h^note the set on which f{x) S o,- Then Z(/, a) is an order- 
prestu’ving fuiu^tion from tlie interval 22; (*“ -|-oo) to the complete Boolean 

algebra M/N diseussed in §123. Moreover if X(/, a) — X{g, a) for all a, then the 
set on which 1 f{x) - f/(.r) | < l/n is null for all n; hence f{x) - g{x) is a null 
function and f g- Again, for any f e (S), infa X{f, a) = 0 and supa -2l (/> 
Conversely, any X(a) having the properties described is an X{f, a) —and/(a;) 
am he, coiist.ru(*t(‘.d tlirougli approximating step-functions having countable 
values. Wince, finally, / S (7 equivalent to X(/, a) ^ X{g, a) for all a, we 
conclude) tlie 


Lemma: The apace (aS‘) ia laliice-iao^norphic with the set of functions from R to 
M/N,whicJi 'prcatriu!. order and satisfy = 0 and sup«.X (a) = I. 

J^ut this is a (convex subset of the lattice and the latter is complete 

since M/N is. We conclude 

Tiieouiom 7.14: The space {S) of measurable functions modulo null funcUons 
is a coinplotc vector lattice. 


Ifc is a corollary that the spaces (L") aud (S) ^ (B) are complete, being normal 

Hubspaces of the space (S). i \ a 

Again, by Theorem 2.2, the semi-vector lattices (SH) and (Con) of §133 are 


♦ It ia ovGti .r-uormal. in the sonse that it contains with any indVaSS 
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complete. The space (USC) is also complete: given any family of Ua(x) iu the 
space, set fix) = sup Uaix) and uix) = limsup(_i/(i); then 'u(x) will be a least 
upper bound to the Ua(x) in the space (USC). Dually, the space (LSC) is 
(conditionally) complete. On the other hand, (C) is not even cr-comploto; set 
u„(x) = 0 on (— 00 , 0), Unix) — nx on (0,1 /n), andt4„(a;) = 1 on (1/n, +oo). 

140. Order topology. The reader may recall from Chapter II, definitions of 
lim sup, lim inf, (o)-convergence, and star-convergence in general ir-lattices. 
We shall now consider special properties possessed by the resulting topologies, 
in the case of vector lattices.* 

Lemma 1: ///« J. 0 and fir„ i 0, then (/„ -f g„) J. 0. 

Proof: Since {/„} and {p™} are decreasing, clearly 

inf {/« + Pn} = inf {/» + fir„} = inf {mf (/„ + 

in,n m n 

But since / —> / -f a is a lattice automorphism, 

inf {inf (/„ -|- Pn)} = inf {fm + inf p„) = inf {/»} = 0. 

m n m n m 

Since {fn + Qn} is decreasing, this implies {/„ + Qn] i 0, 

Incidentally, this argument can be generalized to show that an ordcu-presorv- 
ing function of two lattice variables, which is continuous in each variable 
separately, is continuous in the product-lattice of the two variables. 

Lemma 2: The sequence {fn} (o)-convGrges to f if and only if\fn — /| ^ 
for some Wn i 0. 

Proof: Since a; —> a; + / is a lattice automorphism which loaves al)solutos of 
differences unchanged, Ave can assume / = 0. But if fn satisfies Un ^ fn ^ Vn 
for some Wn t 0 and I 0, then \fn\ ^ Vn + (—Wn) = , whore Wn >i 0 by 

Lemma 1. Conversely, if | /« 1 S Wn and Wn i 0, then —Wn S /» ^ iVn , where 
—iWn t 0 by Theorem 7.L 

It is a corollary that in a o--(!omplotc vector lattice wo have tlui following 
“generalized Cauchy condition”: {/„} is convergent if and only if | | 0 

when m, n —> oo, 

Theobem 7.15: With respect to its order topology, any cr-coinphle vector lattice 
is a topological linear space the functions f + g, A/, f Qf and f ^ g arc 
tinuous, 

* The properties of (o)-convergencc given in the present section arc taken from Kanto¬ 
rovitch [1], Thms, 10-21. 

t Cf. Theorem 6.9. In the sense of J. von Neumann, Topological linear spaces, Trans. 
Am. Math. Soc., 37 (1935), 1-19. This means it is a topological algebra in the general 
sense of van Dantzig. To show that Theorem 7.15 is not trivial note that it does not 
hold in the semi-vector lattice {USC). Set a{x) = 0 [a; 1/2], a(l/2) » -1/2, Un{x) « 0 

[2»a; not an integer or a: =* 1/2], and Un{x) = —1/2 + | a; — 1/2 | otherwise. Then w» | u, 
where « -1/2 + | tc - 1/2 |, a 0, and yet w v-/ a «» a < 0, 
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Proof; Jf Xu —> X, fn /, Hiid g,, g, thou by LcMiima 1, | (/„ + (/„) - (f+ g)\ 
S 1 /« "" / 1 + 1 i7n *- f/ 1 —> 0. That is, /,* + On —>f + g- Using Theorem 7.8 
and L(5niinas 1-2, wo see by similar formulas tiiat/„ ^ f/„ w g and fn ^ gn -“> 
f ^g. Finally, 

1 XJ„ - X/1 g (sup 1 Xu l)*t/« - /I + I Xn ~ X M/l 

and this (o)-convcrges to ^sero by Lemma 1. 

141. Star topology. But it is easy to show that in any 7y-Hi)aco, functions 
continuous with respend. to the L-topology are ipso facto continuous in the 
L‘M,oi)ology (one need only take successive subsequences from arbitrary se- 
quen(‘.(\s). Heiu^e Tlu'orem 7.15 also liolds for star-convcrgencci. 

We shall now prove that, hi the sjiace (*S), star-converg(nice is equivalent to 
^h!onv(*rg(‘nc(^ in nuYisure,” in the usual seiise.t IndecHl, siqipose {vy-u} star- 
(?onverg(‘s to 0 in tlu^ sjiac^e (N) of measurable func,tions with domain [0, 1], 
modulo null fuin^tions. If tlu^ s(d A'" on which | Un{x) | § € is of mc^asure 
ex(5e(‘ding e for an infinite' s<d of n, then there exists a subseeiuence for whic.li this 
is triu^ identie^ally, and no subseHiinuice of this can (o)-conv<n’ge to zero, contrary 
to hypotlu'sis. Ii(ui{u.> for sulfieuently large n, | Unix) | ^ e on a s(^t of measure 
at most €, and star-conv(u*genee inqilies “convergences in nnnisurc.'* To se(^ tlic 
(;onv('rs(‘, not(^ that it suffices to g(d a subseqiKUK'c (o)-coiiverging. But 

Yjk^N 1 I i 0 if €(A0 < 2" ^ 

W(‘ shall ulso vc'rify Inflow that s(.ar-c<)nverg(Mic(^ is (‘quivaUuit to tlu^ metric 
converg(‘n(*(^ of Banacd with Lj ,, and in many otlu'r Ihinach spacu's. 

142. Relative uniform convergence. Following a basics i<l(‘a of F. 11. Moort^jJ 
wc shall say that a scupu'iicc'. \fn\ of (^l(‘m(Mit.s of a v(‘ctor latti(^(' (^<mv(n'g(*s 
“r(‘lativ(*ly uniformly” to aii chnnent/, if and only if for some u tind X^ i 0, 

l/n -f\^ X„H.. 

The r(‘lativ(^ uiiiform topology l.hereby (l(din(*<l can Ik^ c,orr(*lat(‘tl with t.ln' 
ordcjr-topology through 

TiiKoiiKM 7.Hi: In any <T-rmwpklc vcr.ltn' lalUcc^ rdativc uniform comurgv/fice 
iniplicti io)-’CO‘nvergimcc, The- rcvcvtic implication Ac/(/,s‘, provided Un i 0 implies 
that sonic sequence /c‘a„(A-) 7s hounded. 

Jh*oof : If 1 /„ — / 1 ^ \nU and Xu i 0, theji {/«} (n)-converg(^s to / by Lemma 2 
of §M() and Theonnn 7.3, Conversely, if l/n — /1 ^ Un , wIkuhi Un i 0, and if u 
is an iippcu’ bound to kunik) , then | /» — / | ^ u/k for all n > ri(/i;). 

The abovt^ hypothesis holds in the “regular” case of Kantorovitch. § It holds 

t Of. Kantorovitch, ClomptcH lloiulus, 201 (i9{J5), p. 1467. Also, (o)-<Jonvorgouco is 
convergence almost everywhere 1 Using Theorem 7.16, one sees that it is also relative 
uniform convergence. 

t The New Haven Mathematical Colloquiumi New Haven, X914, pp. 31, 30. Of. also Bull. 
Am. Math. Soe., 18 (1912), p. 334. A similar definition is given by Kantorovitch [1], p. 142. 

§ [1], cf. Thm. 26’^. Kantorovitch in his original paper (Doklady) used a weaker defini¬ 
tion: that if Xu I 0 implies XnWn 0, then [un] was bounded. This holds (apparently) in 
the spaces (j5), (6 ). 
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in the space (/S), since | Un{x) | < l/li except on a set of iiK'asun^ at most l/Ar, 
for all n > N{k)j provided N{k) is suitably chosen. Similarly, it holds hi iLt* 
space (LO- It does not hold in the vspace (6) of bounded se<|iieuc.(Nst or in {H). 

143. Relative uniform star-convergence. With respect to relati\'(^ uniform 
convergence, any vector lattice forms an L~space. But derived st^ts lUM'd not 
closed, and it need not form an L*-space. But as we know,! la.tii(U’ dt^h^cd- 
can be eliminated by defining relative uniform star-convergence to mean relativt* 
uniform convergence of some subsubsequence of every subsequeiufc^. 

We shall show below (§148) that in the case of Banach s})aees, the ri'sulting 
relative uniform star-topology is equivalent to the metric topology; hemu^ it 
makes derived sets automatically closed. 

144. Additive functions between vector lattices. Considcu* i\w functions T: 
f from a vector lattice F to a complete vector lattice X, W(^ shall r(\s(.ri(d, 
our attention to ^'additive” functions—to functions satisfying tiu* idcmilty 
(/ + g)T = fT + gT, 

It is well-known that the additive functions hetwc^eu any two liiu’iir spact's 
themselves form a linear space, if one defines XT and T + (f through lluj id(^iil i- 
ties /(XT) == \(fT) and /(T + U) — fT -|- fU, In the pn^seiit cas(^ W(» (*au 
further partially order this linear space, through 

Definition 7.5: We shall call T ^^non-riGgativc” if and only if 

M2; f ^ g implies fT ^ gl\ 

in words^ when T preserves order. This is equivalent to requiring that f — g 5 0 
imply {f — g)T '^0 —in words, that T preserve non-ncgalivcness, 

Theoeem 7.17: Under Definition 7.5, the addibive functions from F to X form, a 
partially ordered linear space, to be denoted^ (X^ ). 

The proof is trivial. Since Z is a partially ordered liu(',ar spac(^ if f > i) 
implies/T ^ 0 aiid/f/ ^ 0, then it implies/(T -f U) ^ 0 and/(X70 0 for all 
X ^ 0, proving F3 and FI. Also, if / ^ 0 implies/T ^ 0 and/("- T) § 0, then it 
implies/T = 0 —whence gT = g'^T - (-g'^)T = 0 for all g, proving F2. 

On the other hand, they do not form a vector lattice, ovcm iu tlu^ siiup|{\st 
case.ll We shall now show that in order to get a vector latti(U‘, W(^ liavii to 
restrict ourselves to what may properly be called “boundcKr^ additives fuuc.tiouH. 

t For let Un be the sequence composed of n zeros followed by all onoH. | 0, 

yet irrespective of n(/c), {kun(k)] is unbounded. In fact, the soquencus (e;)-(‘.ouvergOH to (J 
without converging to 0 relatively uniformly. 

t Of. Urysohn, op. cit., in footnote f, p. 30. The first defect is conaidorod by Moore, 
op. cit., p. 40. 

§ One can of course also define (linear) sums F ®Goi vector lattices in an obviotw way, 
leading to an intriguing calculus. This must not be oonfusod with the calculns of §10. 

II In ease I'’ is infinite-dimensional, there exist unbounded linear functionals. Using a 
Hamel basis (i.e,, regarding R as an infinite-dimensional linear spaccj with rational aealars) 
one can even construct unbounded additive functionals on B. 
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146. Bounded additive functions. Tndoc^d, if an additivo function T from 
F to X lies in any vector lattico, then the sot jV’, 0} iniist ho bounded—^i.e., 
U and V must exist, such that F ^ 0 S f/', F ^ T ^ t/. 

Definition 7.0: An add-ilixm function T unll be called ^^boumlcd^^ if ami only if 
the set {7’, 0} is hounded. 

Lemma 1: If T is houndedj then it carries boiinded sets (sets H satisfying a ^ II 
g b) into bou7ided sets. 

Proof: If a S h g and F g T g F g 0 g /^ tluui 

hT = aT + {h - a)T g aT + {h - a)lJ g aT + (6 ^ a)f/, 
and dually, hT ^ hT + [b a)F. Hence tli(^ sei. of hT [h e II] is bounded. 

Lemma 2: If T carries hounded sets into bounded sels ^ then = 7’ w 0 exists. 
hifactjfT^ = supo-x.cg/:^'7’i//^ 0, a?a//7'‘' =/’7'' — (—/ )7'' otheruyise. 

Proof: Firstly, 7'^' is addiiiv(\ Ind(‘{‘d, l)y tlu‘ L(‘nuua ot §137, sup xT for 
0 g :r g / + (^ is sup (y + z)!' = sup (yT + zT) for 0 g y/ g /, 0 g 2 g g. 

And this is (sup yT) + (su]) s7’), since^ on the on(‘ hand th(‘ latt('r is an upper 

bound to tlu^ yT + zl\ ajid on the otlua- any upper bound to the yT + zT 
contains yT + sup zT for t^very fix(;d ?/, and luMi<*(i (also by 'TlHujrem 7.1) sup 
yT + sup zT. 

It remains to show tliat 7’*' = T ^ 0, But ch^arly / ^ 0 implies /(P^ - T) ^ 
fT - fT = 0 and/(7’‘ - 0) ^ 07’ - fi) - 0; 1hmic(^ 7’‘ is an upper bound to 0 
and 7’. Conv(‘rs(dy, if is any (additive) iippi‘r bound, LIkmi for all x between 
0 and /, 

fU = x(I + (/ ~ x)f/ ^ xT + (/ - x)0 = :r7’ 
whence/(f / - T^‘) = fU - fT^' g 0 for all/ ^ 0, and u ^ 7’''. 

Theorem 7.18 :t The hounded additive fimiMons form, a veetov latMcc X^\ This 
is embedded in the (X^') of Theorem 7.17, and contains ewvy vector lattice so 
embedded. 

Proof: If F g 0, T g U and F* g 0, g U‘\ theti (dearly F + F* g 0, 

T + 7’* g U + f/* and F g 0, \T g Xf/ or the rciverse for all X; hence the 

bounded additive functions form a subspaco of (Z^). By Theorcun 7.2 and 
Lemma 2, this subspacio is a vcic.tor lattice. And by tlui nunark precediuK 
Definition 7.6, every vector lattice (mibeddcd in (A''^' ) is contained in it. 

Theorem 7.19: Each of the following conditions is equivalent to boutulednessj 
( 1 ) T carries hounded sets into boumled sets^ ( 2 ) T is the difference of non’^negative 
functions. 

t The theory of §§143-6 is duo to the author [8], Cf. (hi depimdml probahilUies 'and 
spaces (I/), Proo, Nat. Acad. S(n., 24 (1938), 165-9, and Aba tract 43-3-2X of the Bullotin 
of the American Mathematical Society; also F. ItieBss [2], 
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Proof: By Lemma 1, boundedness implies (1); by Theorems 7.18 and 7.5, 
(1) implies (2). Finally, if T fe 0, ^ 0, then - T - IJ ^ T - V ^ T + U] 

hence (2) implies boundedness. 

146. Functionals and conjugate spaces. The case that X is the rc^al nuinben* 
system—^i.e., of real-valued functions or ^Tunctionals” on a ve<^t()r lattice-” 
has attracted especial attention from mathematicians since the beginning. 

In this connection, we may note that as regards such functionals, the ideas 
used above already appeared in §50. Indeed, the whole theory of modular 
functionals and their variation extends to functions with vahu's in a complete 
vector lattice, and §§145-6 are largely devoted to this extension. 

Thus to start with, any additive functional is modular. Indec'd, by the 
Corollary to Theorem 7.5, it satisfies 

Ml: /r + gT = (/ + g)T =. {f ^ g + f ^ g)T = (/ ^ g)T + (/ ^ r/)7\ 

Again, an additive functional is ^‘bounded,’^ if and only if it is of l.)oundc‘.d 
variation on every bounded chain. Moreover when/ ^ 0, fT^ and JT are the 
positive and negative variations of T on the interval betwee^n 0 and /. 

We shall now start a new line of thought, by defining tlu^ “(^onjugah^ s])ace” 
F* of a linear lattice F, as the vector lattice of bounded additive fuiuidonals on F. 

We shall show later that our definition specializes to Baiiaclds (H)nc(‘pt of a 
^^conjugate space,” although apparently quite different from it. Surprisingly, 
it includes as another special case, the rLotion of a ‘^Diialraum” introduced by 
Koethe and Toeplitz.f 

Without attempting profundities, we shall prove the impoj’taut rcilatioii 
P ^ (F*)*. Indeed, every / e P defines an additive functional </> on <l>(T) = 
fT. Moreover every such 0 is bounded; since f = f — we ikukI only 

prove this when / ^ 0. But if / S 0 and V ^ T ^ U, then fV g fT % fU] 
and it follows that tlic <^>(3’) on any bounded set (between any V and U) ar(^ 
bounded. 

147. Metric vector lattices. Wo shall now reintroduce m(d,ri(*. (?()nHid(n*ati()ns, 
through 

Definition 7.7: By a Banach lattice, mill he meant a vector lailicc which u a 
Banach apaceX with norm | /1, in which | / [ S | gr | implies | / [ ^ | ( 7 1, 

Examples: Every example of a Banach space cited by Banach (op. cit.) is a 
Banach lattice in the sense of Definition 7.7. 

t Lineare Rdwnie • • • , Jour, of Math,, 171 (1034), 103'~226. At least, if wo asHUint^ wliat 
is true in all the examples cited by thorn: that F coutaius every (0, • • • , 0, 1, 0, - • ), 
and I X I with x. For in this case, every positive functional assumes sfuue non-nogativo 
value X* on Xk, and sup on S Ifc.'Cjt. Hence it, and hence every dilTeronce of 

positive functionals, yields an absolutely convergent 2) X* | |, and so is in Koethcj's 

Dualraum. Conversely, if u is in this Dualraum, then the positive and negative iik deliiie 
new monotone additive functionals, whose sum is u. 

t Or 5-space in the sense of Banach [1], p. 52. The condition prescribed implies that 
I/I » 11/II for all/. 
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Lemma: No vector lattice L is a Banach lattice which possesses a subset 
such that all sequences {Xnfn} are hounded. 

Proof: Sot Xu = n/\fn |. If u were an upper bound to all Xu/„, then 1 u \ 
would have to (jxc^eed every wince | X^/n | = n, Tliis is impossible. 

In the spacers (aS) and R% the functions/n(:r) = 1 on (0, \/n) and zero else¬ 
where have this property. On the other hand, the norm J \ f{x) \/[l + \f(x) |] dx 
in the space (S) satisfies all conditions except | X/| ~ | X l-l/l. 

148. Their metric topology. It is well-known that if one defines the ^‘dis¬ 
tance” between eknnents/ and g of a Banach spac^e as 1/ — r/l, then one gets a 
metric space. Relative to this distance, 

Tiieokem 7.20: The operations f + g, S ^ f/, and f g arc metrically uni- 
fornily continuous {oj modulus unity). 

Proof: By cominutal.ivity, wo n(H,d only provti uniform (Huitinuity in /. But 
since 

!(/ + (/)- (r + (j) 1 -1/- r I, 

this is true of / + g. To prove it for/ ^ g and/ v.. f/, W(^ nei^d only us(», Tluorein 
7.8 (whieli bounds [f^g-^^gl and \ f ^ g - P ^ f/ M>y I / -~ P 1), and 
observe that in consequence | / — /'** ] bounds \ f ^ g -- P ^ g \ a.nd its dual. 

It is a corollary that if JZh. i = a, = h, ;r» = x nuilTically, 

and On ^ Xn ^ bn for all n, then a ^ x ^ b, 

Tiieoukm 7.21: Aleiric convergence is egwivalcnl to rrlalive nnifonn slar-con-^ 
vcrgencey in any Banach lattice. 

Proof: By the lioinogen(*iiy of both topologies, W(‘. iumhI only e.onsidcn’ e.on- 
vergen(‘.e to 0. But if 1/^ | ^ XnU and X,t i 0, then clearly |/u| ^ j X„a | = 

lXnl-|tA| i 0. Thus r<ilativ(! uniform star-convergeiuui iin])lies metric star- 

conv(irgenc.o and so inotrie couvergeiicci. Conversely, if |/n| —> 0, vv(i (jau so 
choose ?^(/c) that |/u(&) 1 —> 0, and then construct n = |/„(*) [ with 

|/n(fc) I ^ u/k. 

By combining Tln^orcm 7.21 with Theorem 7.11), wo obi;aiii the*, relation 
between metric convergence and star-(‘.onvergon(i(j.t 

149. The two kinds of boundedness. Sinee a g x ^ b iinplitis \x\ g 

I tt I + 1 — u I, order-boundedness (§30) of a subset of a BanacL latti(ie clearly 

implies metric boundedness. The converse is not however usually true. Tlius 
in (//) and (r), there is no upper bound to the elements of norm one—although 
in the spaces (B) and (Jb) there is. 

But paradoxically, we have the remarkable result 

t Thus (e)-convergence, oven of monotone sequoncos, nood not imply metric convergence 
(footnote on page 114), Again, in the '^regular^' case of Kantorovitch, metric convergence 
and star-convergence are equivalent. Incidentally, for monotone sequonccs, metric con¬ 
vergence implies (o)-convergencc; in any case, metric couvorgonce implies star-con¬ 
vergence. 
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Theoeem 7.22: Mctncal ^^boundedness^** and the ^‘bounded7icss** of Dejinitio'n 
7.6 are equivalent for additive functionals T on a Banach lattice. 

Proof: If T is bounded metrically, then it is bounded on any interval a g 
X ^ b; hence it is bounded in the sense of Definition 7.6. If T is metri(‘.ally 
unbounded, then a sequence exists with \xn\ ^ yet \XnT\ \ 

Hence (by the Corollary to Theorem 7.20) the elements a == and 

b = bound a set of y on which 12/2" | is unbounded; that is, T is un¬ 

bounded in the sense of Definition 7.6. 

160. Strictly monotone norm. We shall call the norm in a Banach lai-tict^ 
“strictly monotone^^ when, given € > 0, one can find 5 > 0 so small that if 
/^O, gf ^0, and|/| g l,thcn !/+{/! S |/[ + 5implies |< 7 1 ^ e. 

Examples: Since 1/ + 9^1 == I/I + | {/I, the space (L) obviously has strictly 
monotone norm. Again, when / > 0 , <7 > 0 , |/(a;) -|- g(x) P’ S \f(^) T + I o(^) 
for all X. Hence in (7/) and (V) \ f + oT ^ If^' + \ oVj whence we infer that 
1/ + I S (|/r + implies | gf | ^ —i.o., that the norm is stric^tly mono¬ 

tone. 

On the other hand, the norm in (-B), (6) and (C) is not strictly monotones 

In what follows, we shall assume that wo are dealing with an “SMB-latl.i(H),’^ 
that is, a Banach lattice in which the norm is strictly monotone. 

Theoeem 7.23: In an SMB-lattice, any metrically hounded sd of elements 
with the 'property of MoorG’-S^nith co7werges metrically. 

Proof: Since f f + ^ is isometric lattico-autoinorpliisin, w(‘. can assunn^ 
the elements/« of the sot arc non-iicgative. Again, by changing tlio scale?, we? 
can assume 1 for all a. But in this case, if a is so e?ho,S(in that |/« | ^ sup 

\M-s, we will have l/is — /« 1 ^ e for all//? > /«, proving our result. 

Corollary: Any SMB-latiice is {conditionally) complete. 

For if a set has an upper bound, so do the joins of the finite? subsets of tlie set. 
But these are metrically bounded and have the property of Moor(?-Smith; licn(?e? 
we can apply Theorem 7.23, 

Theorem 7.24: In an SMB^atiicCj {o)-convcrgmce and relative uniform con¬ 
vergence are equivalent. 

Proof: A monotone sequence automatically has the Moorc-Smith pro])erj;y. 
If (o)-convergent, it is also bounded, and so couvergcis metrically (Theorciin 7.23), 
and so (last part of proof of Theorem 7.21) relatively uniformly. But in any 
cr-complete Banach lattice, by Theorem 7.10, relative uniform convergence 
implies (o)-convergence. 

* We shall call (Banach [1], p. 53) an additive function T botwcon Banach spaces niet- 
rically bounded when it satisfies one of the throe equivalent conditions: (1) it transforms 
metrically bounded sets into (metrically) bounded sots, (2) it is continuous in the metric 
topology, (3) for some 11 T ||, | /ST | ^ It T || 1/ I for all/. 
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It is a corollary that star-convergence and metric convergence are equivalent.* 

Finally, wo may note that Theorem 7.22 extends to functions T with values 
in any SMB-lattic(>!. liidwid, the second half of the proof need not be changed. 
As regards iho first half, note that since any two decompositions of the interval 
0 ^ X ^ f have a common refinement, the xT [0 ^ x ^ f] have the property of 
Moore-Smith. Hence if T is metrically bounded, so are the x2\ and by Theorem 
7.23 they converge to a supremum/T*^. Dually, the xT have a lower bound, and 
so T is bounded in the sense of Definition 7.6. 

161. A decomposition theorem. Let L be any SMB-lattice, and X(/) any 
bounded additive functional on L. We shall show that X(/) decomposes L into 
components on which X(/) is positive, negative, and zero respectively. First 

Lemma 1: Let AT’*', and be defined as the sets of f such that 0 < x ^ | /1 
implies \{x) > 0, X(a:) < 0, and \{x) = 0, respectively. Then JV^, and 
are independent normal suhspaces. 

Proof: Suppose / e N'^' and g e A/”^. Then 0 < x ^ \ f + g \ implies 0 < a; g 
I /1 + U L whence x = y + z [0 ^ y ^ \ f\j 0 ^ z g \g\, and ?/ > 0 or 2 > 0], 
and X(a:) = X(2/) + X( 2 :) > 0. That is, is a subspace. Again, if f eN and 
I /i I g I /1, then 0 < a: ^ 1 /i I implies 0 < a; g 1/ 1, whence \(x) > 0 and h eN^, 
We conclude: A/""*’ is a normal subspace. Similarly, N~ and are normal sub¬ 
spaces. 

Now using the distributive law, independence follows from pairwise inde- 
pcndence -from ^ A/'"' = AT" ^ = AT® ^ Af '‘ = 0. And this is true if the 

pairwise intersections have no positive elements. But this is trivial: if / > 0, 
then / € A/”'’ implies X(/) > 0,/ e A/”' implies X(/) < 0, and / e implies X(/) < 0; 
three mutually exclusive conditions. 

Tmkohem 7.26: L is the direct union of A/'”, and ]Sf\ 

Proof: By Theorem 7.11, Lemma 1 and the relation + N~' + = L 

would imply Theorem 7.25. Hence it suffices to prove this relation—for which 
strict monotonicity is really needed.f To prove it, we require 

Lemma 2: The functional \{x) attains Us supremum M on any interval 0 ^ rr g /. 

Proof: Choose Xi so that \{xi) > M — 3 *; wo shall show that g lim sup Xi 
—which exists by conditional completeness of L —satisfies \{g) = M, Indeed, 

\(xi w Xj) = \{xi) + \(xi) \{Xi ^ aij) > M — 3 — 3 

whence X(iCt XiJ^n) >M — (3* + -*-+3* ) exceeds 

M *— 2*3""\ Passing to the limit once, M ^ X(sup^jsi{2;fc}) ^ Af — 2*3 . 
Passing to the limit similarly again, by the continuity in the metric topology, 

* This is closely related to results of Kantorovitch (Comptes Rendus, 201 (1935), p. 
1467, and [1], p. 154. The case p = 1 is covered by Theorem 3.13. 

t It is not needed for Lemma 1, which holds in any vector lattice. Lemmas 2 and 3 do 
not hold in the space (C), nor does Theorem 7.26. 
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which (Theorem 7.24) implies continuity in the ((>)-topoIo(>;y, wr ffct X{(j) = M. 
The relation L = N'*' + iV" + N~ is now obvious from 


Lemma 3: In Lemma 2, let u be the injimum of the x hclwccn 0 ainl f mcli that 
\(x) = M; define v dually; letw — f — u — v. Then n €N'',v eN w « N", and 

f = u + V + w. 


Proof: The existence of u and v (and thus of w) follows from the (‘on(li(.ioual 
completeness of L. Again, if X(a;) = \(y) = M, then \(x y) + X(;i: w ;//) = 
2M, whence \{x ^y) = \{x <^y) = M. It follows by Theoi-tmi 7.23 mid con¬ 
tinuity that X(m) = M. Moreover 0 <x implies X(« - x) < X(m) mid .so 
X(a:) = X(m) - X(m - a:) > 0; hence u e N'^. Dually, v e N~. Hence? a ^ v = 
0 by Lemma 1, whence u + v = u ^ f and 0 g g /. L'inafly, 0 < .r s w 
implies X(a:) + X(m) = \(x + m) g X(m), whence X(a:) g 0. Dmilly, it implies 
X(a:) S 0, and so X(a:) = 0. Hence weN^. But / = ?t -f- o -f w is obvious, 
completing the proof. 

Theorem 7.25 does not hold in general Banach lattices. 

162. Finite-dimensional case. Let L be any vector lattice? of finite? elimem- 
sions n. The elements / ^ 0 in L form a convex cone P wlio.se \’i?r(.cx is 0. 
Moreover since/ = /+ - (-/)+, P has an interior: it is Ji-dimcnsional. 

Lemma l\ If L is complete or a Banach lattice, then the cane P is cloml in the. 
Cartesian topology. 


Proof: If L is a Banach lattice, then the solutions of / ^ {) == () form a i'lo,sisl 
set in the (metric) Cartesian topology, by Theorem 7.20. /Vgain, unle'.s.s P is 
closed, letting a be an element on the boundary of P not belonging l,o the upper 
bounds to the -a/n include the interior of P and a part of its boundary, but nol, 
0. Hence sup { -a/n] does not exist, and L is not (conditionally) (r-complcle. 

Remark: It seems likely that the results of this section hold e.xcept in 
pathological non-Archimedean case that for some / the set (/, 2/, 3/, ... 
boimded. In fact, the author conjectures that ev(?ry finitt'-diinension’al vci 
lattice IS a mixed direct and lexicographic union of R. Cf. the mid of SI3(| 
illustration of the possibilities. 
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Theorem 7.26: If an 7v-dimmsional vector lattice is comflete or a Banach lattice, 
then it is isomorphic with R'\ 

Proof: Pass an {n — l)-diincnsional piano through 0 and any point of the 
interior of the cone P. Construct \(x) so as to vanish on this plane; then 
N’^ and will be direct components of L of fewer dimensions. The conclusion 
now follows by induction on the dimension-number.'*' 

* Additional literature: L. Kantorovitcdi^ The method of successiue approximation for 
Junctional equations^ Acta Math., 71 (1939), 

Incidentally, the following conditions on a normal siibapace N of a complete vector 
lattice arc equivalent: (1) N is complemented, (2) N contains with any bounded sot its 
I.u.b., (3) N is closed in its (t>)-topology under Mooro-Smitli limits. 



CHAPTER VIII 
APPLICATIONS TO LOGIC 


163. Introduction. In probability and mathematical logic, one i,s constantly 
confronted with the formal systems considered in the earlier cliapters of this 
book. Thus traditional logic involves Boolean algebras, and the modifications 
of it proposed by various writers involve other lattices. Again, matliematical 
probability deals with modular functionals on Boolean algebras- and so with 
^‘Banach lattices.^^ 

These superficial observations suggest the following program. First, the 
fundamental ideas of logic and probability must be formulated, whenovor pos¬ 
sible, in terms of lattice theory. This accomplished, the siguificaiK^o for logic 
and probability of the main results of lattice theory must be pointed out. And 
finally, existing techniques must be supplemented by lattice-thoorotic mi^tliods, 
to help solve outstanding problems and to suggest new ones. 

This program is not altogether original. The first p^rt of it was in Boole's 
mind,* and has been accomplished by his followers. More recently, Tarski has 
discussed the significance for logic of technical theorems on Boolean algoln^a- ' 
and thus may be said to have undertaken the second part of the program. 

Perhaps the most original development is the new theory of depeiidcjiii, proba¬ 
bilities given below, including a new crgodic theorem. Tliis distinctly b(^longs 
to the third part of the program. 

The reader should be cautioned that the author has not tried to give a com¬ 
plete survey of mathematical logic. This difficult and paradoxical field ob¬ 
viously lies outside the scope of a single chapter, aiid attcuition has bcjcn sys¬ 
tematically confined to its lattice-thGoretic aspects. 

164. Algebra of attributes. In logic, the concept of an obj(5Ct liaving **attri- 
butes,’' '^properties," or "qualities" (tlieso terms are synonymous) is absolutely 
fundamentaLf 

Attributes may be designated by adjectives (viz., red, liquid, d(^ad, etc.) 
or by generic nouns (viz., beast, tree, ocean, etc.). From the point of view of 
logic, adjectives and generic nouns are equivalent—to say "water is li(piid" is 
the same as to say "water is a liquid," 

One can combine attributes by use of the two conjunctions and^ or (viz,, red 

* Boole^s design ([1], p. 1) was '*to establish the science of Logic and construct its 
method” upon ‘*the symbolic language of a Calculus,” and "to make that method itself 
the basis of a general method for the application of the mathematical doctrine of Proba¬ 
bilities.” The first part of this design was already contemplated by Leibniz! 

t Indeed, Boole ([1], p. 27, Prop. I) asserts that all reasoning can be reduced to the 
discussion of objects and their attributes. His identification of attributes with the classes 
of objects possessing them (cf. §165) is made on pages 28 and 43. 
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and liquid, rod or liquid); ono can form from any attributcj its negative by using 
the adverb not (viz., not red). One can also relate attributes by inclusion; thus 
the attribute of being an ocean includes the attribute of being liquid (^'every 
ocean is liquid”)- 

Theorem 8.1: Let attributes be designated by letterSj by the 

symbols ' respectivelyy and ^^every x is y^* by ^ y” TJmi attributes con¬ 

stitute a Boolean algebra. 

This proposition (jan be verified by inspection of Ll-L? and illustration 
through examples. It is however so well-known, and has been discussed in such 
detail by so many authors, including Boole himself, that wc shall assume it.* 

It is a corollary of Theorem 8.1 that Boolean algebra is an * ^algebra of logic,” 
and that every theorem on Bool(*.an algebra (cf. Chaptiir VI) can be interpreted 
as a the(.)rcm on logic. 

In particular, we can infer: (1) ‘k)r” and “not” can bo defined in terms of 
“and,” (2) at most 2^'* different attributes can bo constructed from n given ones, 
by use of “and,” “or,” “not,” (3) every true identity in tlu^ calculus of attributes 
is demonstrable from Ij 1“L7; every identity not demonstrable from L1-L7 
implies 0 = a; = J for all x, when added to them. 

Proof of (1): X ^ y is the same as x = x ^ ?/, while “meet” and “complement” 
can be defiiud in terms of inclusion. Proof of (2): Theorem (>.8. Proof of (3): 
Substitutions of Xi for Xi - which can be validly made in identities- -txvo transitive 
in the group-theoretic sense on the points (prime quotients) of the free Boolean 
algebra generated by n symbols. Hence if one point is annulled, all are. 

We can interpret tlu^ second part of (3) as follows: the classicuil logic of attri¬ 
butes cannot be strengthened witlunit giving rise to absurdities; it can only be 
weakened, 

166. Boole’s dual isomorphism. It is natural to identify each attributes x 
with the class f of all objects (or “things”) i:)oss(^asing that attribute. Moreover 
one can prove 

Theorem 8.2: The correspondence di is a dual isomorpJdsm, Thus 
^ A A s^y, (xf) = (Ay, 

As regards the three identities, the set of objects having attribute x and 
attribute y is (by definition of set-product) the product of the set of objects 
having x and that of those having y. The other two identities follow similarly 
from the definitions of set-union and set-complement. 

Thus the correspondence is a dual homomorphism. Hence if its inverse exists 
and is single-valued, it is a dual isomorphism. But with each class X of objects 
one can associate the attribute a(X) of “membership in X,” in a single-valued 
fashion. Moreover d(X) « X for all X, and a(A) = x for all x; thus, to be an 

♦ Biology furnishes excellent illustrations. Thus use mammal, vertebrate, carnivorous, 
cannibal, quadruped, etc., as attributes. 
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equilateral triangle is the same as to be a member of the (ilass of (uiuilaleral tri¬ 
angles. That is, the correspondences are inverse, complciting the ju’oof. 

The algebra of attributes is often called the “logic of intcnisiou,” anil (he alge¬ 
bra of classes, the “logic of extension.” Theorinn S.2 s(.ate.s (lial the two are 
dually isomorphic. But any Boolean algebra is dually isoinorpbie with i(.si>lf, 
giving the corollary: the logic of intension and the logic of e.xten.sion are iso¬ 
morphic. 

Theorem 8.2 also corroborates Theorem 8.1, since the. subsets of any aggregalc 
form a Boolean algebra, and anything dually isomorphic (.o a Booh'an tilgebra 
is a Boolean algebra. More than this, it implies that, the algebra of attributes is 
isomorphic with the algebra of all subsets of the univcr.si' wlaaiee, for example, 
it is atomistic, and satisfies the generalized distributive law. 

166. The propositional calculus. A Boolean algebra of proponilidUti* can also 
be developed. To begin with, given propo.sition.s x, ?/, one can denote the jiropo- 
sitions “x and y,” “either x or y,” and “not x,” by re //, .r .-v y, and .r' respec¬ 
tively. Under this notation, the identities of Boolean .algebra relate logieall.i' 
equivalent statements. Thus (L2) “John sleeps and Henry walks” is (rue or 
false according as “Henry walks and John sleeps” is trin- or false, In sunun.ary, 

Theorem 8.3 : Propositions form a Boolean algelmi. 

We can amplify the propositional calculu,s, by denoting the comixiunil propo.si- 
tion "x implies y" (“if x, then y”) by x —> y. Clearly x - >• y i.s true or false 
according as “y or not-a:” is true or false; thus, following WhiUheail jual H.u.s.sell. 
one can identify x—^y with x' ^ y. Similarly, one e.an denot,e “.r i.s equivalent 
to y” by a: ~ y, and identify it with "x jni])lios y and y imi)lie.s .r" i.e., with 

(a: y) w (y -» x). 

Also, 0 denotes the proposition assorting nothing, iunl jf the i)ropo,silion which 
asserts everything. Incidentally, x ~ y is the .symnndrie dilTerenee .r -)• y, 
and X y is y - a: (the part of y not iueludiwl in ;i:). Our nola.t.ion is dual to 
the usual one. 

One can draw a number of inferences from the abiive. For exainjile, f he com¬ 
pounding of n propositions with “and,” “or,” “not,” “implies,” and “is equiva¬ 
lent to,” yields just 2^ propositions in all. Again (we shall omit (he proof), 
one cannot construct “not a:” or “x and y” from iiropositions of (he form "u 
implies v." To have a binary operation from which all Boolean operations can 
be constructed, one needs something like Sheffer's stroke-operation .r|y y' 

meaning “neither x nor y.” 

One can also show that many compound propoHitioms an; “(.tiulologies,” 
that is, true merely in virtue of their logical structure. 'J'his amounts alge¬ 
braically to saying that they arc equal to 0. The simple.st of these !h x ^ z' 

* Synonyms for "proposition” are: “sentonco,” “stiUoniiint,” "tluiurisui." 'rijit prepo- 
sitional calculus deals with compound sentonoos like: ".Tohn RleopH ami Henry walks," 
John sleeps or Henry walks,” "John sleeps not.” Inoi.lontally, "a: or y” ja logically 
equivalent to unless ® ^ 
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or tiot. .r ). li. is a simple exoiTise in Boolean algebra to show that the fol¬ 
lowing a,IV also iantologies: (!)/--> (2) . 1 : 0, (3) x x, (4) .r x, (5) a; 

(// .tO, (b) Or //) (?/ ;r), (7) (;r -- 0) ^ {x -- /), (8) {x a) ^ (a y), 

(9) [(x -> !i) ^ (If -> 2 )l {x -> z). 

Tautology (7) asstais “any proposition is equivalent cither to 0 or to I” 
'rautology (S) \*i(‘l(ls “of any two piopositions, one implies the other.” Tautol- 
(i) i^tat.(\s “a fals(‘ proposition implies any proposition.” 

Thi' tlinu' pro])ositi()us about. ])ropositions (metamathematical propositions) 
just siatv<l ar(‘ (lis])iit(‘(l by some. Thus let x denote the proposition “Hitler 
rules (h'rmany/’ and l('t y demote “("aesar conquered Gaul.” To the ordinary 
man, to sa.>'t liat (*itlu*r of t-liesc implies the other, seems absurd; the two proposi¬ 
tions an' irr(*l(‘vant, ll(‘ would object even more strongly to the assertion that 
“Caesar did not conciuer Gaul” implied “Caesar conquered Gaul”—although 
the liypotlu'sis (b(‘ing false) ac(^ording to our theory implies every proposition, 
and tlu^ eonclusion (Ixmig true) is implied by every proposition.* 

But it scMuns to tb(‘ author that the objection is invalid. If one is allowed to 
use the assum]>tiou “('a(‘sar did not. conquer Gaul,” one can certainly prove that 
“Caesar (-oiKpUMvd Gaul”; one (‘an even prove it (by reference to historical 
rcM'ords) without using tliis assumption. 

One cannot prove* it by ]mre logic without historical records, but the White- 
h(*ad-Huss(*ll pro]>ositi()nal calculus is only intended for systems in which all 
]>ropo.sitions ain* deanonstrahly triui or demonstrably false. Without historical 
records, tlu^ proposition (*ould b(^ neither proved nor disproved. 

167. Critique of Boole’s dual isomorphism. Boole's dual isomorphism af¬ 
fords a r<*inarkabl(* (•onne(‘t.ion between the world of mind (attributes) and the 
(hial world of matte'r (objercts). But it leads to several perplexities. 

In 1.h(^ first place*, the aot.ion of a “universe” is highly ambiguous. What one 
rt'gards as “the* s(‘t. of all obj(M;ts in the universe” varies with the period in which 
one li^'<^s, ami also with onei's state of knowledge. Thus it was changed by the 
t(‘l(\seop(s by the* (liH(‘ov(*ry of the western hemisphere, and so on. This fact 
niak(\s tin* construeiiou of sums, products, and complements of subsets (e.g., 
“nnm,” “dotible stars”) of tin* universe quite hypothetical.t 

Again, if om* allows the “\iniversc‘.” to include attributes, one reaches a mathc- 
niati(*al paradox. For Boole's correspondence would then make the universe 
include all its s\ihscts as inembcrs. Its cardinal number would then satisfy 

^ In tluH <*oiun‘(*tion, t in*, following anecdote is appropriate, llussell is reputed to have 
Uvim ('hallcngcd U» prove that the (false) hypothesis 2 + 2-5 proved, in particular, that 
he was the Pope., IbisHcll reasoned as follows: “You admit 2 + 2-5; but I can prove 
2 + 2 - 4. 'Paking 2 from both sides, wc have 3 « 2. Taking one more away^ 2-1. 
But you will admit 1 and tin*. Pope arc two. Therefore, I and the Pope are one, q.e.d 
t Indeed, it is remarkable that so many attributes have extended meanings when the 
univcrHC is wi<lene<l. 'riuis the attribute of being “human” (as distinct from being a 
member of the class of known men) extended naturally from the eastern to the western 
hemisphere. Actually, it is (lucstionablc whether one can construct the complement of an 
infinite set, in general. 
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2^ ^ and this can be disproved by generalizing Cantor’s diagonal process.* * * § 

It is also questionable whether the correspondence a; —> i is isomorphic or 
homomorphic. Thus let x and y be the attributes of being (living) dinosaurs 
and centaurs respectively. Surely x ^ y ^ 0, yet one would hardly identify 
the two concepts !t 

Other considerations should be mentioned. For example, can every attribute 
be decomposed into '^categorical” attributes, possessed by just one object? 
or into attributes possessed by all objects except one? Again, are there no 
attributes (of degree) varying continuously with a real parameter? If one 
swallows Boole^s theory, one is forced to accept these conclusions. One is also 
confronted with a system on which no countably additive probability function 
can be erected.J 

In view of these considerations, it is imperative to have a formulation of the 
algebra of logic which is independent of set theory (i.e., axiomatic). An adequate 
axiomatic formulation is furnished by the preceding chapters of this book. 

It is also desirable to have models for the algebra of attributes differing from 
Boole^s model of the algebra of all subsets of a supposed "universe.” The fol¬ 
lowing sections will be devoted to exhibiting such alternative models. 

168. A model from classical mechanics. Two models are suggested by 
mathematical physics; the first by the 7t-body problem, as we sliall now see. 

The "state” of a system S of w bodies§ at any time U , can be expressed by 0// 
numbers: each body has three coordinates of position and three of vcloch/y. 
Moreover this description is complete, in the sense that the state of 25 at any 
later (or earlier!) time is determined by these numbers and the laws of mecihanics. 

In summary, the "state” (or phase) of S can be represented by a point in 
6?i-dimensional Cartesian space, and this space is called the phasG-spacc of 2;. 

When ]S is under discussion, its phase-space is clearly a sort of "universe of 
discourse” I. Each attribute|| a; of determines a set x in I: th(^ sot of all 
"states” in which S has the given attribute. 

But no consequential theory is known which permits every subset of I to corre¬ 
spond to an attribute. Physically, the accuracy of measurements is limitiid, 

* This paradox can be avoided by using de Morgati^a concept of a liniKuHl ^SiniverHc of 
discourse.” In this, attributes are apijlicd only (say) to men, to animala, to colors, or to 
members of some other restricted class. Indeed, most adjectives (viz., angry, blonde) 
apply only to a limited domain of nouns. 

t If one decides that the correspondence is homomorphic, one might with propriety 
call attributes ‘^objectively equivalent” when (like equilateral and equiangular triangles) 
they are possessed by identical classes of objects. 

t The atomic and discontinuous nature of the algebra of all subsets of any aggregate is 
obvious. For the last paradox, cf. S. Ulani, Z\vr Masslkeorie in dev allgenmirmi Mengen-- 
lehrOf Fund. Math., 16 (1930). 

§ These bodies may either represent the planets and their satellites (astronomy), or the 
molecules of a gas (kinetic theory of gases). Phase-spaces are also used in thermo¬ 
dynamics. 

II As examples of attributes, one may cite having an eclipse from astronomy—or being 
below atmospheric pressure for a confined gas. 
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so that (for example) one could never know by experiment whether the kinetic 
energy of S was a rational quantity, measured in ergs. Iflven mathematically, 
no theory could assign to every attribute a probability (in statistical mechanics), 
and the ergodic theorem is only proved for measurable subsets. 

Without going into too lengthy a discussion here, wc may assert that dictates 
of mathematical necessity and of physic.al plausibility’** strongly suggest letting 
‘'attributes^’ correspond to measurable subsets, ignoring sets of measure zero. 

The resulting model for the algebra of logic is of course the M/N of §122. 
It is (a) a complete Boolean alg(}ljra, which (b) fails to satisfy the unrestricted 
distributive law, (c) is witliout "categorical” attributes, and (d) admits a non¬ 
trivial, (jountably additive probability function. It is, incidentally, the model 
on which Kolmogorofif bases his tlujory of probability. 

169. A model from quantum mechanics. An analogous situation prcwails in 
quantum mechanics. Under the present mathematical theory,t the "state” 
of a system is represented by a point in the space (Lz) (Hilbert space), which 
thus acts as a “phase-space” 7. 

Moreover if x is any observable attributes, tlie set x of states in which ^ is 
certain to be observed to have the attiibutc x forms a closed subspace of 7. The 
statement “possession of attributes implies poss(^ssion of attributes ?/” is equiva¬ 
lent to the st!t-thcoretical relation x g y, and the negation of x corresponds to 
the orthogonal complement of .t. (The proof of th(»se statenumts involves th(i 
usual assumption that all the o])erators of (|uaiitum mechani(^s are Hermitian 
linear operators.) 

Now suppose one admits the following 

Hypothesis: The linear sum of any two subspacc's whic.h cori’espond to observ¬ 
able attributes itself corresponds to an observable attribuhi. 

It will follow that any linear sum X + F, ortliogonal ('.ompleinent A', or 
intersection X ^ F = (X' + Yy of subspaces corresi)oiids to an observable 
attribute. 

Thus we get an algebra of observable attributes whi(;h is an orihocomplemented 
modular lattice. M*oreover under the prtiscmt theory, the distributivci law is 
satisfied by simultaneously observable attributes, but not others.^ Incidentally, 

* Von Neumann has rciuarkcxl that since a set is nuuisunible if and only if it has demsity 0 
or 1 almosli every whore, wo solutit procisoly those! attribute's upon whoso truth or false¬ 
hood wo can pronounco with arbitrary noarnoss to ccjrtainty, by making sufficiently 
accurate measurements. Also, all known attributes (viz., of having tomporaturo, prossuro, 
etc., within fixed limits) correspond to Borel sets. 

t Cf, J, von Neumann, Mathamaiische Gnmdlagen dor QuanUnmcchanik, Berlin, 1931, 
or P. A. M. Dirac, Wave Mochanica, Oxford University Press, 1930. The ideas of the 
present section arc due to von Neumann and the author, The logic of quantum mechaniea, 
Annals of Math., 37 (1936), 823-43. 

t This is a well-known and deep phenomenon. Quantities are simultaneously observ¬ 
able if and only if their operators permute, which is the case if and only if their spectral 
resolution yields a single chain (distributive lattice) of characteristic subspacos. 

This may be related to the fact that for simultaneously observable attributes, “a: and 
y or z” is obviously equivalent to “(a? and y) or (x and a:)." 
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the complemented lattice of all closed subspaces is a complete lattice, but is 
neither modular nor a sublattice of the lattice of all subspaces. Hence our 
Hypothesis does not apply to it. 

These conclusions suggest that for certain atomic systems, the algebra of 
attributes may be isomorphic with von Neumann’s continuous geometry over 
the real field. 

This would yield a beautiful analogue to the model M/N of §158. It is 
(a) a complete, complemented, modular lattice, which (b) satisfies tlie distribu¬ 
tive law only for simultaneously observable attributes, (c) is without ‘^cate¬ 
gorical” attributes, and (d) admits a non-trivial, countably additive dimension 
function. 

Incidentally, a recent theory of psychological tests has been proposed, wliicli 
remotely suggests—at least to the author—a similar model for mental traits.f 

160. Intuitionist logic and Lewis’ strict implication. Brouwer and his ”in- 
tuitionist” school have proposed a quite different alteration of Boole’s system. 
They reject the “law of the excluded middle,” according to which if “p” is any 
proposition, either “p” or “not p” must be true. In the same spirit, tlu\y n^ject 
proofs by contradiction, for the disproof (or “reductio ad absurduni”) of “not p” 
need not imply the truth of “p” if there is a third possibility. 

And indeed, there is some evidence in favor of Brouwcu-’s point of vi(‘w. Tlic 
existence of “undecidable” propositions (for which neitluu* “p” nor “not p” 
is demonstrable) seems to have been established by Skolom and Godcjl.t 

This denial that “not not p” implies “p” (the reverse iiuplicjatiou is liow(W(u* 
admitted) is the most conspicuous feature of intuitionist logic, and of Ch 1. Lewis’ 
system of “strict implication” as wcll.§ Interpreted formally, it is the d(Miial 
of the identity (x'Y = x, and substitution for it of the inequality (:r')' ^ x. 
In the next sections, we shall develop the theory from an algebraic, sl-andpoint. 

161. Algebraic theory. A somewhat unorthodox basis for tln^ “intuitionist” 
algebra of propositions, but one which is a tremendous sim])li(^aii()ii from tlu^ 
lattice-theoretic point of view, is contained in 

Definition 8.1: By a ^^Brouwerian logicwill be nicanl a lattice with 0 and /, 
in which an operation x—^y is defined^ such llial 

B1: (a: —> p) = 0 if and only if x ^ y, 

B2: x-^ {x 

The element a; —> / will be denoted a;*, and the relatmi x = 0 by |- x, 

t L. L, Thurstone, Vectors of Mind^ Chicago Univorsily ProHH, 11)35. Among other 
things, the relation of linear dopendonco among mental attributcH or “traits** is dufiiiod. 

t K. Godel, Vber unentscheidbareSaizc • * • , Monats. f. Math. u. Phyn., 38 (11)31), 173-08. 
Such a conclusion depends of course on prescribing all adnussible methodH of “proof.** 
For instance, Carnap has stated plausible methods of proof oxcluclod by Codol. Hence 
such a conclusion should be viewed with deep skepticism. 

§ Of. A. Hey ting, Mathemaiischc Grundlagenforschungt Inlidiionismus, I^cWGisiheorie, 
Berlin, 1935, and C. I. Lewis and 0. H. Langford, ^Symbolic Logic, New York, 1932. Also 
Gr. C. Moisil, Recherches aur le ayllogisine, Annalos Sci. de Jassy, 26 (1039), 341-84. 
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Lemma 1: X’-^y is the least t satisfying t y. 

Proof: By Bl, i ^ (a; —> y) is equivalent to I*- if —> (a; —> 2 /); by B2, this is 
]r(t and by B1 again, this is equivalent tot ^ x ^ y. 

Lemma 2: A Brouwenan logic is a (distributivG) lattice in which the meet x-^ y 
of the t satisfying t ^ x y exists^ and itself satisfies {x y) x ^ y. Con- 
versehjj any lattice in which this condition holds is a base for a Brouwerian logic. 

Proof: The first statement, apart from distribiitivity, follows from Lemma 1. 
As regards this ^ a; ^ {x y) ^ (:r ^ 2 ) and z ^ x {x y) ^ (x ^ z); 
licueo by what we have just said 

(y ^ z) ^ X {x y) ^{x ^ z). 

Now use Theorem 5.1, 

Conversely, in sueli a latticic L with x —> y defined as in Lemma 1, (Bl) 
(x y) = 0 if and only if a’ w 0 ^ //, and (B2) since I w (.r y) ^ 2 : if and only 
if {t x) ^ y ^ z —i.e., if and only if L x ^ y —> 2 ; ' wo have t ^ (x ^ y) z 
if and only if t ^ x (y z). 

Combining Ijeminas 1-2 one obtains readily tlie 

Theorem 8.4: A cornphte lattice is a base for a Brouwerian logic if and only if 
the following distributive law holds: a Ax^ = A(a .r«)- this case^ x y 
is necessarily the least t satisfying t y. 

One corollary of this is the fact that any finite distributive lattice is a base 
for a Brouwerian logic. Another corollary is the fact that the system of closed 
subsets of any topological space (technically, 7Vspa(!(0 has this property. 
This contains the ess(‘iice of rec-cnt results of Tarski and Tang.t 

Lemma 3: Any Brouwenan logic satisfies Heyting's axioms for ^Hntuitionist 
logiCf^^ ami also the axioms of C, L Lewis for ^^strict implication.^^t 

Proof: In our notation, Heyting’s assum])tions are j- a —> (a a), j- a w h —> 
h aj (tt —^ h) '—> (tt a —> h c), |- [(a —> h) {b c)\ •—> (a ’—> c), 

> (tt —> h)f \- [a y^ {a /j)] —> b, [- a —> (a ^ 6), h a ^ h h ^ a, 
[- [(a —> 0 ) y^ {b c)] —> (a ^ b —> c), h a* —> (a —> 6), [{a —> />) y^ {a &*)] 

a*. Using the remark that by Bl, ]rf—>g is equivalent to / ^ it is not 
liard to verify the different laws. 

A similar discussion applies to strict implication; in fact, here there are many 
fewer ass\imptions to verify. Lewis' 0 P should bo interpreted iis p < 

t Cf, M. H. Stone [5]; A. Tarski, Der Atmagenkalhnl und die Topologic, Fund. Math., 
31 (1938), 103-34; Tsao-Chcii Tang, Algebraic postulates and a geometric interpretation for 
the Lewis calculus of strict implication, Bull, Am, Math. Soo., 44 (1938), p. 737. 

% Cf. A. Hey ting, Dieformeden Regeln der intuiiionistischen Logik, S.-B. preuss. Akad. 
Wiss. (1930), 42-66; Lewis and Langford, op. cit., p. 493. Only Lewis' definition oixr>.y 
as (aj* w V*)* is not satisfied. But as this makes (a;*)*, perhaps the fault is with 

his definition 1 
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162. Brouwerian vs. classical logic. One can now prove without trouble the 
following laws of “intuitionist” logie, which are weakened laws of classical logic,f 

LSI: (»*)* ^ X. L82: If x ^ y, then y* S x*. 

L83: (x ^ y)* = a:* w y*. L84: (x ^ y)* ^ x* ^ y*. 

L86: ((a:*)*)* = a;*. 

Proof of L81: By Lemma 1, a; w (a: J) ^ I; hence ((a: -> I) I) ^ a: 
—that is, (a:*)* ^ x. Proof of L82: By hypothesis, x ^ y* ^ y y* - I; 
hence y* ^ (x-^ I) by Lemma 1. Proof of L83: t ^ (x ^ y)* Ls by Lemma 1 
equivalent to (x ^ y) ^ t = I. But (x ^ y) t = (x ^ t) ^ (y t)‘, hence 

(x ^y)* is equivalent tox^t = y^t = I —i.c., to i ^ as* and I ^ y*, 
or, to « ^ a:* V-. y*. L84 follows from L82, and L85 from L81 and L82. 

Only a very slight strengthening of the laws of Brouwerian logic is needed to 
obtain the classical (Boole-Whitehead) logic of §150; either (a:*)* = a: or |- 
a: a:* will do it. For if (a:'^)* = x, then by L82 the correH^wndonce a: -> a:* 

is an irwolution (dual automoi-phism of period two), whence x ^ x* - I implies 
x* = 0, our second assumption. But this together with x ^x* = I implies 
that our distributive lattice is complemented—i.e., a Boolean algebra. And 
on a Boolean algebra by Theorem SAx-* y must liave the meaning a:* y. 

Brouwerian logic contams classical logic in it; the propositions which arc their 
own double negatives foim a classical propositional calculus.t I'hc correspond¬ 
ence X —>■ (a:*)* maps any Brouwerian logic in an order-preserving way on this 
subsystem. This correspondence is lattice-eudoraorphic by Tj 83 if and only if 
(a: y)* = x* y* —a condition holding in chains, but not in the Bi of Fig. 13. 

One more distinction may be drawn between classical and Brouwerian 
logic. In the former, the operations can be expressed as functions of 

the operations ' thus: {x y) = (a:' ^ y')' and xy = x' ^ y. Whereas 
in Brouwerian logic, this is impossible. Thus in of Fig. 13, the set consisting 
of 0, a; ^ y, x, y, I is closed under the operations *, but not under 
the set consisting oi 0, x ,-^y, x, x y, I is similarly closed luuler *, 
but not under —Thus neither nor —* can be expresstui evem as functions 
of ' and the other. 

163. Modal logic. In §160 the assumption that some propositions were 
neither true nor false, but lay between those two extremes, was used to justify 
Brouwerian logic and C. I. Lewis’ strict implication. Theories of logic which 
start from this assumption, constitute what is usually called “modal logic.” 

In modal logic, the categories into which propositions fall are called “modes’i 

f Note especially the non-duality of L83, Ij 84, wliioli correspond to laws (7), (8), (11) 
of Heyting’s Ergebnisse monograph, p. 16. A similar model is furnished by the subspaecs 
of Hilbert space, letting a;* denote the orthocomidemont of a. Of. M. H. Stone, TAnuair 
Transformations in Hilbert Space and their Applications to Arudysis, New York, 1932, 
esp. p. 20; also §169. 

t V. Glivenko, Sur quelques points de la logiquo de Brouwer, Bull. Acad. Sci. Belg. 
(1929), 183-88; more especially K. Godel, Brgebnisso einos Kolloquiums, Vienna, 4 (1983), 
35-40. 
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or “Init.li-valiujw*^; hut thore ure many wdhooly of thought regarding what those 
categories arc^. 

Thus in traditional Aristotcdiau logic, tlioro arcs four modes: ne(!(‘.ssary, con¬ 
tingent, i)ossible, impossible. In modern logic, there seem to be three: true, 




iiiidocidal)I(‘, and false. In the classical theory of iirobabilifcy, the scale of ^^truth- 
valu(\s’' runs through tlie real numbers b(^tweeji zero and om?. A propositional 
calculus which can also be vkiwed as having these modes has been proposed by 
Ijiikasiewic-z and Tarski.’^' 

In (iach of tlios(^ iJieorh's, tlu? ^'truth-values^^ or “modes" an^ sim/% ordered by 
tlu^ d(*grtu^ of truth whi(^h they ascribe to propositions; thus they form a scale. 
But th(U'(* is no reason why modes should not constitute a 'partially ordered set; 
ind(‘e(i, Iv(\yiu\s has advanced precisely this view, as coming closer to reality.f 
Tli() autlior knows of no study of propositional calculi based on (for example) 
truth-values forming very simple non-distributive lattices. In attcunpting to 
construct tluiso himself, he has been toublod by the fact that except in the two¬ 
valued (^ase, the correspondence between propositions and truth-values is not 
homomorphic: thus the truth-values of p and q do not determine the truth-value 
of p —» q. 

For this and other reasons, attention will bo confined to the classical theory of 
probabilities, which is by far the most important caso.J 

* Cf. 0. Frink, New algebras of logic, Am. Math, Monthly, 45 (1038), p. 212. 
t A Treatise on ProbabilUies, Loudon, 1929, p. 39. This view is shared by IL 0. Koop- 
nian, The axums and algebra of mtidlive probability, Annals of Math., 41 (1940), 271-92. 
A detaihid discuission of several “truth-value systems” is given by Lewis and Langford, 
op. eifc., Chap. VII; of. also the end of Gr, G. MoisiFs article, Recherches sur Valghbrc 
de la logiquG, Annales Sci. de FUniv, de Jassy, 22 (1936), 1-118. 

t The author’s opinion that probability may properly be regarded as a kind of modal 
logic was shared by J. Venn, who said “the modals are the nearest counterpart to modern 
probability which was afforded by the old systems of logic” {The Logic of Chance, Lon¬ 
don, 1888). 




CHAPTER IX 

APPLICATIONS TO PROBABILITY 

164. Definition of probability functional. The general theory of prohahility 
can be based on the following 

Definition 9.1: By a “distribution” or “probability funciiojicd” on a lUmlvan 
algebra A, is meant a positive, modular functional p[x] which salin/ws p[OJ — 0, 
p[T] = 1. 

Remark: The theory developed below holds equally well for eoinpleiucnf.t'd 
modular lattices, formally. Indeed, since (Theorem 3.11) any modular func¬ 
tional converts a lattice into a (metric) modular lattice, wo could evciu .mIIow .1 
to be any complemented lattice. But no applications of tliis g(iiioraIi/.al ion arc 
known. Quantum mechanics (§159) seems the mo.st likely sourc(i foi' such 
applications. 

Definition 9.1 yields immediately the following two well-known law.s: (!) 
p[x'] = 1 — p{x], and (2) Mxi^Xj = 0 [f j], then p{xi ^ a:„J = p|.ri) -|- 

• - * p[rn]. 

It may also be remarked that Tomier’s postulates for tho th(M)ry of ])rol)ii- 
bility are equivalent to the conditions of Definition 9.1.* 

166. Examples. One can illustrate Definition 9.1 very etusily by well-known 
examples. 

Example 1: Let an experiment E have possible eventualities ?ii, ... , /i,„. 
Let A be the Boolean algebra of all subsets x of tlic class of In. li'in.-dly, let 
p„[a:] denote the proportion of the firat n trials of E yieldinp; eventualities in I hi> 
set X. Then Deifcition 9.1 is satisfied. 

Thus E might be the drawing of a poker hand, and the h tin; 2,,50«,i)(i() p(>.ssihle 
poker hands. Or again, E might be the issuance of a life insuraiUH) policy, aiul 
hic the eventuality that the insured died after paying k proiuiums. 

Example 2: Imagine an experiment E performed infiuitcdy often in sius-cssiun. 
Let hi, A, and pr\x] be defined as in Example 1. Assume Unit as n > «, 
every {pja:]} converges to a limit p«M. Then p«[a:] satisfies Definition U. 1. 

This hypothetical situation is the foundation of the theory of probability 
according to the school of von Mises. 

Example 3: Let a disc of circumference unity be spun infinitely often. l.(f, 
A consist of the Jordan subsets x of the circumference. Lot 23 „[a:] be tlus propor¬ 
tion of the first n spins aftw which a fixed pointer indicates a point in x. 'I'lien 
the 2 ?o 6 [^J of Sxainple 2 satisfies Definition 9.1, provided it exists. 

Considerations of symmetry suggest that it will bo the measure of x. 

1936^’ '^^^^^'^^‘^^iohkeitsreelinung und allgemeine IrUeanttionalhcorie, Luipsiig, 
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Example 4: Let A be the Boolean algebra M/AT of §121, and let v[x] be the 
measure of x. T.hen p(x) satisfies Definition 9.1—and may be thought of as 
the probability that a point, thrown into I at random, will land* in x. 

Remark: Any probability functional p[x] on a finite Boolean algebra A, cor¬ 
responds to a real example. For by §90, A can be realized isomorphicaUy by 
sets on the circumference of a circular disc, and in such a way that the set 
corresponding to any a: is a sum of sectors of total length p[x]. Now set a fixed 
pointer next to the disc. Then the probability that after spinning the disc 
will come to rest so that the pointer indicates a point of a; is (under the ortho¬ 
dox theory) precisely p[x], 

166. The algebra of probability. We now come to the algebra of probability 
functions on a fixed Boolean algebra A. Here we run into the curious anomaly 
that neither the join p ^ meet p ^ q, nor sum p + g of distinct probability 
functions, is itself a probability function 1 

In order to get an algebra for probability functions, one must enlarge the 
class of these to the set L(A) of all differences \p — fxq of multiples of probability 
functions. Then one can show 

Theorem 9.1: The algebra L{A) of probability consists of the bounded modular 
functionals on A saiisfyiruj f[0] = 0. It is a space that is, a Banach 

lattice in which / > 0, {/ > 0 imply \ f + g \ == 1/1 + 1 S' |. 

The proof of this theorem can conveniently be made by several stages, each 
involving an easily proved lemma. 

Lemma 1 : Lot f[x\ be a inodular functional on a complemented ‘modular lattice 
A. Then the variation of f[x] on any chain a = xq < Xi < --‘K Xn — b is 
equal to that on some chain a ^ y ^ h of length two. 

Proof: Let ?/» [i = 1, • •. , n] be any relative complement of Xt-i in Xi . Let 
y be the join of a with the yi such that flxi] ^ f[xi-i]. Then f[y] — f[a] and 
fib] — f[y] are by Ml and induction the positive and negative parts of the 
variation of f[x] on the chain, respectively. 

Corollary: In Lemma 1, f is of finite variation if and only if it is bounded, 
•V/[0] = 0, then in addition f'll] = sup/[a:],/”[I] = inf f[x], and the total varia¬ 
tion of f is sup f[x] — inf f[x]. Finally, f^la] and f'la] are respectively the sup 
and inf of f[x] on Q ^ x ^ a. 

Lemma 2: L(A) includes only bounded modular functionals f on A satisfying 
f[0] - 0. 

*** Such examples in so-called geometrical probabilities establish a direct isomorphism 
between the theory of measure and that of probability. 

t The author coined the phrase ^^space (L)” ([8]) because the spaces (L) and (1) of 
functional analysis were examples satisfying the definition. The phrase ^‘measure space^* 
might be equally appropriate. Other examples include the space (F) of functions of 
bounded variation, with total variation as norm, and the space {AP) of almost periodic 
functions, with norm equal to the mean of | / [. 




134 


APPLICATIONS TO PROBABILITY 


Proof: The conditions of boundedness, modularity, and vaiiisiiiug at 0 are 
separately trivial. 

Lemma 3: T'he functionals descnbed in Lemma 2 /om a linear spacej and 
precisely constitute L{A). 

Proof: That they form a linear space is trivial (the sum of bounded, of 
modular functionals is bounded, modular, etc.). Moreover any such functional 
has by §55 a Jordan decomposition into its positive and negative variations, 
thus: / = /"^ + Finally, and f~ are multiples of distributions by/*[/J and 
/“[/]; hence every functional described in Lemma 2 is in L{A), 

Lemma 4: L(A) is a vector lattice. 

Proof: Clearly if & 0 and h ^ /, then h S /'", where/‘^ deiioi.es tlu^ positives 
variation of f. Conversely, / *' ^ 0 and S /. Hence the positive variaiion 
of / is / 0. Now apply Theorem 7.2, 

Lemma 5: L{A) is a Banach space if the total variation |/| = /'[/] — /~[/| 
is used as norm. 

Proof: The identities \f + g] i \f\ + \ g\ and | X/1 = | X [ • | /1 art^ (.rivial 

in view of the corollary of Lemma 1. Again, if | 0 as n —> oo, 

then for all x, \ffn[x\ - /„[a;] | 0 as m, n —> cxd, being bounded by \ f,n - /« |. 

Hence for each a;, thefn[x] converge to some g[x]. The modularity and bouruh'd- 
ness of g, and the relation g[0] = 0, follow by continuity; so does | /n - g\—> 0. 
Hence L(A) is a Banach space. 

Lemma If f > Q and g > Oj then \ f + g \ == \ f\ + \ gl Also, for any 
fi I/I = It/lli 0 , Banach lattice. 

Proof: If /i > 0, by Lemma 1 | A | = h[I] ; iu tlie light of thiw, the. first. tis.s(!i- 

tioh is trivial. Using this and [ /1 = /"^ + wo get 

II/II = sup/[a:] + sup (—/[a;]) - sup/[a:] - inf/[a;]. 

But the last difference is |/|, by Lemma 1. 

167. The subset of distributions. It is Oiisy to describe the location of Uks 
set D of distributions (alias probability functions) in the space L{A). 

Theorem 9.2: The set D of disirihuiions consists of the positive elements of 
L{A) of norm one. It is therefore metrically closed, convex, and of diameter al 
most two. 

Proof: By definition, D consists of the positive elements .satisfying/[JJ = 1. 
But if / > 0, then | /1 is/[/], proving the first statement. Again, both the sot 
of / § 0 (Theorem 7.20) and the “unit sphere" of / of norm unity are metrically 
closed; hence so is their intersection D. Wlnle if p > 0, > 0, X > 0, m > 0, 

*/^[»] denoting of course the positive variation of/on the interval 0 ^ t S a, and/"[»] 
being defined dually. 
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X + jLt = 1, t.hon Xp + MC? > 0; and if besides 1| = | (? 1 = 1, then | Xp + | == 
^ I P I + M hi I = 1. Finally, if 2 ?, (? e D, then \ v - q\ ^ \ v\ + \ -q \ == 2. 

Remark 1: Tlie disianee function \p — (? | is the ‘^stochastio distance” of 
Mazurkiowi(*.}5;-“ convergciKiO witli respect to this metric is not equivalent to the 
traditional notion of “convergence in probability,” but implies it. 

Remark 2; ''Plu) functional m[f] = f[I] is positive and modular on L{A). 
The metric^ d(‘finable as in §51 from this functional gives one |/ — <71. More 
generally, ev(n\y x e A defines an element nixlf] == /[a?] of the conjugate space of 
L{A). Thus the conjugate spa(*e of L{A) contains A as a subset. 

Rcnnai’k 3: 10x(*eiit in trivial cases, 1) contains elements satisfying p ^ q ^ Oy 
for whic^h | p ~ r/1 = 2. That is, the diameter of D is exactly two, except in 
trivial cases. 

168. Continuous distributions. Now suppose A is o’-complete; what is the 
nature of ilu' subset of L{A) consisting of continuous distributions?t 

JjEMMa: Each of the following conditions is equivalent to co7iLinuity: (1) Xn i 0 
wiplies f[xn\ 0 , ( 2 ) countable addiiivily—i,e.y Xi = x and Xi ^ — 0 

[i 7 ^ j\ imply /[a:] = 

Proof: Sinco y„ —*yii and only if x,, i 0 exists satisfying \ yn — y \ ^ x„ (cf. 
Definition 2.f5; | y„ — y \ denotes the symmetric difference between y„ and y), con¬ 
dition (J) is (Hiuivahiiit to (iontiuuity. Again, if x, ^ Xj = 0 [i 5 ^ j], then 
/[y“-i Xi] = X^"=i/lxi]. I'leiKfo if / is contiiuions, so that /[P"-! xJ xJ, 

it is countably additive; tliat is, /[PSLi Xi] = X^iLi/[xi|. Converacly, sinc.e 
x„ i 0 implii^s Xi = Kn=.i (xl+i — x ' n ), whore (xi+i — Xi) ^ (x;+i — Xy) = 0 
[i 9 ^ yj, countable additivity implies/[xi] = lim„_>«, (/[xi] — /lx,J) —i.e.,/[xn] —»0. 
Thus (iountahlc additivity implies condition (1), atid so continuity. 

Theoiikm 9.3: If A is cr-compleie, the set Lc{A) of contiuuoTis mend)ers of 
L(A) is a nuitneaUy closed, normal snhspace of L{A). 

Proof: Since |/[:c„] l S |/m - / | + fm[x„], if every i,s continuous and 
\fm — / I 9, then/[x„] 0; that is, L.(A) is metrically closed. That L,(A) 
is a subspace of LiA) is trivial; it remains to show that it is normal. But in¬ 
deed, suppose/«io(A) and 0 < fir S |/|. Then Xn >1 0 and 0 g ^ x* 
imply 2/„ — » 0 and so/Iz/J —* 0; hence supog»„g«„ 1 /[yj] —> 0. But by hypothesis 
and Lemma 1 of §167, | er[xj ] g 1/1 [»n] ^ 2 supogB„ga„ l/[yn]l; therefore 
ff(x„) -+ 0 and g is continuous (by the Lemma), completing the proof. 

CoboIjIjAEY 1: The space Lo(,A) of bounded, continuous, rrwdvlar fu/nciionals 
on A is a space {AL). 

* dher die Grundlagen der WahracheinUchkeitsreohnung, Monats. f. Math, u., Phys., 
41 (1934), 343-63. The metric for “convergence in probability" does not even yield a 
Banach space. 

t It will be recalled that a functional /[»] on A is called “continuous” if and only if 
»„ -+ X in the (o)-topology implies /[»,J ->/[»]. Also, if A is finite, every member of X(A) 
is trivially continuous. 
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Corollary 2: The continuous distributions on A form a metrically closed^ 
convex subset De of LdA). 

It should be remarked that Kolinogoroff identifies the theory of probability 
with the general theory of continuous (i.e., countably additive by our Lemma) 
distributions on cr-complete Boolean algebras.f 

169. Spaces (L) as phase-spaces. There are many situations in whic^h one’s 
knowledge of a system S —that is, one’s ability to predict the pr()i)(irti(\s of ob¬ 
servations on S —is limited to probable assertions. 

Example 1: Two dice are to be picked up and thrown. We know (hat the 
numljpr of pips showing will exceed four, with probability five-sixths. 

Example 2: A new pack of cards, arranged by suits and witliin each suit 
in order A23 • • • JQK, is shuflled twice. We know that the two and tlirotj of 
hearts will ^‘probably” be very near together. 

Example 3: A tiny particle suspended in a liquid undergocNS “Brownian 
movement.” We know that its position will “probably” alter very liith^ in 
ten seconds, under the random bombardment of molecules. 

Example 4: A Geiger counter records cosmic rays. If an av(n*ag(^ of t.on 
minute are recorded, we know that there is a probabililiy l/(n!)c (Jial. <‘xa(^lly 
n will be counted in a given six-second interval. 

Example 5: In quantum theory, a particle with given i/'-fuiu^l.ion has a prob¬ 
ability 

p[R] = f yp^’*dV 

Jft 

of being observed in a region 72. 

Example 6: Even in classical (deterministic) mechanic's, limitjitions on tlui 
precision of instruments make predictions subject to error. This is wcdl-kuowji, 
and is assumed to take the form of a so-called Gaussian distribiUiou. 

Thus in every case one’s state of knowledge seems to bo besli th^scu-ibed by a 
probability functional p[x]j expressing the probability that a given <)))S(‘rvati()n 
on S will have property x. But we have seen that whether or noi; (‘.onihiuiiy 
(continuous distributions on continuous lattices) is requinjd, tluisc yi(4d a 
space (AL). This leads one to consider spaces (AL) as “phascHspacu^s” ((^f. 
§158), points in which represent conceivable states of knowledge, 

170. Transition operators. Now consider the dcpcndenco of one’s si-a(o of 
knowledge ffo about a future observation on one’s knowkidge about (hc.^ 
present. A law describing this dependence, clearly amounts matluanatitjally 
to a transformation T: p pT = q of our space into itself—i.e., to an ojmrator 
on our phase-space (AL), 

The same situation arises in both classical and quantum mechanics: in both, 
one has a “phase-space” of “states,” and the dependence of the future on the 

t A. Kolmogoroff, Orundhegriffe der Wahracheinlichheiisrechnungf Berlin, 1033, Ergeb- 
uisse series. 

We note that the space (L) is Lo{M/N). 
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present, is expressed by operators on this space. It brings us to the question: 
what arc tlies(5 operators like, in tiie case of phase-spaces (AL)? 

Tliis (luestion has already been answered in special cases. In all cases where 
a phase-space (AL) is iised,t the operator is a ‘‘transition operator,in the 
sense of 

Definition 9.2: By a ^Hransition operalor^^ on a space (AL)j is meant an 
additive operator which carries distributions {ix,, positive elements of norm one) 
into distributions. 

Exam})l('. 1: Let L(J3") be the /i-dimensional space of sequences / == 
[/i) ••• j/nJ- Tluui the transition operators on L{B'') are the matrices T == 
11 U} II su(‘.li that (1) tii ^ 0 for all i, (2) in + • • ■ + /in = 1 for all i —where 

S'i' = , • • •, 

In oth(‘r words, in the finite-dimensional case, transition operators are what 
arc usually called “matrices of transition probabilities.” These are well- 
known ;t it is pre(^isely their beliavior which is discussed in the theory of finite 
“dci)cndent probal)ilities.”§ 

Example 2: Let Lc{M/N) be the ordinary space (L); let K{Xj y) be continuous 
and non-iiegative on 0 g Xy y g 1. Further, let / K{Xy y)dx = 1 for all y. 
Then (he (Hpiation g{x) = / K{x, y)J{y)d.y defines a transition operator f g. 

Those, transition operators are tliose used by Kolmogoroff in his theory of 
“stochastic pro(‘oss(\s.” Tluur relation to the tlioories of diffusioJi (Brownian 
movement), and of heat conduction, is disenssed in Kolmogoroff\s papers. 1| 

In tins coniux^tion w(^ may remark a direct coiuKiction betwecni Definition 
9.2 and tlu^ laws of thermodynamics, quite apart from Fouri(u-\s differential 
(Hpiatioiis for heat. Let the thermal energy of each region li of an insulated 
solid I ho h{B); let t.lu^ iJi(*rmal energy fiv(^ minutes later ho lv^{R). Tlieii con- 
serval.ion of energy makes h(I) — 1 imply /i*(/) = 1, and the scicond law of 
thermodynamics implies that everywhere positive temperature (relative to any 
zero) is i)resorvcd. 

Example 3: In Example 0 of §169 (classical dynamics), the voluine-presorving 

t This exoludoH (quantum mocdianics (Example 5 above). Htu'c the oiupJiaBiH on spectral 
thiiory has led to using Hilbert space as the phase-space. lu fact, one has to consider ^ 
instead of the distribution to get the laws. 

t Their relation to probability is easy to explain. Let a system be capable of assuming 
n states 1, * •« , n. (These might bo the 521 arrangements of a paek of cards, or the oigoii- 
states of an atom.) Lot denote the probability that the state i give place to states j 
after some episode (e.g., one shufiio, or a lapse of 1/1000 second). Then T « || /{/ |{ is a 
*bnatrix of transition probabilities.^' 

§ Cf. M. Fr6cliot, MUhodes des Fonclions Arbitraires, Thhorie des fJvbnemenia en 
Chainc • • • , Paris, 1938, where further references to the immense literature on this subject 
may bo found. 

II A. Kolmogoroff, Die analytische Methoden der Wahrsclmnlichkeilsrechnungy Math. 
Ann., 104 (1931), 416-58, and Zur Theorie der stetigen zufdlUgen Frozeesey ibid., 108 
(1933), 149-60. His integral kernels are obvious analytical analogues to the matrices of 
Example 1; but his definition is less general than that of a “transition operator." 
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flow of ordinary phase-space 2) yielded by the laws of dyiiiiinics,'*' /j^oiKU’ates tin 
automorphism of the space (L) of Lebcsgue-integrable functions on IS. 

In summary, our definition of a “transition operator” includes all of {\u\ 
operators used in the theory of dependent probabilities, avoids tin? anomaly of 
requiring separate definitions for the finite and analytical easels, and bc^sidtis 
includes the “deterministic” case of classical mechanics.t 

171. Geometrical aspects. Our definition also makes possible some illuminat¬ 
ing geometrical arguments. Thus 

Theoeem 9.4: Trandiion operators are either isometries or contractions :t 
\fT ~ ^ri g \f- gl 

Proof: Since /T — gT — (f — g)Ty we need only show that | liT \ S | //. |. 
But I h^T I = I I and | K'T | = I |, since T carries positive (and so nilgai,iv(0 
elements of norm one into similar elements. Hence 

1 feT I = I K^T + /rr I ^ 1I + I /r I = IA |. 

A further study enables one to characterize various important sp(Mnal (^as(\s. 
Thus the “tychistic” case of “independent probabilities” (where j)T is imhs 
pendent of p, as in Example 1 of §169) is the case where D{A) is contnv^ted l,o 
a point, and the phase-space L(A) projected onto the axis through this. Again, 
in the antipodal deterministic case of classical mechanics, wc have an isorniinj 
of the space (L); distances are preserved. 

It is the intermediate “stochastic” case which is typical of tlu^ t.luM)ry of (hs 
pendent probabilities: here the set D of distributions is contrac.h^d somewhai, 
but not to a point. The case usually characterized laboriously by matrix 
theory as the one in which Markoff's Theorem (§174) holds is simply tiu'. cjisc^ 
of uniform contraction (all distances on D being shrunk in some ratio 1:1 — e 
[e > 0] at least). 

172. Stable distributions. Finally, a distribution p is “stablii” in iho usual 
(natural) sense, if and only if it is fix-point of T — that is, if and only if pT = p, 

Theoeem 9.5: The set of points left fixed by any transition operator T is metri¬ 
cally closed, a subspace, and a sublattice. 

Proof: Since 7' is continuous, the set is metrically closcxl; siiicu^ T is liiu^ar, 
it is a subspace. Since T carries upper (lower) bounds into upper (lowcjr) 

* For a detailed discussion of this flow, cf, G. D. Birkhoff’s Dynamical t^ysUmiSf Ainorhiau 
Mathematical Society Colloquium Publications, vol. 9, Now York, 1927. The. idcuis go 
back to Poincare's MHhodes Nouvelles de la M^oaniqnc CHcslo, Paris, 1899; tlio proof of 
the invariance of volume, to Lxouville. 

t It can also be motivated directly. Additivity is plausible since hypothissis j) with 
frequency X and hypothesis q with frequency fjt should yield inference pT with frocpioncy X 
and inference gT with frequency that is, we should have (Xp + ixq)T « \pT + aqT, 
That (admissible) distributions must go into distributions is oven more plausible houris- 
tically. 

t Isometrien resp. Verkteungen in the sense, of Dehnungen, VerMrzungen, Isometrien, 
by H. Freudenthal and W. Hurewicz, Fund. Math., 26 (1936), 120-2. 
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botiiids, and iw a coiihi'action, it carries tlio unique upper l)ouiid .r = / {f to 
/ and g satisfying \f - x \ + \ x - g \ $ \ f - gl into itself. 

It is a corollary that th(^ ^'stable distributions” (tlie intersc^ctions of this 
subs])ac(^ and D) arc^ a closed couv(^x set, and tli(^ nuinlxu' of stal)le distributions 
is eitlnn’ zero, or oiu* * * § . (the ^bnetrically transitive” ease*), or infinite. All tliree 
cases ar(j possible, but the second is by far the most interesting. 

Consideraiions of symmetry often enable on(i to find stable distributions. 
Thus in Poiiu^iird’s (jard-sluifHing problem mentioned in Example 2 of §109 
(cf. also §173), the distribution which assigns to each arrangement the prob¬ 
ability 1/52! is stable. For it is invariant under every permutation, and so 
under eveny habit of shuffling. 

Similarly, in the kinetic tlioory of gases, if one uses the 3n-dimousional phase- 
spac(',t one g(d.s rotational symmetry in the vc^locity coordinates. This is how 
one finds the theoretical velocity-distribution for a given total energy: it is the 
symmc^trical stable distribution. 

If one had the “metrically transitive” case (cf. G. D. Birkhoff and B. O. 
Koopman, infra), one would know (by the ergodic theorems provcxl later) 
that this was the actual time-average—but this conjecture has iiev(U’ been 
proved. 

173. Cyclic semi-groups of transition operators. One nniy call siKX'cssive 
transition operators “independent” wlien they combine by opcu'atoivmultiplica- 
tion. One can motivate this definition in tlui finite c.ase as follows. Ixd. ^ and 
T b(’ su(‘C(vssiv(^ slmfiles of a pa(;k of cards. The compound transition prob¬ 
ability Uij from stat(\ i to stat('. j will be the sum of tlie prol)al)iliti(\s u(/, /i:, j) 
that tlu‘ pack will pass from i to;/ through l.luj various iiit<u’me<lhi(i(^ stiites k. 
And if #S' and T an^ indepemlml, w(i will liavej. u(ij kj j) = » wlum(?e || Uij || 

is HT, 

If in a<ldition tlu'. law of transition is “temporally honiogem^ous” (the phras(! 
is diu' to Ivolniogoroff, op. cit.), W(^ get a cyclic semi-group of transition optn’ators. 

This may bc^ (HscrctCy and consist of a single i.rauwition operator 7’ and its 
powers§ T\ 7’”, • • • , Or it may b(5 coniinuouSj and satisfy T^'T'' = " for 

all positive null r, s. 

* In tlu5 soiiHo of («. D. BirklioiT and Paul iSniith, Slrnotura atMtlysfn of sur/acc (ram- 
fvrmaliomj Jour, de Math., 7 (1028), p. 366. 

t The axes for the difioront moleoulcH arc shorteuod in varying pro])ortioiis (,(> com- 
pousato for dilTerenco in mnes. 

t J. b. Ooolidge, An Inirod'iwiwti lo Malhomaltoal Probability^ 0.xford Press, 1926, p, 18. 

In quantum mechanicB, succoasive transition operators are jiot iiulepcudcuiit; vohndty 
tends to bo proaorved. This is even true of Brownian movement over very small intervals 
of time, which explains the apparent paradox of infinite velocity, 

§ If T’ is any transition operator, then all its powers are transition operators. The 
generation of continuous cyclic semi-groups by infinitesimal operators is very dilBctilt 
to describe except for finite-dimensional spaces (4). For special cases cf. G, Birkhoff, 
Product iniegraiiorhf M. 1. T. Jour., 16 (1937), p, 123; also E. Hillc, Notes on linear tramfor- 
matiom II, Annals of Math., 40 (1939), 1-47. 
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A discrete cyclic semi-group of transition operators is usually called a “Mar¬ 
koff chain/'* An example is furnished by Poincard's card-shuffling problem. 
Let a pack of cards be shuffled, li T ^ 1| Uj || expresses the probability that 
a single shuffle will transform state i into state then the matrix T" expresses 
the corresponding probability for n shuffles. 

Continuous cyclic semi-groups of transition operators are called by Kolmo- 
goroff “temporally homogeneous stochastic processes." Examples 2-3 of §170 
afford instances of them; thus T might be the heat-transformation duo to con¬ 
duction in r minutes. 

174. Digression: semi-groups vs. groups. It is well-knowji that in classical 
dynamics the past, as well as the future, can be determined from tlu^ present. 
In fact, the equations of dynamics are reversible in timc.f Conversely, if iho 
inverse of a transition operator T exists and is itself a transition operator, 
then by Theorem 9.4 both are contractions, and so isometrics. 

In summary, the case of a group of transition operators is precisely tlui de¬ 
terministic case of isometrics. Hence if a semi-group of stochastic transition 
operators is embedded in a group, none of the adjoined operators are transition 
operators. But it does not imply that no such embedding is possible. 

In fact, in many cases—characteristically, where transitions take placu^ by 
occasional jumpsj—the transition operators do have inverses. Indeed, in tluj 
temporally homogeneous case, the semi-group formed by them consists <d’ the 
positive powers of an infinitesimal transition operator. By adjoining tlui 
negative powers also, one gets the group (ef. Product integration^ loc, (nt.).§ 

On the other hand, in Example 2 of §170 (as was already observed by K(^lvin|l), 
the transition operators involved do not hav(‘. inverses, and no embedding in a 
group is possible. 

176. Markoff’s Theorem. Now let bo any spac.o (AL), and 1(^(» th(M-(^ bc'. 
given a (discrete or continuous) semi-group of transiiiion operators T' {.m 23. 
Assume also 

Markoff's Hypothesis: For some r, there is a positive lower bound d to t.lu^ 
transforms pT^ of distributions p. 

Theorem 9.6: If Markoff^s Hypothesis is satisfied, then there is a unique stable 
distribution po . Moreover the pT^ tend to po uniformly, with the rapidity that 
the terms of a convergent geometrical progression tend to zero. 

It describes the Brownian movement of a ball cascading through a noi»work of nails; 
cf. Tr^chet, op. cit. 

t G. D. Birkhoff, Dynamical Systeim, p. 27. 

t This is the ‘Toisson case'' of A. Kliintchino, Dio asymplolische Oeseizo dor Wahrschein- 
lichkeiisrechnung, Berlin, 1933, Ergebnisse series. It includes the phenomena of radio¬ 
active disintegration, recording of cosmic rays on a Geiger counter, etc. Kliintchino does 
not discuss the group aspect. 

§ It should be emphasized that the inverse of a transition operator is not the ‘^probability 
of causes" involved in Bayes' Theorem, etc, 

II J. C. Maxwell, Theory of Heat, London, 1872, p. 244. 
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Proof: Fh-st note that (1) if / ^ 0, then since for some distribution p, / = 
I/IP) wo have/y"' ^ 1/1 d. 

Now lot p and q bo given. Set h = p ^ q, f = p — h, g = g — h, 

M = 1 - 1 /i 1- Then clearly lp-g'l=/ + fl^, lp-3| = l/l + Ul “2 m 

and by the additivity of 2"", pT’’ = ¥1"' + fT% qT = hT'" + g'L"'. Hcnco 

1 pT — qT 1 = 1/2”' — gV j. But by the additivity of norm, 

1/2” - gr I = 1/2” 1 + I gr 1 - 2 |/2” ^ gT 1- 

And 1 /2” 1 = 1 j/y” 1 = M, whence by (1) /2” gT & pd. Combining, 
I p2” - qr I g 2m - 2m 1 d 1 = 2m(1 - 1 d I). We conclude 

Lemma 1: | p2” — qT' 1^(1 — |dl)|p — gb In words, 2”' contracts D 
uniformly, hy ratios at least 1:1 — | d b 

Theorem 9.G is a consequence of this lemma and simple geometrical considera¬ 
tions.* Indeed, the operators T'’' contract D into a subset of itself, of diameter 
at most 2[1 — | d 1 ]*. Hence for any q, the q'l” satisfy Cau(!hy’.s condition for 
convergence: 1 q'l*' - q'!*''” 1 g 2[1 - I d | ]* for all s ^ 0. Hence, D being 
a complete metric space, tlusy converge to a limit po. 

Furthermore, po is stable. For since qT’ -^pooas oo, and 2’ is continuous, 
g2'"2' = po'l'; but g2'“' ' —> pn, and so po'T = po. Tim uniqueness of po and tlm 
convergence of all p2'“ to po now follow from the fact that tins diameUu' of 
D'J*' is at jnost 2[1 — 1 d 1 ]*, mentioned above. 

Conor,LAKY 1: Sup pT" g p + ~ v)I* finite, for any fixed 

p, in the case of a discrete semi-group.\ 

CononLAiiY 2: Let 2’i, • • ■ , 2’„ he any sequence of transition operators, and 
denote inf,, , d p'l'i by d<. Then Til\ • • • 2'» induces a uniform contraction on 1), 
shrinking dista7iccs in ratios at least 1:11”=! (1 - Idil). 

Incidentally, it is clear that in the finite-dim(3iisi()nal case the coindusiou of 
Theorem 9.6 conversely implies Markoff^s hypothe.si.S'-' hoiKu^ ho cl()(\y r,teTiiima 1, 
tlui condition of uniform contraction. 

176. Ergodic theorems. It is clear that in th(3 doterministic (iHomcd.rie) c.aao 
of classical meclianics, the transforms pf of nou-stable distrihutious cannot 
converge, since ] pT^’^'^ — pT^ \ == \pT p\ identically, 

* Historical note: Theorem 9.6 was first proved for finite matrices hy G. Froboiuua, 
Vber Matrizen am nichi negaiiven ElemcnicUi S.-B. Berlin (1012), 456-66. 'iriio goomotrieal 
half of the proof goes back to C. Neumann, who used it to solve Diritddot^s problem for 
convex regions (cf. Picard^s Traill d*Analyser second ed., vol. 1, p. 170). It is used by 
Picard (op. cit., vol. 2, p. 301) to prove the existence of solutions of uon4inoar difforontial 
equations. The geometrical approach to the theorem on matrices was skotohed by G. 
Rajchmann (Comptes Rendus, 190 (1930), p. 729; cf. also J, Hadainard, Atti Congrosso 
Bologna, 5 (1928), 133-9). The general case was first handled by the author [8], 

t In the continuous case, this is still true if the pT* are bounded on any interval 
0 ^ s ^ So, for a similar reason. 
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Nevertheless, as is well-known, their averages pT^/N in the discrete, 

Jq pTds/N in the continuous case) do converge; theorems proving this con¬ 
clusion are usually called '^ergodic theorems.”* * * § 

The fact that Markoff^s Theorem 9.6 asserts much more than ergodicity sug¬ 
gests that one might prove ergodic theoi'ems covering simultaneously the de¬ 
terministic and the stochastic cases. The remaining sections will be devoted 
to such generalized ergodic theorems; the main results will bo summarized now. 

Let {T^} be any discrete or continuous cyclic semi-group of linear operators 
on a Banach space. We shall call an element / of the space ^'ergodic” if and 
only if the meansf Qa of the /T'' converge metrically to a fix-point. 

Our theorems will apply to the case where the T' are isometnes or contractions; 
this includes the case of transition operators, by Tlieoreni 9.4. 

Not all elements need to be ergodic. For example, let T be the operator 
[«!, a: 2 , iCs, • • • ] [0, a;i, a: 2 , • • • ] on the space (1). Then / = [1, 0, 0, • • • j 

is not ergodic; in fact | ^ 72 * — I > 1/2 for all s.f 
We prove first that if the ga lie in a 'Veakly compact” set, then / is ergodic. 
From this we deduce as a corollary: if the space is finite-dimensional or the 
space (Lp) [p > 1], then every element is ergodic. Further, in the space (L), 
if the fT"' are bounded (in the lattice-theoretic sense), then / is ergodici; while 
if f ( x ) = 1 is invariant under then every element is ergodic. 

Using a remark of Kakutani, the last results are then extended to all spacers 
(AL). It is shown that even in this case, if the/7'’’ are bounded, then/is ergodic 
—and that the same conclusion holds if 0 < / < a, where a is ergodic.§ 

177. General ergodic theorems. Following the program just outlined, we 
begin by observing the elementary 

Theorem 9.7: The set E of elements ergodic under any cyclic SG7ni--groiip {7’’j 
of linear isometries or contractions of any Bariach space is a metrically closed 
suhspace. It contains all its images and antecedents under (7'^'). 

* Ergodic theorems have a pliilosopliical bearing on statistical nKMihanics, but the 
connection between the two is still incomploto. For a luatorical discussion of tlumi, 
cf. G. D. Birkhoff and B, O. Koopman, Recent cimiribiUiona to the ergodic theory^ Proc. 
Nat. Acad. Sci., 18 (1932), 279-82; also E. HopFs ErgodentJieorie, Berlin, 1937, and N. 
Wiener, The ergodic theorem^ Duke Jour., 5 (1939), 1-18. For a sharper theor<jni, applying 
to individual path-curves, and hence more applicable to qualitative dynaini(^s, cf. G. 1). 
Birkhoff's Proof of the ergodic theorem, Proc. Nat. Acad. Sci., 17 (1931), 060-60. Tins 
proof of this is, incidentally, combinatory and so lattico-thoorotic in spirit. 

t Le., (1/s) fT^ in the discrete, and (l/s) dr in the continuous case. 

t The ga do not even converge weakly relative to tlu3 functional \(x) » res 

(log log (t- H- 100)). 

§ Historical note: Cf. Fr4chet, op, oit., p. 109. The general case was first treated by the 
author [8]. His result was greatly improved by F. Riesz, Some mean ergodic theorems, 
Jour. Lond. Math, Soc., 13 (1938), 274-8, and by S. Kakutani and K. Yosida, Operator- 
theoretical treatment of MarhoS's process, Proc. Imp. Acad. Tokyo, 14 (1038), pp. 286, 333, 
363. Kakutani^s extension to spaces (AL) was published in Mean ergodic theorems in 
abstract {lyspaces, Proc. Imp. Acad. Tokyo, 16 (1939), 121-3. The proof given below is 
based on the method of Riesz. 
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Proof: If the moans g, of / and gt of converge to a and a* respectively, 
tlion th(^ moans + gt resp. Xg^ of / + /* resp. X/, converge to a + a* resp. 
Xa; E is a subspaee. It is equally easy to show that E is metrically 

closed. For < e implies \ga gt\ < € for all s. Hence if 

1/^”^ — /* I 0 as n 00 , and everyis ergodic, the = lims-oo con- 
vorg(^ metrically to a limit a. Moreover 

\g: -a\^\gt^ 1 + \gl^^ - 1 + - a j. 

Bui. th(» first, and third of these terms are bounded by ]/* — 1 and so are 

aibitrarily small wht'U n is large. While for fixed the second tends to zero 
as N 00 . Il(‘uc(‘. gt —> a as s oo, and /* is ergodic. Finally, that E con¬ 
tains all iis imagtvs and antecedents under {?'*’} is obvious, since every /r’’ 
luivS the same limit of means (if any) as /. 

But. any m(‘t.rically closed subspace of a Banach space is ipso facto weakly 
closed,t heiuui 

('ouur,LAUY: Thr sat E is closed under the weak topology of the space. 


Tiikoukm D.S: If the means of the fT^ lie in a weakly compact set^ thenf is 
ergodic. 

Proof: By hypothesis, some subsequence {< 78 ( 0 } of {ga] converges weakly to 
a limit a. But eveuy / - fT" is ergodic, since if s > r. 


»S' 


fl+r—X 


2 (/ - fTlT^ = - E/r* - E /r*’ ^ 2r/s, 

* o I- « 


S M 


so Mifit the? mtiiins of its transforms converge metrically to 0. (A similar formula 
holds for continuous semi-groups.) 

liemte c.V(!ry differeucc / - (?.(,■), being a mean of / - fT', is in the set E of 
(U-godic elements. But this sot is weakly closed (by the Corollary of Theorem 
9.7); heiK'C! / — « is in E. It remains to show that a is in E ^whence / = 
(y J „) 4 . a will be in E. But this is an obvious corollary of the 

Lkmma: If any svhmquance {flf.col 0 / Oie g, corwerges metrically or weakly to a 
Imit a, then a is a fix-point. 

Proof: One can assume 1/1 = 1 without losing eral^^_ But m toc^^ 
for any positive, integer s and any k < 8, s{g, — g,!') is 2^s=>kJ 

resp. fn fTdr - ^-kf^'dr in the discrete reap, continuous case. Hence 

(1) \g,-g,T^\^2k/s. 

Now with metnc convergence, 1 — u 1 0 irnplies 1 1 ® 

for any k. But 1 (?.« - g.i.T” 1 0 by (1); hence | a - aT 1 is less than any 

t According to Banach [1], p. 183, “weakly” if and only if for every (bounded) 

S.’™ «..<«».;. compl... proof i. ipv® 

by Banach [1], pp. 53-8 and 113-4. 
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positive Constant, and a = al*. Similarly, with weak convergence, 
— a) —0 for all \ implies X({?.(oT* — aT*) —» 0 for all X and k. But by 
(1), X(ff,(i) — 0 for all X and k] hence for all X, X(a — aT*) is less 

than any positive constant, and a — aT^. 

Whether or not the theorem holds whenever the T' are continuous linear 
operators is an undecided question. 

178. Corollaries. From the fundamental Theorem 9.8 one can infer directly, 

CoEOLLAEY 1: Let {2”^} he any cyclic semi-group of linear isometrics or con¬ 
tractions of a Banach space which is finite-dimensional, a space {If), or a space 
(f) {p > 1). Then every element is ergodic under (yj. 

For in the finite-dimensional case the unit sphere is metrically compact; and 
in the other cases the unit sphere is weakly compact. A direct proof can also 
be given in the case of the spaces (If) and (f) {p > 1).* 

CoEOLLAEY 2: If a g fT^ ^ b for aU r, and the Banach space is the space 
{L), then f is ergodic. 

In other words, / is ergodic if its transforms are bounded lattice-theoretically. 
Proof: the set o g / g & is well-known to be weakly compact. The saim; 
argiunent applies to the space (1). 

CoEOLLABY 3: If the function f{x) = 1 is invanaiit wuler transition operators 
2”' on the space (L), then every element is ergodic. 

For the condition a i f{x) g b for all x is preserved under (2"’} (transition 
operators being linear and positive); hence Corollary 2 applicis to mIkjw that all 
bounded functions are ergodic. But these arc topologically dense; heiicci tlu* 
argument is completed by Theorem 9.7. 

179. Extension to spaces (AL). We are now ready to sketch the (extension 
to arbitrary spaces {AL). This can be based, as Kakutani lias pointed out,t 
on the fact that the space (L) is a universal separable space {AL). More lue- 
cisely, any separable {AL) is simultaneously isometric, linearly isoiuorphie and 
lattice-isomorphic with a closed linear subspace of the space (L). This was 
essentially proved by H. FreudenthaJ [1]; we omit the proof. 

But, at least if {y} is a discrete semi-group, any set of/7"' generates a sip- 
arable subspace of the space {AL) containing it, when its elements ai’c combi ikhI 
linearly and lattice-theoretically. We infer that Corollary 2 applies to arbitrary 
spaces {AL)-, whence 

Theobem 9.9: Let T be any transition operator on any space {AL). Any cle- 
n^t whose transforms under the iterates of T are bounded lattica-llmoreiioaUy 
is ergodic. 

* Cf. the author’s The mean ergodic theorem, Duke .Tour., 6 (1939), 19-20. For the 
properties of the spaces considered of. Banach [1], pp. 84, 130-1. 

t Mean ergodic theorem in abstract (L)-spaces, Proc. Imp. Acad. Tokyo, 15 (1939), 121-8. 
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Thkoiuam 9.10: Lot T he as in Theorem 9.9. If f is ergodic and Q < x < f, 
then X is ergodic. 

Proof: Let y, and g, denote the sth means of x and / respectively; since T is 
positive, 0 < y, < g, for all s. Bnt by hypothesis {p.) converges to a stable 
distribution a as s ^ oo; hence 

I Vs - iVa ^ a) I g I flf, - ({/a ^ a) 1 0. 

By Thoorom 9.0, //« ^ a is ergodic for all s; hence the “ergodic oscillation’* 
Urn I Uh — ;(/«' I of X is bounded by all positive numbers. For it is equal 

to that of every (siiu^o every ;r; ~ is ergodic as in the proof of Theorem 
9.8) and the ergodic oscillation of y» is bounded by | 2/« Z/« ^ I since 2 /« /-n a 

is ergodic. Hence x is ergodic. 

Remark 1: Theorenn 9.10 applies to continuous cyclic semi-groups in the 
case of tlui space (L); to prove this, simply change the reference to Theorem 
0.9 into one lo Corollary 2 of Theorem 9.8. 

Rcnnark 2: Tlieorcmis 9.7 and 9.10 suggest that the ergodic elements of a space 
(AL) always form a normal subspace. But this conjecture can easily bo dis¬ 
proved by an (example. Let T bo the operator [a:i, x- 2 , , • • • 1 —> [0, , 0:2 , ■ * • J 

on the space (1) described in §17G. Then / == [1, -1, 0, * • • ] is ergodic, whereas 
/’*" and/“ are not. 


UNSOLVED PROBLEMS 

There are a number of unsolved problems in lattice theory, to wliich morc^ 
or less attention has been devoted. They are listed here, in the liopes tliat 
future efforts may yield their answers. 

(1) The free modular lattice with n ^ 4 generators has never been (exactly 
described: no general rule is known, deciding in a finite number of steps when 
two expressions necessarily represent the same element in a modular lattice. 

(2) How. many elements are there in the free distributive lattice with n 
generators ? (Dedekind.) 

(3) Is the completion by cuts of a modular lattice necessarily modular? of 
a distributive lattice necessarily distributive? (MacNeille.) 

(4) Is any lattice, each of whose elements has one and only one complement, 
necessarily a Boolean algebra? This is known to be true in the complete, 
atomistic case. 

(5) Describe the most general completely distributive lattice, in a way 
analogous to Tarski’s description of the most general completely distributive 
Boolean algebra. This should be feasible by direct methods. 

(6) Enumerate and classify all finite-dimensional vector lattices. It is known 
that there is one and only one a-complete vector lattice of each finitci dimension. 

(7) Find a necessary and suflBcient condition that in a lattice the numher of 
irreducible components in representations of any element as a meet of m(Hd-- 
irreducible elements should be unique. When is this true l)otli for m(H4..s and 
joins? Assume finiteness if it helps. A condition that the compomnits them¬ 
selves be unique has been found by Dilworth. 

(8) Prove that the representation of a finite partially ord(n‘od systc^ni as the 
product of indecomposable factors is unique to within pairwise isoinorplusm of 
the factors. This is known in the presence of a 0 and J; also in tlu) (^ast*. of 
cardinal numbers. 

(9) No complete enumeration of all finite non-Dcsarguesiaii planti g(‘.om(siades 
is known; this is a very difficult problem. 

(10) Find a neat necessary and sufficient condition that a partially (uxhu’iid 
semi-linear space (such as that of convex functions) be embeddable (a) in Ji 
vector lattice, and (b) in a partially ordered linear space. 

(11) Is every complete lattice topologically bicompact? Is it true that if 
the intersection of any family of subsets of a complete lattice is void, and if 
the subsets are closed relative to Moore-Smith convergence, then there exists a 
finite subfamily having a void intersection? 

There are many undecided questions regarding the possibility of representing 
lattices in various ways. A number of these will be stated below. 

(12) Which modular lattices can be represented as lattices of subgroups? 
of subspaces of linear spaces? Do such lattices satisfy any identities besides 
the modular identity? 

(13) Which lattices can be represented by lattices of partitions? Does this 
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(‘lass includes a,II lal.li(‘('s? all nicxiuhir laiiJcx^s? Ls il. scdl’-dual? Do il.H niom- 
l)(‘rs satisfy any latli(^o kkuitity not d(^duciblo fi'oin lil-’-I j 4? It is not (ivctii known 
w1k4.1um* tlu^ dual of tlu‘ lattice of all partitions of four elements can be repre- 
sinited as a lattice of partitions. 

(14) Ou(i can ask the same questions rc^gardiiig lattices of convex bodicis 
(Stones, Colloquium Lectures, 1939). 

(15) What lattices can be represented as sublatti(jes of matroid (i.e., ex- 
(diange) lattices? Do(>.s this class includci all lattices? Is it self-dual? 

(10) Which lattices iin'. isomorphic with sublattices of complemented lat- 
ti(*.es? of r(4atively complemented lattices? Which modular lattices can bo 
represented as sublatti(Uis of (jomphmiented modular lattices? (It is known 
that eveny distributive latti(;e can be embedde^d in a Boolean algebra, which 
suggests that they all can.) 

(17) Kv(ny Boolean alg(4)ra with more than two (^cunc'iits has an. automor¬ 
phism besides tlu^ identity. Try the countabki (^ase. 
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